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ABC DE FBGEH I
ABCDE EJKL HBMFDMNOEPMJ HBDBBCL Q

y′ + p(x)y = g(x)

L(y1 + y2) = L(y1) + L(y2)

L(cy1) = cL(y1)

RSTUVW VXYTZ [\ ]

y′ + y = ex

y =
ex

2

^_` aabc_ d` ed af y = ex

2 gaedf__hiejk lh` hceaj dk hbm nhjed_ d` eadfl

y′ + y = ex/ · µ(x)

µ(x)y′ + µ(x)y = exµ(x)

^n`cb oim (µ(x)y)
′

= µ′y + y′µ nmpn q`bl ^r hfj` s nt _hiejk lh` timl

1



rhhpd_n uhei vd hlmdn _` aabc_ d` rh`d_n dlc nt
µy′ = µy′

µ′y = µy

µ′

µ
= 1

∫
µ′

µ
dx =

∫

1 = x

lnµ = x

µ = ex

^ex wm µ d` qhnxl hy`
exy′ + exy = e2x

(exy)′ = e2x

∫

(exy)′ =

∫

e2x

exy =
e2x

2
+ c

y =
ex

2
+

c

ex

zSU {zYW| [\[

xy′ + 2y = x2 − x + 1

y(1) =
1

2

}gaedf_`aabc_ d` d` ncell
y′ +

2

x
y =

x2 − x + 1

x

dhljac a__ _` aabc_ d` eadfl ^`
y′ +

2

x
y = 0

y′ = − 2

x
y

∫
y′

y
=

∫

− 2

x

ln |y| = −2 ln |x| + ln c1 =
(
lnx−2c1

)

|y| = x−2c1

y =
c2

x2
|c1 = ±c1

2



^_` aabc_ nb hljac a__ gaedf_ _ya_` aabc_ nb hkef gadf ^m

y′ +
2

x
y =

x2 − x + 1

x

xhll ^ekcef_ d`hihe` a dk hbm vr hxhlc
yp =

c2(x)

x2

_` aabcm gaedf_ d` mhil
(

c2(x)

x2

)
′

+
2

x
· c2(x)

x2
=

x2 − x + 1

x

c′2x
2 − 2xc2

x4
+

2c2

x3
=

x2 − x + 1

x
c′2
x2

− 2c2

x3
+

2c2

x3
=

x2 − x + 1

x
c′2
x2

=
x2 − x + 1

x

c′2 = x3 − x2 + x

c2 =

∫

x3 − x2 + xdx =
x4

4
− x3

3
+

x2

2

}` a_ _` aabc_ nb hkef_ gaedf_
yp =

c2(x)

x2
=

x2

4
− x

3
+

1

2

yc = yh + yp =
c2

x2
+

x2

4
− x

3
+

1

2

h~ taoh

y(1) =
1

2
c2

1
+

1

4
− 1

3
+

1

2
=

1

2

c2 =
1

3
− 1

4
=

1

12

y =
1

12x2
+

x2

4
− x

3
+

1

2

3



{zYW| ZT� [\�

y′ =
1

ey − x

1

y′
= ey − x

x′ = ey − x

x′ + x = ey

x =
ey

2
+

c2

ey

HBMOGBLB� MD HBMEDOMF HBDBBCL �
{zYW| �\ ]

} _ aab rbef_b vy1(x), y2(x) dalaedf hlb b h y′ − y cotx = ex sin x _` aabcn
5 sinx ^_ 4 cosx ^o 3ex sinx^j 2ex ^m ex ^`

_` aabc b h r`
y′ + p(x)y = g(x)

y′

1 + p(x)y1 = g(x)

y′

2 + p(x)y2 = g(x)

(y1 − y2)
′ + p(x) (y1 − y2) = 0

^d hljac a__ _` aabc_ d` ed af bef__ vec an~
^d hljac a__ _` aabc_ d` eadfn uhei v_n`b_ nt d altn c �t

y′ − y cotx = 0

y′ = y cotx

y′

y
= cotx

∫
y′

y
=

∫

cotx

ln |y| = ln |sin x| + ln c1 = ln c1 |sinx|
y = c2 sin x

^y1 − y2 = 5 sinx v �_ `h_ _la~l_ _m abd_ vg~ nt a
z{ TSW� |VTTUX �\[

y′ + p(x)y = g(x)yα _eai_c _`aabc}_` aabc_ d` eadfl
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x : /xy′ − y = xy2; x > 0

y2 : /y′ − y

x
= y2

y′

y2
− y−1

x
= 1

�a_bn~ c > 0 eb`~ y−c vhnn~ gf a`m � z = y−1 gc� l

z′ = −y−2 · y′

}_` aabcm mhil
−z′ − z

x
= 1

z′ +
z

x
= −1

_eamt vgab`e eo�c dhljac a_ wh` d he`lhn _` aabc h_ ay
z = e−

R

p(x)dx

(

c +

∫
g(x)

e−
R

p(x)dx
dx

)

p(x) =
1

x
g(x) = −1

⇓

e−
R

p(x)dx = e−
R

dx

x = e− ln x = eln 1
x =

1

x

zc =
1

x

(

c +

∫ −1
1
x

dx

)

=
1

x

(

c −
∫

xdx

)

