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95:<;=:>:<;=?A@CBEDGF
H IJIKIKIJIKI2IJIKIJIKIKIJI2IKIJIKIJIKIKIKIKIKIJIKIJIKI2IJIKIKIJIKIJI2IKIJIKIKIJI2IKIJIKIJIKIKIKIKIMLONQPSR TH IKIKIJIKI2IJIKIJIKIKIJI2IKIJIKIJIKI2IJIKIKIJIKIJI2IKIJIKIKIJIKI2IJIKIJIKIKI5UJVWPGXGY�NQR�UJVWY
Z�[\R T]I TH IKIJI2IKIJIKIKIJIKI2IJIKIJIKIKIKIKIKIJIKIJIKI2IJIKIKIJI_^

Euler ` Y
a/VWNQLcbKNQLONdNfe\R T]I TgI TH IKIKIJIKI2IJIKIJIKIKIJI2IKIJIKIJIKI2IJIKIKIJIh^ibKVjZ
Y
klNQL+VjY�m2[onpa<m2n ` Gauss
a<eqn�Y
VjZ
[\n T]I Hr IKIKIJIKI2IJIKIJIKIKIJI2IKIJIKIJIKI2IJIKIKIJIKIJI2IKIJIKIKIJIKI2IJIKIJIKIKIJI2IKIJIKIcbKNQVjs�tvu�NQZ T]I wx IKIKIJIKI2IJIKIJIKIKIJI2IKIJIKIJIKI2IJIKIKIJIKIJI2IKIJIKIKIJIKI2IJIKIJIKIKIyY�Nfe\VjR,Pzn�Vjk{NQa|NQZ�Nfm T]I rx IJIKIKIJIKI2IJIKIJIKIKIJI2IKIJIKIJIKIKIKIKIKIJIKIJIKI2IJIKIKIJIKIJI2IKIJIKIKIJI2IcbKNQV}m2VWa/u�L~bKNQVWs�tJu�NQZ Hx IKIKIJIKI2IJIKIJIKIKIJI2IKIJIKIJIKI2IJIKIKIJIKIJI2IKIJIKIKIJIKI2IJIKIJIKI�UvVj[\tva/Z
R,NQt�bJNQY�VW��k H�I TT�T�IKIKIJIKI2IJIKIJIKIKIJI2IKIJIKIJIKI2IJIKIKIJIKIJI2IKIJIKIKIJIKI2IJIKIJIKI�bJNQVju�NQRpY
n�bKNQVjs�tvu�NQZ H�I HT>H�IKIKIJIKI2IJIKIJIKIKIJI2IKIJIKIJIKI2IJIKIKIJIKIJI2IKIJIKIKIJIKI2IJIKIJIKIKI�bJNQVjRpY�NQZ
u�NQtvN6bKNQV�NdNQ� H�I wT�w IKIKIJIKI2IJIKIJIKIKIJI2IKIJIKIJIKI2IJIKIKIJIKIJI2IKIJIKIKIJIKI2IJIKIJIobJNQVjY�m2u�Rpa/LcbKNQtJbK�=n H�I rT x IKIKIJIKI2IJIKIJIKIKIJI2IKIJIKIJIKI2IJIKIKIJIKIJI2IKIJIKIKIJIKI<bJNfXSNQZ�n�bJNQVjY�m2u�Rpa/LcbKNQtJbK�=n H�I �T�� IJIKIKIJIKI2IJIKIJIKIKIJI2IKIJIKIJIKIKIKIKIKIJIKIJIKI2IJIKIKIJIKIJI2IKIJIKIKIJI2IKIJI

Mobius
bKNQtJbK�=n wH{� IKIKIJIKI2IJIKIJIKIKIJI2IKIJIKIJIKI2IJIKIKIJIKIJI2IKIJIKIKIJIKI2IJIKIJIKIKI�^'��NQZ
Vjn ` n�VjY�m2R,Vj[ w�I TH]T IJIKIKIJIKI2IJIKIJIKIKIJI2IKIJIKIJIKIKIKIKIKIJIKIJIKI2IJIKIKIJIKIJI2IKIJIKIKI7Vj[\tva/Z
R,NQtvn�a/Y
k�m2u�VjL+n r
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Y�e\L,X
z = x + iy, z = x− iy, (i2 = −1, i4 = 1)

x = Re{z} =
z + z

2
, y = Im{z} =

z − z

2i

I
z = x + iy + jz + kt

Y�V�¢�k"n�ayUvkv£QbKVjuKI
√

x2 + y2 = |Z| = ρ
Y�e\L6X

z = (x, y), z = x+ iy, z = ρ(cos θ + i sin θ)
XynpR,Nd¢�R�Y
Z�[\R¤k"Vjs�npa5£Qb2Vju

∀i ∈ Z, argz = ¥ [)NQu�P zz = |z|2 P¦NQbOXGaEUvkp£Qb2VWu6I ^iY
bKNQVWPyn�u�m2tJn�bKVWNQ��n ` Argz = θ
UvklN
�va

z § R7tv¨�Y�R,n7LONQn^in�Vjs�tvu�NQZ�L+a ` bKV}XGY
��PSY
n�n�Vjs�tvu�NQZ
n�UvklN z 7→ |z| n�Vjs�tvu�NQZ
n�£QL6XGR�IArgz ∈ [−π, π)
UvklN

Argz + i2π

z 7→ argz = {Argz + 2nπ |n ∈ Z}
�=b2¨©N2£dNQVja/�ª�=b2¨¦X

arg
a<X«Y�NQPS�

R− NQt¬a/�­P®Nfe\¨�a7Y�e\Z
LhI
argz

a<e¯^
branch `6¥ u��7UvVjY
VW¢�klR n0

a<X	Y�NQPS��II∞ ay�°R²±=VjY
¨«L+VWsGNQn�a�e³VObKVjP®NQP®Vj[�np��NQu�b�Y�NQs��=a�V�¢
X­I £dNQbK¨¦b
´©µ"¶�·¦¸]µ�¹

I
∆
PªUJk³£QR,NQ[\R�I ¨©NQb2Z
n²a|NQklVj��n

X1 = {z||z| < 1} •
I
∆ = {z||z| ≤ 1} Y�NQk"[\n�a|NQklVj��n •

X2 = {z|1 < |z| < 2} bK�=PSm •
UvVjL+sGNQR�UKe\R6N,VW��XGY�R,n��|u�L+n�b2L~UvVj¨�t³NQa�£QL,X	I

X3 = {| z−a
z−b
| < 1} º a a�Y
bKNQVKP®NQY
t�Y�Nfe\VjR�L+RpklNd¢Ga •I

a
ayP®NQY
tvn¤Y�Nfe\VjR,n�VWs�¨	b2L
»
Euler ¼�½=¾�¿ µ"¶¤´©µ"¶�µ�µ"ÀE· Á�ÂjÁ�ÂjÁ

ei = 1 + i − a<e\Rpaz��LON ex =
∑∞

n=0
xn

n! , sin x =
∑∞

n=0(−1)n x(2n+1)

(2n+1)! , cosx =
∑∞

n=0(−1)n x(2n)

(2n)!

£dNQb2u
I
eiθ = cos θ + i sin θ º Y
a/V�NQL²b2Y�NQsÃVWa/a<Xª£QZ
NQL+P¦N 1

2! − i
3! + 1

4! ... = (1− 1
2! + 1

4! − ...) + (1− 1
3! + 1

5! − ...)
eiπ + 1 = 0

m2Y
Z�P
Ä�Å �{�+�pÆ|��Çv���©ÈE�hÉ2ÊpÈËÉ°Ì

Gauss
Ê+ÍÎÉv���{�6�JÉ  >¡jÏ

a/�c^iVj[\tva/Z
R,NQtvn ` Y
Nfe\VWRpn�b2LqPGXGY
R,u	I Y�Nfe³VWRpn�a|��NQa<eÐ£dNQb2¨�b2notJa|¨¦n�e¯�|XcTya<eÑ[)NQVW¢GY�P~n�Y
VjZ
[Ña/V}m2uY�Nfe\VjRpa7a/VjP®tJR�Y�Nfe\VjRcV}Xzn�u�NQVja/��n�Ò tJu�PªL+s�Rpu ∞ n���LÓI
(0, 0, 2)

a�Y
Nfe\VWRpP	n,¢GNQtJu�n²£QVWP«NQtKeh�|X�I n�Y
VjZ
[\nY�Nfe\VjRpn�bKL¬b2XGbKNQ¨¦eÑnpY�VWZ
[ÔPSXGY
RpazUvkÕ£QbKVjuE£QZ�NQLqNQbKNQL+P�^fT�Y�NQVjL¬n�L+Y ` I ¥ NQ[¯£QVjL+P�e\k"Z
u#UvVj[\tva/Z
R,NQtvnn�Y
VjZ
[\aÕ±=NQ¨�RªY�Nfe\VjRpn,N�I n�Y
VjZ
[\n­a<ec£dNQb2¨�b2nªtva/¨�PÖPSXGY
NQR,Rªn�Y
VjZ
[\n­��NQb2PSe~Y�Nfe³VWRpn­a<ectva/¨�P���LON�I NQVWs�¨�P^dH)Y�NQVjLcn�L+Y ` I npY�VWZ
[\n�a/e¬£dNQVja|�=n�tva/¨�P
Y�e\L,X

z
b2L���NQP®tJa�V�¢
X���L�×

p∗ = z = (x1, x2, 0)
£QR,[\u�N

p = (x1, x2, x3)
n�Y
VjZ
[\P�tJu+£QRp[\u ´�µ ¾=Ø+Ù	Ú µ"À ¿WÛ

N = (0, 0, 1), P = `�` P § N N
�|Y�¢	Y�P¦NQ�=ncY�e³VWn²b2LONdNfe\RÜb2L�P®NQbOXGu�I

x, y
b2LÜ��NQP®tJa�e³V

z = π(p)º a/P®tJu\^ (x1, x2, x3

(L),
x− 0

x1 + 0
=

y − 0

x2 − 0
=

z − 1

x3 − 1

Y
R,NQa<X
z = 0

Y�NQPS�7a/PStvb2R
p∗ = L ∪ C

��L
P ∗ ≡ z ∈ C, z =

x1

1− x3
+ i

x2

1− x3 I

2



P¦NfXGY�VWR º T#Y
NQVWL

x2
1 +

£fXGa=N2np¢�VW¨�VvbKY�VWZ
[Ýb2L+�#£fXSN |z|2 = |x1+ix2

1−x3
|2 =

x2
1+x2

2

(1−x3)2
VW��L

z = x + iy
UJL Ù¦Þ µ�ß Ù¤Ù®¾�Ø6Ù¤Ú µ"À ¿�ÛL6m2PSa7�=VjY
s

x3 = |z|2−1
|z|2+1

a/P®tJuv£QL,XGR (x2
1+x2

2+x2
3)−x2

3

(1−x3)2
=

1−x2
3

(1−x3)2
= 1+x3

1−x3

a|PStvu�N6P®Vjs�u
x2

2 + x2
3 = 1º z b2Y
����P x1, x2
bKL

x =
z − z

2

y =
z − z

2i

1− x1 =
z

1 + |z|2

a/P®tJu2£QL6XGR

x1 =
z + z

1 + |z|2

x2 =
z − z

i(1 + |z|2)

x3 =
|z|2 − 1

1 + |z|2

^iUvVj[\tva/Z
R,NQtvn¤a/��Y�e\VONQL²a/k"��Rpa�Uvk"Y
b2R�n�Y
VjZ
[\n¤a|��a/k"��R�a/X­Y
R,NQa/X ` Π(circule) à a/k"��R�NQL~Y�e³V Ø ß�ÀE·
Vjs�¨¤Y�NQPS��n�L+Y
u³I

γ = α ∩ s2 e¬�|X α
Y
Nfe\VWR²UJVWVjtÜ��Lá×

s2 np¢�VW¨¦VWn�n�Y
VjZ
[oa|��a/k"��R γ
UvL n�¨¦XSNQnV�âj� ` a|PStvu x2

1 +x2
2 +x2

3 = 1 ¥ [)NQu�P 0 ≤ α4 ≤ 1, α1x1 +α2x2 + α3x3 = α4
VWR,NQY�¢�Y�Nd¢
X^

z § P­e)NQRpV}e)N6P®Nfe\VW¨
γ : α1(z + z) + α2(z − z) + α3(|z|2 − 1) = α4(|z|2 + 1)

⇒ (α4 − α3)(x
2 + y2)− α1x− 2α2y + (α4 + α3) = 0

Y
R,NQa<X
N(0, 0, 1) ∈ γ º Y=e\V Π(γ)

��L
α4 = α3

UvLÐI T
w



Vju�eÓP¦NfXGY
VjR º H)Y�NQVjL

a/k"��R
Π(γ)

��L
α4 6= α3

UvLÐI H
�

^in�¨¦XSNQn�L+a/a ` bKNQVWNdNQ�Ja/��Y
R,Nfe π Ø ß�À#·
Å �g��ã#ä,åg�]�  >¡jæ

f : C 7→ C

f(z, z) = f( z+z
2 , z−z

2i
) = f(x, y) = f(x + iy) = f(z)

I
f(z, z)

P®NQbOXGaye\V+Uvs��=PªY
R,NQa<X
w = f(z)⇒ f(z) = w = u + iv, u = Ref, v = Imf

⇒ f(x + iy) = u(x, y) + iv(x, y)

f : C 7→ R⇔ Imf = 0
n�Y
��n

´©µ"¶�·¦¸]µ�¹
f : C 7→ C, f(z) = z = x + iy

I T
f : C 7→ R+, f(z) = |z| = x2 + y2 I H

f : C 7→ C, f(z) = z3 = (x+ iy)3 = x3 +3x2y− 3xy2− iy3 = (x3− 3xy2)+ i(3x2y− y3)
I wI

z
UvL²P¦NQbOXGa�n�Z
V+Y�bJNQVOn�PSY
n�£fXGa

n�tvb2��n	Y�NQPS�y[)Nfm2R�a<e ¥ u�X�a<e¬�|b2¨�a jukowsky
b2tvb2�=n�NQn��

f : C\{0} 7→ C, f(z) = z + 1
z

I rI ^iw�Y�NQVjLcn�L+Y ` a/kl�=R�VWtJa/¨¤Vju�e\aa/P®tJu
ρ = 1

Y�NQPS�q^iL `
f(z) = f(cos θ + i sin θ) = cos θ + i sin θ + cos θ − i sin θ = 2 cos θ

⇒ f(ρ1) = R[−2, 2]

4



VWtJ[\P¦NQtJVlÒ k2bKtJb2��n º w�Y�NQVjL

a/P®tJu
ρ > 1

Y�NQPS�q^iP `
f(z) = f(cos θ + i sin θ) = ρ(cos θ + i sin θ) +

1

ρ
(cos θ − i sin θ)

= (ρ +
1

ρ
) cos θ + i(ρ− 1

ρ
) sin θ

Y
R,NQa/X
f(z) = a cos θ + ib sin θ

= (acosθ, b sin θ)

§ VWu�Y
t ` UJVWPSs�VjuÕUvV}XGb2¨�a�UJk{N)np¢�VW¨�VEVWa/k"��Rpa C
Y�Nfe³VWRpnqb2LÝ��NQb2¨�a�n�Y
Vjtv¨��|Y�NQs�a�Y�e\Z�LÔ£fXGa

θ = const
V�â}��bKL6�JL6m2PSay£Qb2Vju\^ r Y�NQVWL~n�L+Y ` I ^iUJV

ρ
V�â}�
Np�
NQPSt

θ
V�âj��P®¨¦Y
R,n¤b2Y
VWtJ¨ º r Y
NQVWL

u + iv = f(z) = (ρ +
1

ρ
) cos θ + i(ρ− 1

ρ
) sin θ

{

u = (ρ + 1
ρ
) cos θ

v = (ρ− 1
ρ
) sin θ

⇒
{

u2

cos2 = ρ2 + 2 + 1
ρ2

v2

sin2 = ρ2 − 2 + 1
ρ2

⇒ u2

cos2 θ
− v2

sin2 θ
= 4

I £dNfe\L+Y
n�tJa/¨¦e¬bKNQ[\Z
Vja/L+a�bKNQP®s�Vju2n�Y
tvRpPªL+a<eqbKNQa|NQPSY
Z
Vjn²NQa|VjLON

�



�,�gÍz�{�³�ÔÉK�{Æ|��Ê+�]�6�]È  >¡dç
´�µ ¾ µ Ú ¸

∀ε > 0, ∃δ > 0,

{

∀z ∈ C
0 < |z − z0| < δ

, |f(z)− z0| < ε
×
z → z0

I T
b2VWZ�Y
klNQVWY�m2[ánpa<m2nzY
R,NQa<X

p→ N ⇔ x3 → 1⇒ x = x1

1−x3
→∞

∧y = x2

1−x3
→∞

V}X |z| → ∞ ⇔ z →∞ I H
Ò tvu�aÖb2[\u�XGb2R

I n�Y
VWZ�[\n�a/�7Y�P¦¢ÃNQbJNQLcn��#Ò tvu�a|N ¥ NQ[q£QVjL+aÖbJNQ[\uWXGbKn�Vj��L

f(z)→ w0 ⇔
{

Ref(z)→ Rew0

Imf(z)→ Imw0
Ù�½=è�Ù

|f(z)| : C 7→ R+
a<e ¥ Y
k"P­e\Rpb2e³npa�a<XSNQuv× £fXGa f(z)→∞⇔ |f(z)| → ∞ Ù�½�è¦Ù

∀z0 ∈ X, ∃r > 0, {z||z − z0| < r} ⊆ X
U³âjUJL~n�¨©NQb2ZÃbKL6Y
tvu

X ⊆ C Ù�½ ¹G¸ Ù
{

∀z0 ∈ X

∨∀r > 0
, {z||z − z0| < r} ∩X 6= φ

U³âjUJL~n�Y�NQk"[obKL6Y
tvu
X ⊆ C Ù�½ ¹G¸ Ù

X ⊆ X
e¬�|X­Y
bKNQVWPªn�u�m2tJn�n�Y�NQk"[\náÒ P®tJn

X ⊆ C
Vj��L

X ⊆ C
£QbKu�VWn�P Ù�½ ¹S¸ Ù

´©µ�é�ê=ë�·
X = X ∪ ∂X

I T
bKNQY
PGm2s�n�náÒ tJu³Ò PSt

X ′ Y�e\L6X X = X ∪X ′ I H
X = [0, 1) ∪ {2}, X ′ = [0, 1]⇒ X = [0, 1] ∪ {2} ¶�·¦¸]µ�¹

X = { 1
n
|n ∈ N}, X ′ = {0}, X = X ∪ {0} ¶�·®¸]µ�¹

^iUvVW¢S¢�s­¢G¨	bKNQY
��k"u"× bKNQa|NQPSk\bJNfe³��a�£Qb2VWu ` bKNQ¨©NQb2Z	Ò PStÜa/�ÃUJVje)NQ��L+a/RÜÒ VWZ
u�L Ù é èSØ
�|m2tvn�UJVWVjtvb2R�L6a|RÜÒ VWZ�u�L�n�Y�¢�klb2n Ù�½=è�Ù

L+a5n�VWs�tJu�NQZ
n	UvklN
f : (−∞, 0)∪ (0,∞)→ R, f(x) =

{

1 x < 0
−1 x > 0

, ∀x ∈ D, f ′(x) = 0
¶�·®¸]µ�¹

n�L+P®n¤n�Y�¢�kln�n�b2Lc�=VjY
s­£fXGa��
NQPSt
L+ayn�sGNQPSt ` X = ∪n

n=1Xn § e_�/XªbKNQY
�KbJNQ¨�NQbKZ X1, X2, ..., Xn
bKNQR,VjVjt�L+ayU\â}UvL~n�Y
Vje³t