=
c

x
− x

2

z−1 = y =
1

zc

=
1

c
x
− x

2

=
2x

2c − x2

yc =
2x

2c − x2

^henajlh� gaedf ` a_ y = 0 r`_ p aoml ^gaedf alomh`b g~dh vy2wm p anhx dtm
^0′ − 0

x
= 02 _`aabc_ nb gaedf ` a_ y = 0 h~ _`ela _` aabcm mhil

^yc
wm thf ac ` a_ rt p aoml

0 =
2x

2c − x2

gaedf_ eamt vhenajlh� gaedf `a_ y = 0 g~ nta v_y~ c gh` ^x n~n dchhpdc _`aabc_ aeamtb c `aicn b h^n �l_
�



z� �zW |VTTUX �\�

y′ = p(x) + q(x)y + r(x)y2

_` aabcn hnn~ gaedf `ic �����
y′ = 1 + x2 − 2xy + y2

^hkef gaedf `icl
g~` a vm hil ^yp = x vgaedf nb b axhl

x′ = 1 + x2 − 2x · x + x2

1 = 1

0 = 0

h�t gad l _` aabc_ nb hnn~_ gaedf_

yc = yp +
1

v(x)
= x +

1

v(x)

v(x) d` bfxla _` aabcm mhil
(

1 +
1

v

)
′

= 1 + x2 − 2x

(

x +
1

v

)

+

(

x +
1

v

)2

1 − 1

v2
v′ = 1 + x2 − 2x2 − 2x

v
+ x2 +

2x

v
+

1

v2

− 1

v2
v′ =

1

v2

v′ = −1

v = −x + c

vg~ nt a
yc = x +

1

−x + c

^ �r apt henajlh� � gaedf ` a_ yp = x rj vg~ ac~
�TUVW WZ�X |zWVSz{ RVTTUX{ |TZz�zRT �Tz�R ��UX �\�

y′ + p(x)y = g(x)

gaedf r hhp n�l_ _` aabcn hy` vx0 d` nna~_ (α, β) tkpm d afhie d ahip laf g(x)wa p(x) r` ��� ����^�hn`m anj � n �l_ tkpm qhiea r a�x _h_h _y gaedf ^y(x0) = y0 rhhpc_ ohxh
�



}_` aabcn −π
4 < x < π

4
tkpm gaedf `ic �����

y′ + e3x tan(x)y = 0

^y(π
8 ) = 0 rhhpc_

g(x) = 0 rja vtkpm _fhie e3x tan x _hiplaf_ ^y(π
8 ) = 0 v_nxd__ h`ld d` rhhpc a vgaedf ` a_ y ≡ 0kfbc hfn vn �l_ _nxd__ h`ld a _` aabc_ d` rhhpc_ ohxh gaedf ` a_ al`icb gaedf_ g~ nta vqhie^d aohxh_ a r ahp_

ABCDE EJKL E�JL JB  ¡

y′ = f(x, y)
RWT¢RX |zWVSz{ V{ RVTTUX WT�� |TZz�zT �Tz� ��UX �\ ]

gaedf rhhp (α, β)wm n~ ac_tkpm hy` γ < y < δ vα < x < β gmncm d afhie ∂f
∂y
wa f(x, y) r` £�� �����hn`p an � γ < y0 < δ v α < x0 < β eb`~ y(x0) = y0 _nxd__ h`ld d` rhhpc_ ohxh

¤��¥¦ £ ����
r hhpc y(0) = 1 _nxd__ h`ld d` rhhpc_ gaedfb _`e_ ^y′ = 2xy

x2+2 sin
[

πy
2(x2+2)

] _` aabc_ _lad l
^0 < y(x) < x2 + 2 rj

^y = x2 + 2 vy ≡ 0 ghm gaedf_b n�i §¨¥���
hld d` rhhpcb gaedf ^_nxd__ h`ld d` rhchhpc rlh`b _`aabc_ nb d alaedf n�l_ hlbb _`el^d aohxh_ kfbc d`fc vrhex`_ d alaedf_ d` uadxn na~ h alh` _nxd__

RZzW� RVTTUX � \[

y′ =
dy

dx
=

3x2 + 4x + 2

2(y − 1)
∫

2 (y − 1) dy =

∫
(
3x2 + 3x + 2

)
dx

y2 − 2y = x2 + 2x2 + 2x + c

y(0) = 1 _nxd_ h`ld eamt hkef gaedf `icl
(−1)2 − 2 · (−1) = c

c = 3

y2 − 2y = x3 + 2x2 + 2x + 3

^be afc gf a`m _d a` r abel ^r ad� gf a`m gad l gaedf_

7



y2 − 2y −
(
x3 + 2x2 + 2x + 3

)
= 0

y1,2 =
2 ±

√

4 + 4 (x3 + 2x2 + 2x + 3)

2

= 1 ±
√

1 + 1 (x3 + 2x2 + 2x + 3)

= 1 ±
√

x3 + 2x2 + 2x + 4

y1,2 = 1 ±
√

x3 + 2x2 + 2x + 4

y1,2(0) = 1 ± 2

y = 1 −
√

x3 + 2x2 + 2x + 4

WUz©T� {U Rz¢�ST� �� RVTTUX � \�

y′ = f(ax + by + c)

_` aabc_ d` eadfl
y′ =

1

x + y
v = x + y

y = v − x

y′ = v′ − 1

_` aabcm y, y′ d` mhil
v′ − 1 =

1

v

v′ = 1 +
1

v
=

v + 1

v
dv

dx
=

v + 1

v
(v + 1 6= 0)

∫
v

v + 1
dv =

∫

dx

∫
v + 1 − 1

v + 1
dv =

∫

dx

∫

dv −
∫

dv

v + 1
=

∫

dx

v − ln (v + 1) = x + c

x + y − ln (x + y + 1) = x + c

y = ln |x + y + 1| + c

^hen ajlh� gaedf ` a_ r` p aoml vv − 1wm alpnhxb ea~yn b h vg~ ac~
v + 1 = 0 → v = −1