X ⊆ C Ù�½ ¹G¸ Ù^ib2Vja/R6NQu�Vja|NQZ­n�Y
V}e\t
£QVj�=mKNQtJR,aÖUvVjY�e\V+VjZ�NQ[¬Y�Z
[\R�a<e¬a|NQa/[\R�V�â}��npY�Vje\t�U³âjUJLcn�Y
V}e\t

D
Vj��L Ù�Û µl´�ß D ⊆ C Ø ß
ÀE·

FÃD|:>ìª:�íÕ; � FÃD|:|îÃïÕ;=D=ð ñ
�O�{�väpÊ,�+�J�Cä Å ������ò�Æ ÏS¡� 

z0
Pªn�Y
Vj��k

f(x)
��L

D ⊆ C, z0 ∈ D, f : D 7→ C
VWn�V Ù�½ ¹S¸ Ù

⇔ ∃f ′(z) = lim
z→zo

f(z)− f(z0)

z − z0

⇔ ∃f ′(z) = lim
h→0

f(z0 + h)− f(z0)

h

^
!h ∈ C

Y�e\L,X `
6



I £dNdNQVjXGPzVWNQa/bÜL+aya|NQPSk"n���L²UvVjVWt
f ′(z)

UJL Ù�½�è�Ù
��L

f : C 7→ R Ù�½�è¦Ù

f ′(z0) = lim
x→ 0
x ∈ R

f(z0 + x) − f(z0)

x
∈ R

f ′(z0) = lim
y → 0
iy ∈ iR

f(z0 + iy)− f(z0)

iy
∈ iR

⇒ ∀z0 ∈ D, f ′(z0) = 0

f ′ ≡ 0
UJVWVjtvb2R�UJVWV}e\RpR,a�UvVj[\tva/Z
R,NQtvn�R�n�VWs�tJu�NQZ�a<Xz£fXGa

��L
f(z) = |z|2, f : C 7→ R

¶�·¦¸]µ�¹

f ′(z) = lim
h→0

|z + h|2 − |z|2
h

= lim
h→0

(z + h)(z + h)− zz

h

= lim
h→0

zz + zh + zh + hh− zz

h

= lim
h→0

(

zh + zh

h
+ h

)

= z + z lim
h→0

h

h

z = 0
U\â}UvL²UvVjVjt

f ′(z)
Y�R6NQa<X

f
UvklN

z0 § P¤n�Y
Vj��k f § U\â}UvL z0 ∈ D
P²^ib2VWZ
Y
NQR6NQa|NQn ` bKV}m2Vja|u�L f

×
f : D 7→ C

Vjn�bJN
D ⊆ C

VWn�V Ù�½ ¹G¸ Ù
z0
a<eon�P®VjP®[\PÃn�Y
VW��k

× b2VjbKPSVjP®[�n�u�n«bKNQVjm2Vja/u�L+n�×'Ò tJu6bKNQY
Vj��k"n ` z0
a<e_^iL+a/R ` npPSVjP®[\P�b2Vjm2Vja/u�L f

U\â}UvL
z0 § P­b2V}m2VWa/u�L f Ù�½=è�Ù^iU³NQ¨�b�a/��L+Vjn�bKNQVjm2Vja/u�L~£fXGa

´�µ ½=è�Ù
U³NQ¨¦bKPzbKNQV}m2VWa/u�L~L+a�NQVjn�V |z|, z º �=P®s�L~a/a/X¬I TV}e\RpR,n�n�Y
tJR,P­NQRpXªL+VWn¤b2VWa/RpY�NQZ
n�n�Y
Vj��k"n º ��PSs�L~a|a<X¬I HI � § PztvY�Y
Vj��k |z|2 n�u�tJ[\R |z|2 = (zz)′ = z
×
(z + z17) = 1 + 17z16 × (z3)′ = 3z2 ¶�·¦¸]µ�¹

^'I �=Z
n�a�L+aya/PSLcn�Y
Vj��kKY
Y�NQk³b2V}m2VWa/u�L ` I n�Rpa<eqb2L+Y
tJu f
Vj��L

D ≡ C
UvL Ù�½ ¹G¸ Ù

bKNQVjm2Vja/u�L+n�bKNQY
Vj��k"n�bKNQVjs�tvu�NQZ
n�b2Lc£QVWVjZ
L+a�NQu�u�NQs�Y
P
bKRpVjVWtvN

α ∈ C
UvVjVWtáU\âjUJL

z0
Pªb2VWa/VjP®L6VWs�Y
Z�V�¢ § C b2VjL+Y
u

z0 ∈ D, f : D 7→ C
» Á ¼6Ù�½ ¹S¸ Ù

ω : D − {z0} 7→ C

lim
z→z0

ω(z) = 0

UvVjVjtvb2Rpeo�/X
f(z) = f(z0) + α(z − z0) + ω(z)(z − z0)

7



V}X
z0
Pªn�Z
Vjs�Y

f
UvL

z0
P�Ò Z
VW¢

f Ù é�ê=ë�·
f(z)− f(z0)

z − z0
− α = ω(z)

ω̃ =

{

f(z)−f(z0)
z−z0

− α z 6= z0

0 z = z0

P®NQb2XGu
^
f ′(z0) = α

Y�e\L,X ` z0 § Pªn�Y
VW��k f
��L�Ò Z
VW¢

f
UvL Ù é�ê=ë�·

UvVjRpVWVjtJeÓ�/X ∂f
∂y

(z0),
∂f
∂x

(z0)
UvVjR,VjVjtÜU\â}UvL

z0 § Pªb2Vja/VWPSL+Vjs�Y
Z
VW¢ § R bKL6Y
tvu
f
VW��L

f : D 7→ C
»'ó ¼6Ù�½ ¹S¸ Ùe¬�|X
a, b

z = x + iy, f(z) = f(z0) + a(x− x0) + b(y − y0) + O(z)|z − z0|

Ò Z
VW¢ § R ⇐
;

Ò Z
VW¢ § C Ù�½=è�Ù
f(z) = |z| 32 f : C 7→ C

a ´ ¿ ¹S¸]éJ¶�·¦¸]µ�¹
z0
P¤Ò Z
VW¢ § C ⇐ z0

Pªn�Y
Vj��k
f Ù�½=è�Ù

Ò Z
VW¢ § R § ayY
PS��R�Y�NQP®� Ù�½=è�Ù
a =

∂u

∂x
+ i

∂v

∂x

b =
∂u

∂y
+ i

∂v

∂y

��LÓ^
f : D 7→ C ` z0 § Pªn�Y
Vj��k f

eo¨�VWu�u

f ′(z) = lim
z→z0

f(z)− f(z0)

z − z0

= lim
y→y0

f(z)− f(z0)

x− x0
=

∂f

∂x
(z0) (1)

= f ′(y) = lim
x→x0

f(z)− f(z0)

iy − iy0
= −i

∂f

∂y
(z0) (2)

£fXGa­^dH ` aynpNdNfeÔ^fT ` a/PSL
∂f

∂x
= −i

∂f

∂y

⇔ ∂u

∂x
+ i

∂v

∂x
= −i(

∂u

∂y
+ i

∂v

∂y
)

⇔ ∂u

∂x
=

∂v

∂y
(3)

∂v

∂x
= −∂u

∂y
(4)

L+P®n¤n�u��=m2n�b2RpVWVjtvb2R�V}X­NQu�¨¦XSNQn�L2â}�v£QRpVWY § V}e)NQt�bKNQLONdNfe\R~bKNQL+Y
tJu#^ r ` ×'^iw ` bKNQLONdNfe³R,n²klNQ�
£QR,VjY § Vje\NQt�bKRpVjVWtJR f ⇐ npY�VW��k

f Ø ß
ÀE·
npY�VW��k

f :
£QR,VjY § Vje\NQt�bKRpVjVWtJR f Ù�½�è�Ù

ô



f(z) =

{

z4

|z|3 z 6= 0

0 z = 0

UvklN
f : C 7→ C

b2V�¢�k"u ¶�·¦¸]µ�¹
^in�Y
Vj��k ` Ò Z
VW¢ f

��L²bKNQZ
Vjs�Y ∂u
∂x

, ∂u
∂y

, ∂v
∂x

, ∂v
∂y

£fXSN,£QRpVjY § Vje)NQt�b2RpVWVjtvR f Ø ß�À#·
I H)L2âWNd¢�¨põ�VjZ
u�VjLcn�L+Y Ù�Û©Þ µ Ù

f : C 7→ R⇒ f = const
UJL�» Á ¼,Ù é�ê=ë�·

£QR,VjY § Vje\NQt�bKRpVjVWtJR�£fXGa�×
n�Y
Vj��k f
�=L

v = 0⇒ ∂v
∂x

= ∂v
∂x

= 0 ⇔ z
a/XGa7×

f(z) ∈ R Ù�Û©Þ µ Ù
⇒ ∂u

∂y
=

∂u

∂y
= 0

⇒ u = u0

f ≡ u0 + i0
Y
R,NQa/X

^
S′ = {z||z| = 1} ` f = const ⇐ n�Y
Vj��k

f
UJk{N

f : D 7→ S′ ¾
¿ ¸ ½ ´
f = const ⇐ f ′ ≡ 0 Ù�½�¿jö ¸ f : D 7→ C

»'ó ¼,Ù é�ê�ë�·
Â
f ≡ const ¿jö ¶ |f | ≡ const

À_÷ ÞÃÙ�½�¿jö ¸ f : D 7→ C
»fø Á ¼6Ù é�ê=ë�·

��L |f | = c 6= 0
UvL~I

f ≡ 0
Vj��L |f | ≡ 0

UJL Ù�Û©Þ µ Ù
|f |2 = c2

u2 + v2 = c2 (5)