8



^eojac `n ln 0wb r abc vhnn~m nn~l `na _` aabc_ d` ed af gaedf_
g~na

x + y = −1

henajlh� gaedf ` a_
HBªMMBJL HBDBBCL «

{zYW| ¬\ ]

{

2x
(

yex2 − 1
)

dx + ex2

dy = 0

y(0) = 1

2xex2

= P ′

y ? =? Q′

x = 2xex2

wb u~ F (x, y) _hip laf dchhp g~n a vdp haoc _`aabc_ g~na
F (x, y) =

∫

Pdx =

∫

Qdy

F (x, y) =

∫

Qdy =

∫

ex2

dy =

= y · ex2

+ ϕ(x)

F ′

x = 2xyex2

+ ϕ′(x) = 2x
(

yex2 − 1
)

ϕ′(x) = −2x

ϕ(x) = −x2

F (x, y) = y · ex2 − x2 + c

y · ex2 − x2 = c

_` aabcm `icl (0, 1) ae amtb c `icl
1 · e02 − 02 = c

c = 1

y · ex2 − x2 = 1

|�zzZ|X RVTTUX ¬\[

(
x2 + y2 + x

)
dx + xydy = 0

9



P = x2 + y2 + x

Q = xy

P ′

y = 2y

Q′

x = y

µwm naf~l

µ
(
x2 + y2 + x

)
dx + µxydy = 0

(
µ

(
x2 + y2 + x

))′

y
= (µ · xy)

′

x

µ′

y

(
x2 + y2 + x

)
+ 2yµ = µ′

xxy + µy

}nmpdca µ
′

x = 0 g~n a µ = µ(y) h~ xhll
µ′

y

(
x2 + y2 + x

)
+ 2yµ = −µy

µ′

y

µ
=

−y

x2 + y2 + x

^_ hajb _xl__ g~ nta vomnm y nb _hiplaf _lh` _hip laf_ a
wa µ

′

y = 0wa µ = µ(x) h~ xhll
2yµ = µ′

xxy + µy

yµ = µ′

xxy

µ′

x

µ
=

1

x

nkmd_ xwb r abc v_la~l _xl__
lnµ = lnx

µ = x

} _ hiejk lh`_ reajm _` aabc_ d` naf~l
(
x3 + y2x + x2

)
dx + x2ydy = 0

F (x, y) =

∫

x2ydy

=
1

2
x2y2 + ϕ(x)

F ′

x = xy2 + ϕ′(x) = x3 + xy2 + x2

ϕ(x) =
x4

4
+

x3

3

F (x, y) =
1

2
x2y2 +

x3

3
+

x4

4
1

2
x2y2 +

x3

3
+

x4

4
= c

10



_eai_c _`aabc eamt ­ �� ¤�®¤
Pdx + Qdy = 0

y ≡ 0 gaedf_ d` p aomn b h hy` ^µ = 1
y
_eai_c _hiejk lh` reaj r hhpb taoha}_`m_ _eaim _` aabc_ d` mad~l vd`y p aomn c �t

p + Q
dy

dx
= 0

P + Qy′ = 0

FBGEH JB  ¯
|Tz{ STYT�WTV |TVTTUX °\ ]

_eai_c d a` aabc eamt

y′ = f(x, y)

}r` dhljac a_ _` aabc `ep hd ay~ _`aabc
f(tx, ty) = f(x, y)

�
f(tx, ty) = tx

ty
= x

y
= f(x, y) vf(x, y) = x

y
eamt v_cjaon �
¤��¥¦ ± ����

(x > 0), y +
√

x2 + y2 − xy′ = 0

vueo rj em at v(1, 0) ueo emat_ _` aabc_ gaedf
(12, 5) (4, 0)

(5, 12) (3,−4)

(4,−3)

¨¥���
y′ =

y

x
+

√

x2 + y2

x

=
y

x
+

√

1 +
y2

x2
= f(x, y)

f(tx, ty) = f(x, y)

²²



^d hljac a_ _` aabc aya
mhil

(1)v =
y

x
y = vx → (2)y′

x = v′x + v

_` aabcm (2)wa (1) d` mhil
v′x + v = v +

√

1 + v2

v′x =
√

1 + v2

dv

dx
x =

√

1 + v2

dv√
1 + v2

=
dx

x

wb gad l
∫

dt√
a2 + t2

= ln
(

t +
√

a2 + t2
)

+ C

g~na
ln

∣
∣
∣v +

√

1 + v2
∣
∣
∣ = lnx + ln c1

v +
√

1 + v2 = c1x

v = y
x
d` mhil

y

x
+

√

1 +
y2

x2
= c1x

c1 = 1 g~na (1, 0) ueo om at gad l_ hf nt _` aabc_ gaedf
y

x
+

√

1 +
y2

x2
= x

^ �j ` h_ _m abd_ g~na (5, 12) d` rhhpc _y gaedf
|Tz{ STYT|WTV |T��UX °\[

uad hx_ doap lc dx` n~m d ac aptn r hp hbc_ r` dahnlajadea` _l`epd y1, y2 dac apt �fb hc hdb^�y′

1 = 1
y′

2

rhhpdc _y _epcm � _yn _y rhmihl

y = kx2

²s



}t amp_ nb ³anhx ^²
k =

y

x2

}_xfbc_ d` eayjl ^s
y′ = 2kx

�_ehyjm rntl `n tamp_ a _ohcm � swm ²wc tamp_ d` mhil ^´
y′ =

2yx

x2
=

2y

x

vy′

ort d` `icl ^µ
y′

ort = − 1

y′
=

−x

2y

dhnlajadea`_ _xfbc_ d` `icl ^�
y′

ort =
−x

2y

dy

dx
= − x

2y
∫

2ydy =

∫

−xdx

y2 =
−x2

2
+ c

y2 +x2

2 = c

�TUVW WZ�X |TVTTUX © �T¶z� °\�
}gx amm ec ax_

}gab`e eo�c dhe`lhn _` aabc •

y′ + p(x)y = g(x)