Y
VjZ
a|N

X
VjZ
a7^ù� ` UvL²t³Nd¢�PSu

{

u∂u
∂x

+ v ∂v
∂x

= 0
u∂u

∂y
+ v ∂v

∂y
= 0

(6)

U\â}UvL~VWa/LONdNQVjY�máL+a�£dNQY
b2Z�e\Vv^ x ` £fXGa u, v
UvVju�bOe\R,P­bKVju�klNQR,NQn,Npb2VWY
L6u�VWaÃÒ ��R�npu�ná^ x ` a/PSL
∆(6) = 0

⇔
∣

∣

∣

∣

∂u
∂x

∂v
∂x

∂u
∂y

∂v
∂y

∣

∣

∣

∣

= 0

⇔ ∂u

∂x

∂v

∂y
− ∂v

∂x

∂u

∂y
= 0 (7)

Y
R,NQa<Xz£QRpVWY�V}e)NQt�b2R,VjtvR�£fXGa|NpnpY�VW��k
f
a/PSL

(7) =

(

∂u

∂x

)2

+

(

∂u

∂y

)2

≡ 0

⇔ ∂u

∂x
= 0

∨∂u

∂y
= 0

⇔ u = const

v ≡ 0
£QR,VjY�Vje\NQtÓZ�âj�
N

�

f = const⇐ Argf = const f : D 7→ C ¾
¿ ¸ ½ ´
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eÓbKR,¢GNQtvn�n�u��|m2n�b2¨¦XSNQn�P«NQu�VWL6Y Ù�½=è�Ù
|f ′|2 = |∂u

∂x
+ i

∂u

∂y
|2 = (

∂u

∂x
)2 + (

∂u

∂y
)2

£QRpVjY7V}e)NQt�ZGâ}�

=
∂u

∂x

∂v

∂y
− ∂v

∂x

∂u

∂y

=

∣

∣

∣

∣

∂u
∂x

∂v
∂x

∂u
∂y

∂v
∂y

∣

∣

∣

∣

= J(u, v)

UvkvVj��L
f ′ =

∂u

∂x
+ i

∂v

∂x
(=

∂f

∂x
)

=
∂u

∂y
+ i

∂v

∂y
(=

∂f

∂y
)

Ù�½=è�Ù
f = x + iy

⇔ x =
z + z

2

y =
z − z

2i
= −i

z − z

2 UvVjVWtJb2R
f(z, z)

Y�NQPS�
∂f

∂z
=

∂f

∂x

∂x

∂z
+

∂f

∂y

∂y

∂z

∂f

∂z
=

∂f

∂x

∂x

∂z
+

∂f

∂y

∂y

∂z

£fXGa ∂x
∂z

= 1
2

∂y
∂z

= −i
2

∂x
∂z

= 1
2

∂y
∂z

= i
2

�=L

∂f

∂z
=

∂f

∂x

1

2
+

∂f

∂y

−i

2

=
1

2
(
∂u

∂x
+ i

∂v

∂x
)− i

2
(
∂u

∂y
+ i

∂v

∂y
)

=
1

2
(
∂u

∂x
+

∂v

∂y
) +

i

2
(
∂v

∂x
− ∂u

∂y
)

∂f

∂z
=

∂f

∂x

1

2
+

∂f

∂y

∂y

∂z

=
1

2
(
∂u

∂x
+ i

∂v

∂x
) + i(

∂u

∂y
+ i

∂v

∂y
)

=
1

2
(
∂u

∂x
− ∂v

∂y
) +

i

2
(
∂u

∂y
+

∂v

∂x
)

∂f
∂z

= 0
NQu�a/PSVWt�£QRpVWY�V}e)NQt�ZGâ}�
N

∂f
∂z

= 0 ⇐ n�Y
VW��k
f
NQu�a/PSVWt�UvNfXGVW[\a

�ÕPªtJY�npY�VW��kJn�VWs�tJu�NQZ
n�£fXGa ∂f
∂z

= z
£fXGa

f(z) = |z|2 = zz ¾�¿ ¸ ½ ´
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Å �]��åg�g�³�+É Å �g��ã#ä,åg�]� ÏS¡}Ï
^'£QRpVjY7V}e)NQt�b2RpVWVjtvR

f ` f = u + iv
b2Vjm2Vja/u�L

f : D 7→ C ¾
¿ ¸ ½ ´

∆u =
∂2u

∂x2
+

∂2u

∂y2

=
∂

∂x
(
∂u

∂x
) +

∂

∂y
(
∂u

∂y
)

=
∂2v

∂x∂y
− ∂2u

∂x∂y

= 0

∆v =
∂2v

∂x2
+

∂2v

∂y2

= 0

f : D 7→ C
UJL6ehNQu�¨®XSNQn�eÝL2â}�ËI

∆α ≡ 0
U\â}UvLÜb2Vju�NQRpY
ncb2L+Y�tvu

α
^
D ⊆ R2 ` α : D 7→ R

Vjn�b Ù�½ ¹G¸ ÙI bKNQVWu�NQR,Y
n
u, v

��Lcb2V}m2VWa/u�L
f
LOâj� ` bKNd¢SNQRps�bKNQVWu�NQR,Y
n�bKNQL+Y�tvu u, v

��Loa=âjuWX
f, u, v

UJL
u = u(x, y) ∈ R, v = v(x, y) ∈ R Ù�½ ¹S¸ Ù^

u = Ref, v = Imf
b2Vjm2Vja/u�L

^'úQb2Vjm2Vja/u�L
f = u+iv

e²�|X
v
b2RpVWVjt�UJL+n ` úQnp¢GNQR,sËb2VWu�NQR,Y
n v

b2RpVWVjt¤¢GVjRpb¤UJL+n�bKVju�NQRpY
n
u
£Qb2u�VjnpP Ù®¾ ¶©À^'£QRpVWY § V}e)NQt ` eo�|X­b2VWu�NQRpY
n v

b2RpVWVjt�UvL+n¤L2âj�
∂u

∂x
=

∂v

∂y

∂u

∂y
= −∂v

∂x

D
U³NQ¨�b2P	×

u
aynp¢GNQRps­b2VWu�NQR,Y
n

v
LONQs�R,a�£Qb2VjuK¢GVjRpbáL+a�û L6a Ù�Ú µ"À°´

Vj��L
u = 1

2 ln(x2 + y2), v = arctan y
x

UvklN
D = C− {0} ´ ¿ ¹G¸]éJ¶�·¦¸]µ�¹

∂u

∂x
=

x

x2 + y2

∂v

∂y
=

1
x

1 + y2

x2

=
x

x2 + y2

∂u

∂y
= −∂v

∂x

e¯�/X
D = C − {0} P�b2V}m2VWa/u�L f

b2R,VjVjtÝL6aza|PSL¬bKNQVju�NQRpY
npN#£QRpVjY¤V}e)NQtÝbJNQRpVjVWtJRÓUJn�L2âj�I
f = u + ivI b2L+��X

f
b2R,VjVjtJeÓ¨�Vju�u

f = u + iv

=
1

2
ln(x2 + y2) + i arctan

y

x

= ln
√

x2 + y2 + i arctan
y

x
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I b2Vjm2Vja/u�L�n�Vjs�tvu�NQZyn�u�u�VWL	m2Y
Z
P®N�npVjs�tvu�NQZyn�u�u�VjL
f = u+ iv

£fXGa|N©b2VjXGY�� § P®Y�npVjs�tvu�NQZyb2L+�Oa/P®LUvkJU³Nfe\Y�a�£Qb2VWuKI np¢GNQR,sªb2Vju�NQRpY
n�b2R,VjVjt
u
a�Vj��L²��bKL ¥ VjtvR�L+a<e¬UvNQ¨�b2a�Uvs�R�m2s�uKUJLca/PSL

f(z) = ln |z|+ i argZ

f ′(z) =
∂u

∂x
+ i

∂v

∂x

=
x

x2 + y2
− i

y

x2 + y2

=
z

|z| =
1

z

PSYznpVjs�tvu�NQZ�X
ln
n�Vjs�tvu�NQZ«NQu�Y�¢�kln

f(z) , ln z = ln |z| + i arg z
£fXGa

f ′(z) = 1
z

��L�bKRpVjVWt
f(z) Ù�½ ¹G¸ ÙI b2VjXGY
�

I
D § Pznp¢SNQRps­b2Vju�NQRpY
n�b2R,VjVjt u § a���Lá× b2Vju�NQR,Y�n u : D 7→ R

UJLON,Y�e³tÜmKNfe\Z­UvNQ¨�b
D
UJL Ø ß
ÀE·

Y
R�e\Rqnp¢
eüY
Y�NQky£QRpVjY�Vje)NQt¯V}X~a|NQa|[\RpPÜVWNQa/bÑNQu�u�VjL ∫
c

∂u
∂x

��L_Y�e\tÑmKNfe\Z
D
UvLÑ^'�=Y���P `�Ù�Û©Þ µ Ù^

py = qx
npY
NQkl[ob2VWu�PSb `

u|∆0 =
e_�|X

∆0 § P«b2V}m2VWa/u�L f
bKRpVjVWt

∆0 ⊆ D
a|NQk"VW�Ãa/XGa ⇔ b2Vju�NQRpY
n

u
��L

u : D 7→ R ¾�¾�Þ µ�· Ø ß�ÀE·¢GNQ¨�VjL+P²��L
f
bKV}m2Vja|u�Lon�Vjs�tvu�NQZ¤bJNQRpVjVWtvNvb2VWu�NQRpY
n�L+Vjn�Y�e\t_mKNfe\Z�U³NQ¨�b_a<XGP²UvLoY
R6NQa<X <f |∆0I bKL6��Xzb2¨�L~bKV}m2Vja|u�L

f
e\VOUJVWR,NQ¨�b2n

f(α1) = γ1, f(α2) = γ2
��L+N

z0
Ò tvu2�=Y
¢­UvVjY
P®NQ�=e

D
a/�

α1, α2
UvVjR6NQtJ��VWu�e\N

f : D 7→ C
n�VWs�tJu�NQZÓý µl´�é

Å �]���v�,�]�+åg�Cä,� Å �]���g�gò ÏS¡jæ
UvVjY
R�e\u2Uvn¤UvLON

](γ1, γ2)
bKL+N

](α1, α2)
b2Lá¢GNd¢�Rpa��=VjL ´ Þ À#·©´©· Ù®¾ ¶©À§ e¬PSayUvV}e\u

z = z(t)

w(z) = w(z(t))

w′
0 = w′(z) = (f(z0(t0))) = f ′(z0)z

′(t0)

m2Y�Z
P
|w′(z0)| = |f ′(z0)||z′(t0)|

argw′(z0) = arg f ′(z0) + arg z′(t0)