`x� al_ dk hb ·ekcef_ d`hihe` a·_hiejk lh` hceaj •

hn alem –

y′ + p(x)y = g(x)yα

13



hkp he –

y′ = r(x)y0 + p(x)y′ + q(x)y2

_mi_ deytm d ahe`lhnn r h~fa_ an` d a` aabc ∗
}d aohxha r ahp kfbc •�hnm anj � y′ + p(x)y = g(x) dhe`lhn _` aabc eamt�hnp an � y′ = f(x, y) _eai_c dhe`lhn w`n _` aabc eamt

dphaoc _` aabc •

Pdx + Qdy = 0

^M(y) a` M(x) datic`m _d a` p hhon gd hlb _` aabc
f(y)dy = g(x)dx a` _ohef _` aabc •

y′ =
g(x)

f(y)

eb h ap nb _hip laf `iah _lcc
y′ = f(ax + by + c)

dhljac a_ _` aabca
y′ = f(x, y)

f(x, y) = f(tx, ty) eb`~
^d ahnlajadea` d axfbc •

¤¸¥¥��¤ ¤¹¥�¹ ± �� ��

y′ = (y − x3 + 4x)f(x, , y) + 3x2 − 4

_hiplaf rt � na~ h x = −1wm �f`dc_ y(x) gaedf hy` xy eb h_ n~ nt d afhie ∂f
∂y
wa f(x, y) eb`~wm rj �f`d_n �_ch`dc f(x, y)

x = 3vx = 2vx = 1vx = −2vx = −3 •

_` aabcn gaedf bxll ¨¥���
y = x3 − 4x = x(x − 2)(x + 2)

^x = −3wm pe x ehi d` uadxn na~ h ` h_ g~n a vhlb_ qejn dxdc emat −3wn k� ac_ gaedf

²µ



n > 1
EJKL HMEOMF �DBBCL º

y(n) + a1 (x) y(n−1) + . . . + an (x) y = g(x)

RXYTZ »\ ]
¼d hoa� h d~etc {sinx, cos x} rhaa_c r gxd _yh`ma r`_ y′′ + y = 0 aemt

�d alaedf � _` aabc_ d` rhchhpc sinx, cos x ¨¥���
∣
∣
∣
∣

sin x cosx
cosx − sinx

∣
∣
∣
∣
= − sin2 x − cos2 x = −1

nb hnn~_ gaedf_ g~na v_` aabc_ nb dhoa� h d~etc {sinx, cos x} vec an~ vn �dm n �l_ d alaedf_ g~na` a_ _` aabc_
y = c1 sin x + c2 cosx

{�V |V��TS » \[
g` hp�laeaa_ eamt nm` d`x� al ½ � � �����

y′′ = py′ + qy = 0 eamt �
W = Ce−

R

p(x)dx

¤��¥¦ ½ �¾ ��
nb d alaedf y1(x), y2(x) h~ xhll

(
1 − x2

)
y′′ − 2xy′ + 12y = 0

}r hchhpc_ ^(−1, 1)wm
y1(0) = 1 y2(0) = −1

y′

1(0) = 1 y′

2(0) = 2

wn _ aab W hy`
0 ^_ 2x

1−x
^o 1

x2−1
^j v 1

1−x2 ^m w² ^`
_`aabc_ d` ncell d hb`e ¨¥���

y′′ − 2x

1 − x2
y′ +

12

1 − x2
y = 0

h~ nmp l nm` d`x� alc
W = ce−

R

p(x)dx = ce
−

R

−2x

1−x2 =

= ce− ln|1−x2| =
c

1 − x2

15



h~ nmpla k llhcekom _nxd_ h`ld mhil

y(0) =

∣
∣
∣
∣

1 −1
1 −2

∣
∣
∣
∣
= −1

1

1
= −1

W =
1

x2 − 1

n > 1
EJKL HMEDOMF �BBCL ¿

y(n) + a1(x)y(n−1) + . . . + an(x)y = g(x)

y1

�TZzU¶
y2

|Vz¢X{ {�V |V��TS À\ ]
(

y2

y1

)
′

=
y′

2y1 − y′

1y2

y2
1

=
W

y2
1

y2

y1
=

∫
W

y2
1

y2 = y1

∫
W

y2
1

dx

y2 = y1

∫
e−

R

p(x)Dx

y2
1

RVTTUXR |VWT|� À\[

y′′ − 2

x2
y = 0

gaedf bxll
y1 = x2

`x� al_ d atic`m q� al gaedf `icl
y2 = x2

∫
e−

R

0dx

x4
dx

= x2

∫
c

x4
dx =

1

x3
= − 1

x

yh = c1x
2 +

c2

x

16



{zYW| © WZ� |ZWTR À\�
_` aabc_ d` gaedf

(
1 − x2

)
y′′ − 2xy′ + 2y = 0 x ∈ (−1, 1)

bxll ¨¥���
y1 = x

g~na
y2 = y1v(x) = xv(x)

y′

2 = v + v′x

y′′

2 = 2v′ + v′′x

nmpla _` aabcm mhil
(
1 − x2

)
(2v′ + v′′x) − 2x (v + v′x) + 2xv = 0

v′′ + v′
(

2 − 4x2

x − x3

)