I
f ′(z0) 6= 0

U\âjUJL�^ibKVWNQ��n�b2Lc¢SNd¢�Rpa�£Qb2VWuOY
R,NQa<X ` w′(z) 6= 0
£fXGaI

i = 1, 2; z
′

i(t0) = 0
Y=e\L6Xªb2Y�¢�klNQR²n�u�u�VjL

θ = ](z
′

1(t0), z
′

2(t0))L2â}�
ϕ = ](γ

′

1(w0), γ
′

2(w0))
£fXSNQR�X

θ = arg z
′

2(t0)− arg z
′

1(t0)

ϕ = argw
′

2(z0)− argw
′

1(z0)

V}m2u�L § bOXGZ
n�RÝnpu�klRpn_UvL ` n�R,k"R6þ¦bKNQV�NdNQ�yb2Y
R,Nfe f
U³âjUJLÔbKNQVWRpY�NQZ
u�NQt�UvVjL+Y
tJu

f : D 7→ C Ù�½ ¹S¸ Ù
f(z)

V�âj��b2VWRpY�NQZ
u�NQtÓa/PStva�£QbKVju2b2VWRpY�NQZ
u�NQt
I
z0 § P­bKVjRpY�NQZ
u�NQt f

��L�^
z0 ∈ D ` f ′

(z0) 6= 0
eq�/X

f : D 7→ C
Vjnpb Ø ß�ÀE·
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£dNQb2u Ù�Û©Þ µ Ù
ϕ = arg w

′

2(z0)− argw
′

1(z0)

=
(

arg f
′

+ arg z
′

2

)

−
(

arg f
′

+ arg z
′

1

)

= arg f
′

+ arg z
′

2 − arg f
′ − arg z

′

1

= arg z
′

2 − arg z
′

1

= θ

n�PáÒ tJu)a/XGP�b2VjR,Y
NQZ
u�NQt
f
£fXGaÜI

z 6= 0
a/XGa­[\Z
L+R�n�u�Nfe

f ′(z) = 2z
��L

f : C 7→ C, f(z) = z2 ¶�·¦¸]µ�¹£fXSNQR�XzI
z 6= 0

f = ρ2(cos 2θ + i sin 2θ)

I b2VjR,Y�NQZ�u�NQt�L+ayn�VWs�tJu�NQZ
n
z = 0

Y
NQP®�7£fXGa
I |z| 6= 1

Y�NQP®��b2VjR,Y�NQZ�u�NQt
f
m2Y�Z
Pz£fXGa

f ′(z) = 1− 1
z2

b2Y
��klu2PGe\¨�u
f : C 7→ C, f(z) = z + 1

z

¶�·¦¸]µ�¹

f−1 ^ Implicite function Thourem
ZGâj� ` ⇔ J(u, v) =

∣

∣

∣
f

′

(z0)
∣

∣

∣

2 �|L
f

′

(z0) 6= 0⇔
∣

∣

∣
f

′

(z0)
∣

∣

∣

2

6= 0 Ù�½�è�ÙI
w0
a<eonpPSVjP®[\P	^ibKVjRpY�NQZ
u�NQtvN ` b2V}m2VWa/u�L f−1 ⇔ z0

a<e¬n�PSVWPS[\P­b2RpVWVjt
^'¢GY�Z
u�Pzt³Nd¢�PSay�|VWY
sÃbKNQVWb2VjVW�=P�Ò tJu�P ` bKNQV}m2VWa/u�L ⇔ U³NQ¨�b2PzbKNQVWRpY�NQZ
u�NQt�ÿ Ù é�ê=ë�· ÿ

I ��â}¨�¨
f : f

′

(z) 6= 0 Ù�½�è¦Ù
��â}¨�¨¤£fX =z > 0

L+RpklNd¢�a�U³NQ¨�b2Pza/P®L+I ��âj¨¦¨�n�u�u�VjL
f(z)

��L
i2 = 1

��L
f(z) = z2 ´ ¿ ¹G¸]év¶�·®¸]µ�¹

��L
z ∈ D

a<XGa
f

′

(z) 6= 0 § N,b2V}m2VWa/u�L f : D 7→ C
^
Invatiance of Dowain `°Ø ß�ÀE·

Ω = f(D)

^ibKNQZ�eqUJVWY�sGNQuKL6ayUvVjR6NQ¨¦bKa�UJVjXGa|NQn�UJVWR,NQ¨�bÜY�R6NQa<X `
f(∂D) = ∂Ω

Vj��L è ÿ Û�Û f
UJLON

f(D) = Ω Ø ß�À#·
Å �]����ÈEåg�KÊ+Ç Å �Cä Å�� É ÏS¡dç

��L
w : C 7→ C, w(z) = zn I T

w′(z) = nzn−1, z 6= 0

¢GNQt³¢�t¯Uv��b2VWNdNQ�ÖL6VWn
θ
t³NQVW¢cY�bKVja

z0 = 0
PábKVjRpY�NQZ
u�NQtÐn�u�u�VjL I

C − {0} § Páb2VjR,Y�NQZ�u�NQt¯Y
R,NQa/XI ^i�
âj¨�¨¤a|��Y
R,Nfe ` θ ∈ [0, 2π
n

), R > 0
n�VWn�V+VW¢GNQ[\V³^ia/a/XSNQR ` UvNQ¨�b�Iw(θ) = nθ

Vj��L²b2Vje\L6Y
PI
1 ≤ t0 ≤ n

n�u�n
n
√

z
UvklN,I

n 7→ 1
n�u�n

w(z) = zn Y
R,NQa<X
§ ayn�Y�¢�k"npn�bKL~a/VWa<XGn�a�£Qb2VWuKI eiθ = cos θ + i sin θ

eqNQu�VWL+Y�b2Vj[\tva/Z
R,NQtÓb2V}XGVWY�L+R�n�VWs�tJu�NQZ�I H
ez = e<z+i=z = e<z (sin=z + i cos=z)

I n�a/VWk"Y7b2VjXGVjY
L+R�n�Vjs�tvu�NQZ�n�� =z = 0
N,Y�a|VWNQL~bJNQn��Kn�� <z = 0 º n�Y
�=nV�âj�

exp : C 7→ C
NQu�Y
¢Gk"n

exp(z) = ez = e<z (sin=z + i cos=z)

º npY���n
|ez| = e<z, arg ez = =z + 2kπ, k ∈ Z

T�w



exp ¾ ÀÝ´©µ�é�µ Þ ´
exp |R = ex ^iL `

ez+w = ezew ^iP `
∀z ∈ C, ez 6= 0

^ik `
exp(C) = C− {0} ^'¢ `

exp(z) = exp(z)
^in `I Y
Nfe\VWRpn�a<XGPzb2Vjm2Vja/u�L²Y
R6NQa<Xz× n�R,a<e

exp
^'N `

exp(z + i2π) = exp(z)⇒ exp(z + 2kπi) = exp(z)
^i� `

{z|0 ≤ =z < 1} UvVjL+b2R�VW¢GNQ[\VOU³NQ¨�b ^i¨ `L+Vjn
2π
b2RpL+P«��L

arg § n�L+Vjn y0
NpbKNQVWnpN+PS¨�Y
RpnpR�tJa/¨�UvVj[³XGR�Uvs��=P

y0
a/XGa

ex0+iy0
Y�NQPS� Ù�½�è¦ÙI np¢GNQtvuKnpbKNQL+a�tJVWb2�=R

2π
Y�NQ��¨�R�VWY�n�VjXÃVW¢SNQ[\Vjn�UvNQ¨�b2n
n�u�bOe\R

y § N,��NQP®t x0
¨�tJVWu2UvL+N

exp (x0 + iy) = ex0 (cos y + i sin y)

§ u�NQthn�tvb2��n º bKNQV�NdNQ�ÕY
NQR,V}eÑUJ�	Y
¢Gb2[\R�n��«I �
NQPSt ex0
[)NQVW¢�Y
P�a/kl�=R�a|�	bKNQu�bOe\RÓbJNd¢GNQtJu�NQu�a/P®Vjt³NI b2V�NdNQ�Kb2Y
R�e\R²Uvn�a<e¬n�tvb2�=n�Uvkv£fXGa=N

L1 ⊥ L2
UvVjY�e\Vjn�× b2VjR,Y�NQZ

úQb2VWa/u�NQVjs�u�NQZ
[\tJL+n�n�VWs�tJu�NQZ
n�R�n�Z
s�uKn�R Ù®¾ ¶©Àn�R,a<eA^iL `
z, w ∈ C, f (z + w) = f (z) f (w)

^iP `
f |R = ex ^ik `

f (x) = exp (z)
¨�V}XSNQn�a�£Qb2VWu2Vj��L

NQa/a|n�bJNQu�NfXGbKn²b2LcNQu�¨¦XSNQn©eq¨�Vju�u Ø,½ ß Ú
f (z) = f (z)

|f (z)| =

√

f (z) f (z) =
√

f (z) f (z) =(2)
√

f (z + z) =
√

f (2<z)

=(3)
√

e2<z = ex

⇒ f (x + iy) = ex (cos θ + i sin θ)