= 0

z = b′

gc� l
z′ +

(
2 − 4x2

x − x3

)

z = 0

zh = ce−
R

p(x)dx = ce
−

R

2−4x
2

x−x3 dx

= ce
−

R

“

2
x
−

2x

1−x2

”

dx

=
c

x2 (1 − x2)

g~na
v =

∫

zdx = c

∫
dx

x2 (1 − x2)
c

(∫
dx

x2
+

dx

1 − x2

)

= c

(

− 1

x
+

1

2
ln

(
1 + x

1 − x

))

=
1

x
− 1

2
ln

(
1 + x

1 − x

)

y2(x) = xvx) = 1 − x

2
ln

(
1 + x

1 − x

)

�z� T�� �zXZ�X �� |zSYTXR |zWVSz{ RVTTUX À\�

y(n) + a1y
(n−1) + . . . + any = 0

17



^r ht amp a1, . . . , an eb`~
_eai_c gaedf r hbfxc

y = erx

hy`






y′ = rerx

...

y(n) = rnerx

_` aabcm mhil
rnerx + a1r

n−1erx + . . . + anerx = 0

erx
(
rn + a1r

n−1 + . . . + an

)
= 0

rn + a1r
n−1 + . . . + an = 0

^d hn` hilefho_ _` aabc_ nb hlhhf a`_ r alhnaf_ a_ya
Á��Â� ¤®Ã�¸ ¨�Ã ¨�ÄÃ¹ Å �£ ��

r hk abf rhhbcc rhbeab hlhhf a`_ r alhnafn ^²
r hk abf rhm~ aec a rhhbcc rhbeab hlhhf a`_ r alhnafn ^s

r hm aec rhhbcc rhbeab hlhhf a`_ r alhnafn ^´
r hm aec rhm~ aec a rhhbcc rhbeab hlhhf a`_ r alhnafn ^µ

Á�� ¥�� Á����� Á���¥� Å�£ �¾

y′′ − 7y′ + 12y = 0

{

y(0) = 0

y′(0) = −1

r2 − 7r + 12 = 0

r1,2 =
7 ±

√
49 − 48

2
=

7 ± 1

2
= 3, 4

yh = c1e
3x + c2e

4x

}_nxd_ h`ld mhil
yh(0) = c1 + c2 = 0

y′

h(0) = 3c1 + c2 = −1

c1 = −1

c2 = 1

yp = e3x − e4x

18



Á�ÃÆ¥��¥ Á�� ¥�� Á����� Á���¥� Å�£ ��
^α − iβ beab_ rj rhhp vα + iβ beab rhhp r`

y1 = e(α+iβ)x = eαxeiβx = eαx (cosβx + i sin βx)

y2 = e(α−iβ)x = eαxe−iβx = eαx (cosβx − i sinβx)

y1 =
y1 + y2

2
= eαx cosβx

y2 =
y1 − y2

2
= eαx sinβx

dhoa� h_ d~etc_ vm~ aec oci n~ eamt vec an~
{eαx cosβx, eαx sin βx}

¤��¥¦
y(5) − y′ = 0

r5 − r = 0

r
(
r4 − 1

)
= 0

r
(
r2 − 1

) (
r2 + 1

)
= 0

r = 0, 1,−1, ih,−i

yh = c1 + c2e
x + c3e

−x + c4 sin x + c5 cosx

Ç� È ¤�Â� Å �£ �£
r hm aec r hhbcc rhbeab

y′′′ − 3y′ + 2y = 0

dhlhhf a`_ _` aabc_
r3 − 3r + 2 = 0

(r − 1)
2
(r + 2) = 0

}gaedf_
yn = c1e

x + c2xex + c3e
2x

19



Ç¦ È ¤�Â� Å �£ �­
^r hm aec r hm~ aec r hbeab

y(7) + 2y(5) + y(3) = 0

r7 + 2r5 + r3 = 0

r3
(
r4 + 2r2 + 1

)
= 0

r3
(
r2 + 1

)2
= 0

^0, 0, 0, i, i,−i,−i r_ rhbeab_
yn = c−1 + c2x + c3x

2 + c4 sin x + c5 cosx

+ c6x sin x + c7x cosx

ÉCL� Ê
{zYW| Ë\ ]

_`m_ _` aabc_ _lad l
y(6) + A1y

(5) + A2y
(4) + A3y

(3) + A4y
′′

+ A5y
′ + A6y = 0

^Ai rhcopc_ d` `aicn b h ^d alaedf r_ y2 = x cos x vy1 = x h~ thoh ^r htamp rhcopc rt
^gaedf y = 1 g~na gaedf x •

gaedf x sin x rj g~n vgaedf x cosx •

^s hamhec d axfn r_ rj ±iwa vs ham hec d axfn r alhnaf_ nb beab ` a_ Ì vg~n •

^r alhn af_ hbeab n~ p ahom an`

r2
(
r2 + 1

)2
= 0

r2
(
r4 + 2r2 + 1

)
= 0

r6 + 2r4 + r2 = 0

y(6) + 2y(4) + y′′ = 0

A1 = 0, A2 = 2, A3 = 0, A4 = 1, A5 = 0, A6 = 0

20



|zSYTXTR©zV RVTTUX Ë\[
^ekcef_ d`hihe` a vr ht amp rlh`b rhcopc rt d he`lhn

y(n) + an−1(x)y(n−1) + . . . + a0(x)y = g(x)

dhljac a_ _` aabcn hnn~ gaedf r h`iac vd hb`e
yh(x) = c1y1(x) + . . . + cnyn(x)

v_e ai_c hkef gaedf r hbfxc a
yp = c1(x)y0(x) + c2(x)y2 + . . . + cn(x)yn(x)

}_`m_ d~etc_ d` rhnmpc d alab d ahemjn` d anatf d atic`m
c′1y1(x) + . . . + c′n(x)yn(x) = 0