£QRpVjY7V}e)NQtJP­e)NQRpVjeoV�â}�
θ = y

a=âjs
bKNQVWY=m2R6NQu�NQk"VjY�mÜbKNQVjs�tvu�NQZÓI w

x ∈ R, eix = cosx + i sinx

e−ix = cosx + i sinx

⇒ cosx =
eix + e−ix

2

sin x =
eix − e−ix

2i

cos z, sin z
b2LcY
VW¢�k"u

sin z =
eiz − e−iz

2i

cos z =
eiz + e−iz

2

eiz = ei(x+iy) = e−y+ix = e−y (cosx + i sinx)

T r



´©µ�é�µ Þ ´
cos z|R = cosx, sin z|R = sin x

^iL `bKNQR,a<e
sin z, cos z

^iP `b2VWklNQ� § VjL sin z
× b2VWklNQ�

cos z
^ik `

2πk
bKNQVWY
NQ��¨�R�^'¢ `

sin2 z + cos2 z = 1
^in `

sin (z + w) = sin z cosw + cos z sin w
^'N `

sin (−z) =
bKNQVWklNQ� § VjL+P²e\R,bOe\u�IC a<X²bKLoe\Y�NQZ

f (w)
��L −π

2 ≤ x < π
2 , w = x + iy

eÑnpL6Y
u
x = −π

2

NQtvPª��L
sin
(

π
2 − z

)

= cos (z)
UJklN − sin (z)

sin (w) = sin
(

−π

2
+ iy

)

= − cos (iy)

= sin
(

−π

2
+ iy

)

=
ei(−π

2 +iy) − e−i(−π

2 +iy)

2i
=

e−ye−i π

2 − eyei π

2

2i
≥ 1 ∈ R

LONQn©eÑn�a/k"u�N
z = i

��s�RpL+P�np¢SNQtJuEY�¨�P®u#UvV}e\RpR
x < 1

a|�	UvV}XGY
�«a/P®tJu
x = π

2

NQtvP�£QZ
NQL¬NQbKNQL+Pn�a<e�n�VjY�m2RpVW[\n�R,N2n�Vjs�tvu�NQZ�P¤bKNQVjk{NQ��n § VjL+RÜa/PStvu³Vju�e\n~VWs�¨¦ncb2L�a/a|k"P®NOY�Nfe\VjR,nca/eÝ£dNQVja/��ncU³NQ¨�b2PI V�¢GNQ[\VOUvNQ¨�bÜa/��P −π
2 < x < π

2 , y > 0
£QR,NQ[\R�e¬UvNQ¨�b2PSe º a|PStvu

I Y
Nfe\VWRpn�a<e¬UJVWa/VjZ�XGR ¥ NQ[\u�VWL~a/P®tJu x
Y
Vjs�Pz�|e\Rpn�P Ù�½�è¦Ù

x = ±π
2

P
cos z = 0

Y
R6NQa<X
f

′

(z) = sin
′

z = 0
e_np¢GNQtvu�P«bKNQVWRpY�NQZ
u�NQtvn~VjXzY
NfXG��a7e³V ´©µ ¿ · ½ µ�ß
é�µ�êI bJNQVWNdNQ�vbKNQY
R�e\uJL+a�NQu�Y�¢�k"n©e¬UvNQ¨�b2n�bKNdNQs�tvPzb2R,L6P¦N

NQu�a|PSVjt Ù�½�è¦Ù
sin z =

ey + e−y

2
sin x + i

ey − e−y

2
cosx

= cosh y sin x + i sinh y cosx

cos z =
ey + e−y

2
cosx + i

ey − e−y

2
sin x

= cosh y cosx− i sinh y sinx

I bKNQu�NQY
b2Z ¥ NQ[\u�VjL�e\V sin z = z
a5m2Y
Z
P­I bJNQR,NQ[\¨¤£Qu�VWL

sin z, cos z ⇐ bKNQR,NQ[\¨	£Qu�VWL
cosh, sinh Ù�½�è¦Ù^iY�Nfe\VjR,PzUJVWZ�Z�NQ¨¤UJVWR,NQ¨�b ¥ NQ[\u�VjL²e³Vjeoa/a|k"P `

Ù�½�è¦Ù
cos t = 1− t2

2!
+

t4

4!
−

cosh t = 1 +
t2

2!
+

t4

4!
+

sin t = t− t3

3!
+

t5

5!
−

sinh t = t +
t3

3!
+

t5

5!
+

Ù�½�è¦Ù
sinh z =

ez − e−z

2

cosh z =
ez + e−z

2
⇒ cosh z = cosh iz

sinh z = − sinh iz
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Å �g�6�]�KÉ Å �]����ÈEåg�KÊ+Ç Å �Cä Å�� É ÏS¡��
bKV}XGY
�

n
^'£fe\tvu�Z § V}m2a|NQR ` b2V}XGY
� § PSYÃn�Vjs�tvu�NQZ n

√
z = (zn)

−1 I T
z = ρ (cos θ + i sin θ)

z = eρeiθ

⇒ n
√

z =

{

n
√

ρ

(

cos

(

θ + 2πk

n

)

+ i sin

(

θ + 2πk

n

))

|k ∈ Z

}

e\V2��LcVje\L6Y
n ¥ u��=n�bKLáY
¨�PSuvUvLá£fXGa|N k = 0 ¥ u���n √z = 1
Y=e\L6X

z = 1,
√

z = {1,−1} ¶�·®¸]µ�¹ ¾a/e³R,a�¢�¨�Lc£dNQY
b2ZÃtJY
az2 + bz + c = 0

z =
−b +

√
b2 − 4ac

2ab2V}XGY
� § Nd¢ªn�VWs�tJu�NQZ7NQ��N,n�Y�¢�k"n�ZGâ}�7¢GPSa/Pz¢�¨�L z
e\V2£QL6X

NQu�VjVWn�NQa­I VjP¦NQVj¨�n ¥ u���n�bKL~e\Y�Nfe\P	Y�NQ¨�PSa�a<XSNQu�eqVW¢
Xª¨©NdNfm2n²b2LÜNQu�Y�¢�kln²�/X −π < Argz ≤ π Ù�½�è�Ù√
1 = −1

��L
0 ≤ Argz < 2π

a<e\Rpa�UvVjY
VW¢Gk"R
Y�e\L6X

w = log z
I H

log z = ln |z|+ i arg z

= ln |z|+ i (Argz + 2kπ)

¥ u���n²b2L�a|PStvu arg z
a/ehVjY
tJVW�=n ¥ u��=n~Y
NQP®�ÃY
R6NQa<X k = 0

Y�NQP®��I b2VjXGY
�¤^∞ ` PSYªn�VWs�tJu�NQZªb2L+�\£fXGaI
Logz § PzNQbKNQLÜ£QRp[\u�N log z

a/eoVjY
tvVj��n
elog z = z Ù�½�è¦Ù¶�·®¸]µ�¹

log 1 = log |1|+ i (Arg1 + 2kπ)

= 0 + i2kπ; k ∈ Z

^
Log1 = ln 1

£fXGa|N
k = 0

£QL,X `
Ù�½�è¦Ù

Log (zζ) 6= Logz + Logζ

��L
z = −1, ζ = i

NQVjnpV ´ ¿ ¹G¸]év¶�·®¸]µ�¹
Logz = ln |−1|+ iArg (−1)

= +πi

Logi = ln |i|+ iArg (i)

= i
π

2

⇒ Logz + Logζ =
3πi

2
zζ = −i

Log (z + ζ) = ln |−i|+ iArg (−i)

= −i
π

2
6= 3πi

2
= Logz + Logζ

T x



a/PSL
∀z, ζ ∈ C, log (zζ) = log z + log ζ

(log z)
′

= 1
z

bKNQVjXGY
� § ¢G¨¤a<e¬UvNQ¨�b�a<XGP Ù�½�è¦Ù
α ∈ C, zα =

(

elog z
)α

= eα log z n�tv��¨¤n�Vjs�tvu�NQZ�I w
ii = ei log i = ei(ln|i|+iargi) = ei(i(π

2 +2kπ)) = e−
π

2 +2kπ ¶�·®¸]µ�¹
��L

z = arcsinw
I r

sin z = w

w =
eiz − e−iz

2i

⇔ w =
eiz − 1

eiz

2i

e2iz − 2iweiz − 1 = 0

eiz = ζ

ζ2 − 2iwζ − 1 = 0

§ e¬£QL6XGR,N
ζ = iw +

√

1− w2

bKV}XGY
� § Nd¢z£fXGa|NpbKPGXGY�NQR²n�VWs�tJu�NQZ √1− w2 Y�e³L6X
eiz = iw +

√

1− w2

iz = log
(

iw +
√

1− w2
)

z = −i log
(

iw +
√

1− w2
)

^ e³Y�Nfe\n�VjZ
a ` bKNQu�NQY
b2ZÃa/eobKNQ¨�Z�e\R²VjbOeoe\VOY�R6NQa<Xªb2V}XGY
��P®Y�n�Vjs�tvu�NQZ7LONQn log
n

Mobius
FÃDGï5F7?�� �

{

a, b, c, d ∈ C
ab− bc 6= 0

,

{

∀z ∈ C
z 6= −d

c

, w = az+b
cz+d

n�Y�NQs�n�R~n�tJbK�=n�n�u�VjVWn~^ibKVjY
L+Vju�Vja § VjP ` Mobius
b2tvb2�=n

w2w1 ⇔ Aw1Aw2

UvklN
detAw 6= 0

L2â}�
w ↔

(

a b

c d

)

= Aw Ù�½=è�Ù
I b2VjR,Y�NQZ�u�NQt�L+VWn

Mobuis
b2tvb2�=n�L2âj�

w
′

(z) = ab−bc
(cz+d)

Ù�½=è�Ù
��â}¨�¨

w ⇔ Mobuis
L6VWn

w Ù�½�è¦Ù
e¬¨¦VWu�u Ù�Û©Þ µ Ù

w (z) = w (ζ)