...

c′1(x)y
(n−1)
1 + . . . + c′n(x)y(n−1)

n (x) = g(x)

^c′1, . . . , c′n rhcntl_ rt d a` aabc d~etc alnmp
{zYW| Ë\�

y′′ − 9y = 5e3x

dhljac a__ _` aabc_ gaedf
r2 − 9 = 0

yh = c1e
3x + c2e

−3x

c′1e
3x + c′2e

−3x = 0

3c′e3x − 3c′2e
−3x = 5e3x

c′1 =
5

6

c1 =
5

6
x

c′2 = −5

6
e6x

c2 = − 5

36
e6x

yp(x) =
5

6
xe3x − 5

36
e6xe−3x

yc = yh + yp

= c1e
3x + c2e

−3x +
5

6
xe3x − 5

36
e3x

= c1e
3x + c2e

−3x +
5

6
xe3x

s²



�z�T�� �zXZ�X �� |zSYTXTR©zV |zWVSz{ RVTTUX Ë\�
}d hnn~ _eai

y(n) + a1y
(n−1) + . . . + any = f(x)

hnn~_ gaedf_ ^r htamp ai

y = yh + yp

f(x) = pm(x)eλx

{

sin mx

cosmx
eb`~ pe _oamt _k hb_

_eai_c gaedf_ v_y _epcm
yp = xSeλx

[

Q(1)
m cosmx + Q(2)

m sin mx
]

hlhhf a` r alhn afm λ ± mi nb ham he ` a_ S eb`~
HMOGBLB�ÍMD EFMBD IÎ

RXYTZ ]Ï \ ]
}_eai_c gaedf rhhp vx3y′′′ + xy′ − y = x _` aabcn

}d hljac a_ _` aabc eadfc dhb`e ¨¥���
x3y′′′ + xy′ − y = 0

y′′ = r (r − 1)xr−2 vy′ = rxr−1 vy = xr rhmhic
y′′′ = r (r − 1) (r − 2)xr−3

hlhhf a`_ r alhnaf_ d` rhnmpca
(r − 1)3 = 0

_h_h hljac a__ gaedf_ g~na v1, 1, 1 r_ rhbeab_
yh = c1x + c2x lnx + c3x ln2 x

rt _` aabc nmpl n`cb qj`m hy` ^x = et mhil vd hljac a_ wh`_ nb hkef gaedf ` aicn dlc nt vdt~^d he apc_ enha` d` aabc nb ac~ hlhhf a` r alhnaf ad a` dntm rhtamp rhcopc
(r − 1)

3
= r3 − 3r2 + 3r − 1

}u~ _`ed _` aabc_ g~na
y′′′ − 3y′′ + 3y′ − y = et

22



f(t)eλtPm(t)

{

cosµt

sinµt

yp(t) = t5eλt
(

Q(1)
m (t) cosµt + Q(2)

m (t) sin µt
)

λ = 1, µ = 0, m = 0, s = 3

yp(t) = t3eta

yp(x) = ln3 x · x · a
yc(x) = yu + yp = c1x + c2x lnx + c3x ln2 x + ax ln3 x

�` ` h_ _la~l_ _mabd_ a
�TUVW WZ�X |VTTUX {U |¶W�X ]Ï \[

¤�Ð¹����¸¤ ���� �Ñ �¾ ��
(

x′

1

x′

2

)

=

(
1 −1
1 3

) (
x1

x2

)

+

(
−t2

2t

)

vec an~
{

x′

1 = x1 − x2 − t2

x′

2 = x1 + 3x2 + 2t
{

x2 = −x′

1 + x1 − t2

x′

2 = −x′′

1 + x′

1 − 2t

−x′′

1 + x′

1 − 2t = x1 + 3
(
−x′

1 + x1 − t2
)

+ 2t

x′′

1 − 4x′

1 + 4x1 = 3t2 − 4t

rhnmpca rhtamp rhcopc rt ³hljac a_ h` _` aabc rhed af
x1 = c1e

2t + c2te
2t +

3

4
t2 +

1

2
t +

1

8

x2 = −x′

1 + x1 − t2

−c1e
2t − c2te

2t − c2e
2t − 1

4
t2 − t − 3

8

⇒ ~x =

(
x1

x2

)

= c1

(
1
−1

)

e2t + c2

(
t

−t − 1

)

e2t +

(
3
4 t2 + 1

2 t + 1
8

− 1
4 t2 − t − 3

8

)

Á���Ð®¤ Á�Æ�®¤ ���� �Ñ �¾ �¾
~X ′(t) − A ~X = 0

rhmhic
~x = eλt~v

^r ht amp eakp a v eb`~
~x′ = λet~v

23



�e v}s{ˆeÌ² �afmtxtfch _` aabcm mhil
λet~v − Aeλt~v = 0

A~v = λ~v

^λ hcit_ uetn r h`dc_ hcit eakp a ~vwa A nb hcit uet λ g~na

~x′ =

(
3 −2
2 −2

)

~x

rhhcit r h~et ticl
|A − λI| =

∣
∣
∣
∣

3 − λ −2
2 −2 − λ

∣
∣
∣
∣
= λ2 − λ − 2 = 0

λ1,2 = −1, 2

vλ1 = −1 eamt hcit eakp a ticl
(A − λI) ~v1 = 0

(
2 −2
2 −1

) (
v1

v2

)

=

(
0
0

)

4v1 − 2v2 = 0

2v1 − v2 = 0

da` aabc s pe b h nm` vd he`lhn d ahand g_ d a` aabc_c s d axfn y` vÌ k llhceko_b nnjm ^v2 = 2v1 g~na^_ hand `h_ g~na
e amt rh`iac vgfa` ad a`m v