⇔ az + b

cz + d
=

aζ + b

cζ + d

⇔ (az + b) (cζ + d) = (aζ + b) (cz + d)

⇔ bcζ + adz = bcz + adζ

⇔ (ab− cd) z = (ab− cd) ζ

(ab− cd) 6= 0⇒ z = ζ ��âj¨¦¨
w
L2â}�

T��



w−1 ← A−1
w

b2R,VjVWt
w−1 Ù é�ê=ë�·

ζ = az+b
cz+d

a/��L+VWn
w Ù é�ê=ë�·

w(∞) =

{

a
c

c 6= 0

∞ c = 0
, w(−d

c
) =

n�Y
VjZ
[\n�a/�°Y�V�¢�k"u®��LON
w (z)→z→∞

{

a
c

c 6= 0

∞ c = 0

UJk{N
w (z)→z→− d

c

∞ Ù�½�è¦Ù
∞

n�Y
VjZ
[\n¤a|�
Mebuis

bKtJb2��n Ù é�ê=ë�·
w : Ĉ 7→ Ĉ, Ĉ = C ∪ {∞}

^ibJNQVjZ�NQ[\n�bKNd¢GNQtvu�n�a/XGP ` bKVjRpY�NQZ
u�NQt³þ Ĉ
a/�

Ĉ
a<eoa|�
þ¦��â}¨�¨�n�tvb2�=n

w Ù é�ê=ë�·
b2PSeobKNd¢SNQtJu#H)Y�bJNQVjn�a<XGaye\V

Mobius
b2tvb2��n�a/XGa Ù�½�è�Ù

Ù�Û©Þ µ Ù
az + b

cz + d
= z

⇔ cz2 + (d− a) z − b = 0

�|X­n�tvb2��n�n�b2Lák"Vjs�n�ay£Qb2VWu Ù�½=è�Ù
w =

az + b

cz + d
=

a

c
+

bc− ad

c2
(

z + d
c

)

w1 = z +
d

c

w2 = c2w1

w3 =
1

w2

w4 = (bc− ad) w3

w5 =
a

c
+ w4

a/k"��Rpa ¥ NQtJVje w3
I P®NQP®Vj[)N\np¨¦VWb2R

w4, w5
I bKNQ����noUvn

w5, w1
I
w = w5 ◦ w4 ◦ w3 ◦ w2 ◦ w1

Vj��Lm2Z=e\R�L+Vjn�eon�u�tv[\R¤e\VO£fXGa�I n�Y
VjZ
[\P ¥ NQtvV}eqNQLc��NQZ
Vjn,þ¦np¢GVj¨�Vjn
I UJVWa/k"��R6þ¦UvVjY�e\V+a/��UvVja/k"��R,N}þ¦UvVjY�e\V+n�tvVjb2��R

Mobuis
b2tvb2��n Ø ß
ÀE·

n�LONdNfe\Rpn�b2Y
���=Pza|a<XSNQR²a/k"��R�U³Nfe³Y
ayY
R,NQa<X«I Y
V}e\V+P®Nfe\VW¨	V�âj��UvkJbKL6�K¨¦VjXSNQn�a�£Qb2VWu Ù�½=è�Ù
(B ∈ C; A, C ∈ R)⇒ Azz + Bz + Bz + C = 0

w (γ)
b2LcPGe\¨�a|N

V�âj��Y�¢�klNQR²£Qn�a<e�^
Cross-ratio `®¾ µ�ß ÞGÙ ë Û©¿�Ù n��2Y�¢�[\P z, z1, z2, z3

bJNd¢GNQtJu�n²£Qb2u�VWn�P ¾ µ�ß ÞGÙ ë Û�¿�Ù
z − z1

z − z3

z2 − z3

z2 − z1e¬�|X
Mobuis

b2tvb2�=n�npu�n
w (z) = (z, z1, z2, z3)

��L
w (z1) = 0

w (z2) = 1

w (z3) = ∞

T ô



I n�R,L6bKn�P
0, 1,∞ a|�5n��,Y
¢G[\P

z1, z2, z3
bKNd¢GNQtvu�nzb2L¤nptJVWb2�=R,n

Mobuis
b2tvb2��nzb2RpVWVjtÜ^'NQu�¨¦XSNQn `ËØ ß
ÀE·

∞ a�NQY
PS��V+bKNQu�NQb2uJbJNd¢GNQtJuJw § e_�|X­a/�7a/k"��R�a<X­tvVjbK�=n�ay£Qb2VWu2Y
R,NQa<X
np¢�VW¨¦VOnpu�n

0, 1,∞ a|��n�RpL+b2npP
z1, z2, z3

n�tJVWb2��Rpn
Mobuis

b2tvb2��n Ù�½�è�Ù
eq�/X

Mobuis v, w
bKNQR,VjVjtJeonpa/Vja<e\Pz¨�Vju�u Ù�Û©Þ µ Ù

(z1, z2, z3) 7→V (0, 1,∞)

(z1, z2, z3) 7→w (0, 1,∞)

¥ [)NQu�P¦N Mobuis
n�u�n

u = w−1 ◦ v
Vj��L

u (z1) = z1

u (z2) = z2

u (z3) = z3

u = I ⇔ m2PGeobKNd¢GNQtvuKw
u § ayLOâj�

U³NQ¨¦bKP
H+ = {z|=z > 0} Y�e\L6X H+ 7→ H+

bKLÓbKNQtvVjb2��Rpn
Mobuis

bKNQtvb2��n�a<X�bKLoL+s�R ´©µ"¶�·¦¸]µ�¹LONQs�Rpa�tvVjZ
[\R�I Y�Rpe\Vjb�n�RpklRpnpN¦Y
R�e\V
∂H+ = R

tvVjZ
[\R«£fXGaÖI NQY
Rpe³Vpn�Rpk"R,npN¦n�Z�e\n©ece)NQY�¢�u6V}m2VWa/u�L��L
x1 < x2 < x3

UvklN
x1, x2, x3 7→ 0, 1,∞ eq�/X

Mobuis
bKNQtvb2��n�b2L

w =
z − x1

z − x3

x2 − x3

x2 − x1

w (z) =
(x2 − x3) z − x1 (x2 − x3)

(x2 − x1) z − x3 (x2 − x1)

n�Y�NQs�n�R²npu�n
w
Y
R,NQa<X

w =
αz + β

γz + δ Y�e³L6X
α, β, γ, δ ∈ R

I T
n©m2u�u�VjR,Y�mK¢7PSe³¨�u�I H

∆ (w) = −x3 (x2 − x3) (x2 − x1) + x1 (x2 − x1) (x2 − x3)

= (x2 − x3) (x2 − x1) (x1 − x3) > 0

∆ > 0
e)NQY
¢GuJY
R,NQa/X

w (H+) = H−
Vj��L

∆ (ω) < 0
UvL Ù�½=è�Ù

=w (i) > 0
e¬�|XGPªVju�e\n¤VWL+u�bKn�bKL ¥ Vja/¨�n�a�£Qb2VWu Ù�½=è�Ù

» ¾ µ�ß Þ�Ú ë Û©¿�Ù«¿�Ú ¸ ¾¦¼ ´�µ ½=è�Ù
V�âj�

w
bKL�LONQs�R,a5Y�e\Z�L

(z1, z2, z3) 7→ (w1, w2, w3)
eÜ�|X­×

w
np¢�VW¨¦V�N�b2¨�L

Mobuis
bKtJb2��n«b2R,VjVWt�I T

z − z1

z − z3

z2 − z3

z2 − z1
=

w − w1

w − w3

w2 − w3

w2 − w1

a|k"�=R²NQLcY�e³V+a/�
z1, z2, z3, z4

U\â}UvL
(z1, z2, z3, z4) ∈ R

a=NQZ=Xz[\¨�VyI H
I a=NQZ=XGn�[\¨�VWn¤a/�ÃbKNQY
R,Nfe

Mobuis
bKNQtvb2��n¯I w

I UJVWa/a<XSNQR�UvVja/k"��R�a/��UvVja/a/XSNQR²UJVWa/k"��R�bKNQY
VjPS��R
Mobuis

VW��LÐI r
T��



Ä
	 �]�,�gÉ°ÌÕÉK���©È°�K��� æG¡� 
e¬�|X�^ib2VjY�m2R,NQL+k³bKNQn��JZGâ}� ` ~OZ

£QY
tvn¤a/�­× n,¢�Vj¨�VWN,b2¨�L
z∗
b2R,VjVWt

Oz∗Oz = R2

^
γ § P z

a<e_��NQb2Vj¨�n�NQL ` γ a/k"��Rpayb2VW[\¨�V z
a<eqb2VWY=m2R,Vj[\n�np¢GNQtvu�n�bKL6Y
tvu

z∗

^inpRpk"R�bOXGZ�NQn²�=L ` bKNQV�NdNQ�Ka/��Y
R6Nfeq��NQZ
Vjn Ù�½=è�Ù
Ù�½=è�Ù

z ∈ Extγ ⇔ z∗ ∈ Intγ
I T

z ∈ γ ⇔ z = z∗ I H
(z∗)∗ = z

I w
∞∗ = 0∗

UvklN
0∗ =∞ Ù�½�è�Ù

I Y�e\VjP ¥ NQtJVje\a ¥ LONfe¬��NQZ
VjnpN+I Y�e\Vja ¥ LONfe γ
Vj��L

R→∞ Ù�½�è¦Ù
UvL~L2âj�K��NQZ�VWn�bKNd¢GNQtvuJa/�7bKNQY
R,Nfe

Mobuis
bKNQtvb2��n Ø ß
ÀE·

w (γ) = ξ

∨Invγ (z) = z∗

∨w (z) = w

⇒ w∗ = w (z∗)