(
1
2

)

hcit_ eakp a_ d` nmpla vv1 = 1 exml ^hcit eakp a ` a_
(

v1

2v1

)

hy`
^
(

2
1

)

hcit_ eakp a_ d` nmpl λ2 = 2

_h_h gaedf_ vg~na
xh = c1e

−t

(
1
2

)

+ c2e
2t

(
2
1

)

Á�¹¥� ¥ Á�ÃÆ¥�� Á���Ð® Á�Æ�® �Ñ �¾ ��

e(α+iβ)t = eαt(cos βt+i sin βt) = eαt cosβt + ieαt sin βt

~X ′ (t) =

(
3 −2
4 −1

)

~X(t)

|A − λI| =

∣
∣
∣
∣

3 − λ −2
4 −1 − λ

∣
∣
∣
∣
= λ2 − 2λ + 5 = 0

λ1 = 1 + 2i λ2 = 1 − 2i

24



^
(

1
1 − i

)

hcit_ eakp a_ d` nmpl vλ1 = 1 + 2i hcit_ uet_ eamt

(A − λI)~v = 0

}d hoa� h_ d~etcm `m_ emh`_ d` nmpl
(

1
1 − i

)

hcit_ eakp a_ a λ1 = 1 + 2i eamt g~na

~X1 =

(
1

1 − i

)

e(1+2i)t =

(
1

1 − i

)

et (cos 2t + is ∈ 2t) |A − λI|

= et

(
cos t2 + i sin 2t

cos 2t + i sin 2t − i cos 2t + sin 2t

)

= et

(
cos 2t

cos 2t + sin 2t

)

+ iet

(
sin 2t

sin 2t − cos 2t

)

Xn = c1e
t

(
cos 2t

cos 2t + sin 2t

)

+ c2e
t

(
sin 2t

sin 2t − cos 2t

)

Á�Ã¥�� Á����� Á���Ð® Á�Æ�® �Ñ �¾ �£

~X ′ =





1 0 0
−4 1 0
3 6 2



 ~X

nmpl vλ1 = 2 eamt hcit eakp a `icl v1, 1, 2 r_ rhhcit_ r h~et_

v1 =





0
0
1





λ2 = 1 hcit_ uet_ eamt hcit_ eakp a_ d` bfxl




0 0 0
4 0 0
3 6 1









v1

v2

v3



 =





0
0
0









v1

v2

v3



 =





0
1
−6





^hemjn`_ ham hen _ aab alh` hekca` hj_ hamhe_ a vv2 =





0
1
−6



 hcit_ eakp a_ g~na
v_e ai_c gaedf_b xhll ^s hamhec vλ2 = 1 rhhcit r h~et eamt gaedf bfxl

u = eλt







P
(1)
m−1
...

P
(n)
m−1(t)







= et





α0t + β0

α1t + β1

α2t + β2





nmpla _` aabcm mhil

et





α0t + α0 + β0

α1t + α1 + β1

α2t + α2 + β2



 = et





α0t + β0

−4 (α0t + β0) + α1t + β1

3 (α0t + β0) + 6 (α1t + β1) + 2α2t + β2





25



α0 = α0

α0 + β0 = β0

α1 = −4α0 + α1

α1 + β1 = −4β0 + β1

α2 = 3α0 + 6α1 + 2α2

α2 + β2 = 3β0 + 6β1 + 2β2

α0 = 0

β0 = −1

4
α

1



α1 = −4c1

= c1

α2 = −6α1 = 24c1

α2 = 3β0 + 6β1 + β2(

β1 = c2

= 24c1

β2 = 21c1 − 6c2

u = et





c1

−4c1t + c2

24c1t + 21c1 − 6c2





= c1e
t





1
−4t

24t + 21



 + c2e
t





0
1
−6





_h_h hljac a__ gaedf_ hy`

x = u + c1e
2t





0
0
1





¨¥���¤� Ä�¹¹ �Ñ �¾ �­

x(t) =
(

~at +~b
)

eαt

h~ xmal vx′(t) = x(t)wb gaah~
(

~a + α
(

~at +~b
))

6 eαt = A
(

~at +~b
)

6 eαt

}nmp la r hcopc d` aab_ timl
A~a = α~a

d`aab_ hoh nt dmab ^b d` pe ` aicn ed ala ^~a hcit_ eakp an rh`dcb A nb hcit uet ` a_ α g~na

26



rhcopc
~a + α~b = A~b

(A − αI)~b = ~a








1 0 0
−4 1 0
3 6 2



 −





1 0 0
0 1 0
0 0 1













b1

b2

b3



 =





0
−1
6





0 = 0

−4b1 = −1

3b1 + 6b2 + b3 = 6

b1 =
1

4

b3 =
21

4
− 6b2

hy`

b =





1
4
b2

21
4 − 6b2





= b2





0
1
−6



 +





1
0
21





hy`

x3 =





0
1
−6



 t +









1
0
21



 +





0
1
−6



 b2



 et =









0
1
−6



 t +





1
0
21







 et

zW�XTVzYR zT�zW Ò zW�Y{VR zT�zWR ]Ï \�

~X ′ =





4 −1 −1
1 2 −1
1 −1 2



 ~X

sv´ v´ vt �t rh`iac}eakp a_ d` nmpla vλ1 = 2 eamt hcit eakp a `icl

~v1 =





1
1
1





27



^s hamhec vλ2 = 3 eamt hcit eakp a bfxl vdt~
(A − λI) ~v2 = 0





1 −1 −1
1 −1 −1
1 −1 −1









v1

v2

v3



 =





0
0
0





v1 − v2 + v3 = 0

v1 = v2 + v3




v2 + v3

v2

v3



 =





v2

v2

0



 +





v3

0
v3





= v2





1
1
0



 + v3





1
0
1





xn = c1e
2t





1
1
1



 + c2e
3t





1
1
0



 + c3e
3t





1
0
1





|zSYTXTR zV |TVTTUX |¶W�X ]Ï \�

~X ′(t) − A ~X = B(t)