∆ = {z| |z| < 1} a/� H+ § R Mobuis
bKNQtJbK�=n�a<Xªb2LcL6s�R ¶�·¦¸]µ�¹

L2âj�KI
w (z0) = 0

e¬�|X
z0 ∈ H+

bKRpVjVWt�I
w = az+b

cz+d

n�Y�NQs�n�R
w
UvV}e\Z
¨¦R¯ý µ ½ ´�ß

w =
a1z − z0

cz + d

w (z0) =∞ NQu�a/PSVWt
w (z∗

0) = 0∗
L2âj�On�Vj[\Y�NdNQu�VjL²bJNd¢GNQtJuKa/��b2Y
R,Nfe

w
£fXGa

Mobuis
L+Vjn

w
�=La/�ztvb2�
NQR

R = ∂H+
ehnp¢GP®NQ��P¤e\R,bOe\uyI

C
b2L��
NQPStva�e\V³UJVWVj[\a�V�¢
X

w (z) = C z−z0

z−z0

£fXGa
LOâj�

w0 ∈ s
′ § ayb2Y
P®NQ� o ∈ R

m2Y�Z
P
s
′

= ∂∆

|w (0)| = 1

⇔
∣

∣

∣

∣

C
z0

z0

∣

∣

∣

∣

= 1

⇔ |C|
∣

∣

∣

∣

z0

z0

∣

∣

∣

∣

= 1

⇔ |C| = 1

NQu�a|PSVjt

w = eiθ z − z0

z − z0

=z0 > 0, θ ∈ [0, 2π]
Y�e\L6X

H{�
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f = u + iv,
∫ b

a
f (t) =

∫ b

a
u (t) dt + i

∫ b

a
v (t) dt

��L~I
[a.b] ⊆ R

npZ�VWs�Y
f : [a, b] 7→ C Ù�½ ¹G¸ Ù

´�µ�é�µ Þ ´
bKNQVWY�L+VWu�VWacI T

∫

(f + g) =
∫

f +
∫

g
^iL `

∫

λf = λ
∫

f
^iP `

∣

∣

∣

∫ b

a
f (t) dt

∣

∣

∣
≤
∫ b

a
|f (t)| dt

e\a|Nfe\Rpn²£dNQV�NdNfe¬VWLÐI H
∫

γ
f (z) dz =

∫ b

a
f (z (t)) z

′

(t) dt
U³NQtJ���=Y�NQL+a�a/Y
k�m2u�VjLÐI w

γ
a<e¬�=Y�NQL+n

` (γ)
N
M = supz∈γ |f (z)| Y�e\L6X ∣∣

∣

∫

γ
f (z) dz

∣

∣

∣
≤M` (γ) Ù é èGØ

Ù�Û©Þ µ Ù
∣

∣

∣

∣

∫

f (z) dz

∣

∣

∣

∣

=

∣

∣

∣

∣

∣

∫ L

a

f (z (t)) z
′

(t) dt

∣

∣

∣

∣

∣

≤
∫ L

a

|f (z (t))|
∣

∣

∣
z

′

(t)
∣

∣

∣
dt

≤ M

∫ L

a

∣

∣

∣
z

′

(t)
∣

∣

∣
dt

= M` (γ)

´©µ"¶�·¦¸]µ�¹
∫ i

1
dz
z4 ≤ 4

√
2
I T

I
[1, i]

�=m2tJn�a/�7a|Y�k"m2u�VWL+PÃY
P®Nd¢GRÑý µ ½ ´�ß
∣

∣

∣

∣

∫ i

1

dz

z4

∣

∣

∣

∣

≤ M` ([1, i])

= sup
z∈[1,i]

∣

∣

∣

∣

1

z4

∣

∣

∣

∣

√
2

=

√
2

infz∈[1,i] |z4|

=

√
2

(

infz∈[1,i] |z|
)4

=

√
2

(√
2

2

)4 =
(√

2
)4√

2 = 2
√

4

∣

∣

∣

∫

|z|=R
log z
z2 dz

∣

∣

∣
≤ 2π π+ln R

R

I H
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∣

∣

∣

∣

∣

∫

|z|=R

log z

z2
dz

∣

∣

∣

∣

∣

≤ 2πR sup
|z|=R

∣

∣

∣

∣

log z

z2

∣

∣

∣

∣

= 2πR sup
|z|=R

|log z|
|z2|

=
2π

R
sup
|z|=R

|log z|

=
2π

R
sup
|z|=R

|ln |z|+ iArgz|

=
2π

R
sup
|z|=R

|ln R + iArgz|

≤ 2π

R

(

ln R + sup
|z|=R

|Argz|
)

=
2π

R
(ln R + π)

∫

|z|=1
dz
z

PGe\¨ÝI w
ý µ ½ ´©ß

∫

|z|=1

dz

z
=

∫ 2π

0

dz (θ)

z (θ)

=

∫ 2π

0

ieiθdθ

eiθ

=

∫ 2π

0

idθ = 2πi

a/�²npZ�VWs�Y�N
Ω § P�bKV}m2Vja|u�L f

I
f : Ω 7→ 


Vjn�bKNÖ× Y�e\tÑmKNfe\ZcU³NQ¨�b
Ω
VjnpV

Cauchy-Goursat Ø ß
ÀE·Vj��L
γ = ∂Ω

∫

γ

f (z) dz = 0

^iY
Rpe³R�n,¢
e¬a|� ` £QVWY
kKm2Z�e\R Ù�Û©Þ µ Ù
I Y�e\t�V}mKNfe\ZÃUJu�VjL6eÓUvVjR6NQ¨�báa|��UJk

Cauchy-Goursat
m2Z=e\R�b2LcPSVW¨¦Y
n�ayY�e\Z
L Ù�½�è¦Ù

Ω § Pªn�Z
Vjs�Y f
′ § e¬VjL+u�b2n�b2L~P®V}XGY
n�ayY�e³Z
LÓ^in�tJ��¨«np[\Y�k ` Cauchy-Goursat Ø ß�ÀE·

I ∫
γ

= 0
£fXGaÖb2Vjm2Vja/u�L²npVjs�tvu�NQZÃb2L+�JI Y�NQk"[¬a|NQa/[\R�VWZ�a ∫

γ

(z+1)3 sin
“

zez
2+z+1

”

z17

PSe\¨ ¾�¿ ¸ ½ ´
F

′

= f
eo�|X«×

Ω § P­bKV}m2Vja|u�L F
b2R,VjVWtáVW��L~I b2V}m2VWa/u�L

f : Ω 7→ C
UJLON+× Y=e\t�mKNfe\ZÃUvNQ¨�b

Ω
UvL Ø ß�ÀE·

n�V�NQa/b¯n�u�u�VjLÝY
R6NQa<X�bKNd¢�VW¨¦V5tvNd¢�P®a��|VWY�s I
γ = [z0, z]

eM�/X
F (z) =

∫

γ
f (ζ) dζ

Y�V�¢�k"u Ù�Û©Þ µ ÙNQPGe × mKNfe\Z~a=NQa/[\RÝNQu�n
γ = γ−1

2 ◦ γ3
VW��L

z § a z0 § R_UJVWa|NQa/[\R γ1, γ2
NQVjnpV°VW��L I

γ
b2Y
Vj¨�P®P

∫

γ1
f =

∫

γ2
f
L2â}� ∫

γ
f = 0

H�H



£dNfXGuKNQu�u�VWL²a=âju�n¤m2Z�e\Rpn���Lá× Y�e\tÜmKNfe\ZÃNQu�u�VjL~U³NQ¨�b2n�UJL Ù�½=è�Ù
1
2 (Ω = R\ {0}) ´ ¿ ¹G¸]éJ¶�·¦¸]µ�¹

a<XGa ∫
γ

f = 0
Vj��L

F
′

= f
e_�|X¤×

F
bKV}XGY
� § ¢�¨�n�Vjs�tvu�NQZÃbKRpVjVWt�UvL+N2×Ω § PznpZ�VWs�Y f

UvL+N+U³NQ¨�b
Ω Ø ß�ÀE·n�Y�NQk"[¬n©mKNfe\Z­n�R,NQtv�

n�VWs�tJu�NQZÕe\V
f § a#VW��L T ⊂ Ω

e³a=Nfe³Rza/XÖa/�Ö× ∫
T

f (z) dz = 0
e~�/X

Ω
UvNQ¨�b2Pyn�Z
VWs�Y

f
Vjn�b

Morera Ø ß�À#·^
Ω § P ` n�R6Nd¢�t

I
Dr (z0) = {z| |z − z0| < r} ⊂ Ω

e¬�|X
r > 0

UvVjVWtcVW��L
Ω § P�Ò tvu z0

VWn�b¬^ e\RpR `�Ù�Û©Þ µ ÙVj��L
F (z) =

∫ z

z0
f (ζ) dζ

Y
VW¢�klu
z ∈ Dr (z0)

VWn�b_I
z ∈ Dr (z0)

a<XzY
NQP®�
F (x)

b2R,VjVWtKe¬¨¦VjXSNQu¨�V}XSNQu
npY�VW��klNpbKV}m2Vja|u�L

F (α)
I T

F
′

= f
I H
ý Þ ¶

h ∈ C
|h| � r

, F (z + h)− F (z) =

∫ z+h

z

f (ζ) dζ

⇒ F (z + h)− F (z)

h
− f (z) =

∫ z+h

z
f (ζ) dζ

h
− f (z)

=

∫ z+h

z

f (ζ)− f (z)

h
dζ

|f (ζ)− f (z)| < UvVjVWtJbKR |z − ζ| < δ
a<XGa<e~�|X

δ > 0
UvVjVWt

ε > 0
a<XËY�NQPS�E£fXGa=N
n�Z
Vjs�Y

f
a|PSLa/P®tJu |h| < δ

UJ��£fXGa
ε

∫ z+h

z

f (ζ)− f (z)

h
dζ ≤ |h| sup

ζ

|f (ζ) − f (z)|
|h|

=
|h|
|h|ε = ε

H{w