�����¤ ��Ð¸��¸¥ �Ñ �£ ��
d hljac a__ d~etcn gaedf rh`iac

~Xn = c1
~X1 + . . . + cn

~Xn

_eai_c hkef gaedf rhbfxc g~c ex`na
~XP = C1 (t) ~X1 + . . . + cn(t) ~Xn

h~ _b heo_ hoh nt
c!(t) ~X1 + . . . + c′n(t) ~Xn = B(t)

^ ~Xc = ~Xh + ~Xp y` a
¤��¥¦

~X ′ =

(
1 2
2 −2

)

~X +

(
16tet

0

)

}d hljac a__ _` aabc_ d` rhed af vd hb`e
~Xh = c1e

−3t

(
1
−2

)

+ c2e
2t

(
2
1

)
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_eai_c gaedf rh`iac vg~c ex`n
~XP = c1(t)e

−et

(
1
−2

)

+ c2(t)e
2t

(
2
1

)

h~ _b heo_ hoh nt
c′1(t)e

−3t

(
1
−2

)

+ c′2(t)e
2t

(
2
1

)

=

(
16tet

0

)

c′1(t)e
−3t + 2c′2(t)e

2t = 16tet

−2c′1(t)e
−3t + c′2(t)e

2t = 0

hy`
c′1(t) =

16

5
te4t

c′2(t) =
32

5
te−t

wb nmpl v_hiejk lh` hoh nt
c1(t) =

1

5
e4t (4t − 1)

c2(t) = −32

5
e−t (t + 1)

v_` abc_ hfnt vg~na
~Xp =

1

5
e45 (4t − 1) e−3t

(
1
−2

)

− 32

5
e−t (t + 1) e2t

(
2
1

)

= et

(
−12t− 13
−8t− 6

)

Á��¦Â� �¸¥¥�¤ ����Ã ¨¥��� �Ñ �£ �¾

~XP =

(
a1t + b1

c1t + d1

)

eλt

^A _ihekc_ nb hcit_ uet_ allh` λ eb`~

~XP =

(
a1t + b1

c1t + d1

)

et

~X ′

P =

(
a1t + a1 + b1

a2t + a2 + b2

)

et
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}_` aabcm mhila
(

a1t + a1 + b1

a2t + a2 + b2

)

et =

(
1 2
2 −2

) (
a1t + b1

c1t + d1

)

et +

(
16t
0

)

et

(
a1t + a1 + b1

a2t + a2 + b2

)

=

(
1 2
2 −2

) (
a1t + b1

c1t + d1

)

+

(
16t
0

)

(
a1t + a2 + b1

a2t + a2 + b2

)

=

(
a1t + b1 + 2a2t + 2b2 + 16t

2a1t + 2b1 − 2a2t − 2b2

)

}r hcopc d` aab_ timl
a1 = a1 + 2a2 + 16

a1 + b1 = b2 + 2b2

a2 = 2a1 − 2a2

a2 + b2 = 2b1 − 2b2

rhnmpc a d a` aabc_ d` rhed af
a1 = −12

b1 = −6

a2 = −8

b2 = −13

XP =

(
−12t− 13
−8t − 6

)

et g~na
ÓMEBÔ HB NLDÕ HBMEDOMF HBDBBCL ABEHP II

{zYW| ]]\ ]

y′′ − 2xy′ + λy = 0

^x0 = 0 mhm� gaedf `aicn b h
^y =

∞∑

n=0
anxn h~ xhll

y′ =

∞∑

n=1

nanxn−1 =

∞∑

n=0

nanxn−1

y′′ =

∞∑

n=2

n (n − 1) anxn−2 =

∞∑

n=0

n (n − a) anxn−2

30



∞∑

n=0

(n − a) anxn−2 − 2x

∞∑

n=0

nanxn−1 + λ

∞∑

n=0

anxn = 0

∞∑

n=0

(n + 1) (n + 2)an+2x
n −

∞∑

n=0

2nanxn +

∞∑

n=0

λanxn = 0

∞∑

n=0

[(n + 1) (n + 2)an+2 − 2nan + λan] xn = 0

(n + 1) (n + 2) an+2 − 2nan + λan = 0

an+2 =
2n − λ

(n + 1) (n + 2)
· an

a2 =
−λ

2
a0 n = 0

a3 =
2 − λ

6
a1 n = 1

a4 =
4 − λ

12
· a2 =

4 − λ

12
· −λ

2
a0

a5 =
6 − λ

20
· 2 − λ

6
· a1

y = a0 + a1x − λ

2
a0x

2 +
2 − λ

6
a1x

3 + . . .

= a0 (1 − . . .) + a1 (x + . . .)

^y(1
2 ) d` mbxn ^λ = 10, λ(0) = 0, λ′(0) = 3

{zYW| ZT� ]]\[

y′′ − xy′ − y = 0

^x0 = 1 mhm� gaedf ` aicn b h

y =

∞∑

n=0

an (x − 1)
n

y′ = nan (x − 1)
n−1

y′′ =

∞∑

n=0

n (n − 1) an (x − 1)
n−2
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_` aabcm mhil
∞∑

n=0

n (n − 1)an (x − 1) − x

∞∑

n=0

nan (x − 1)
n−1 −

∞∑

n=0

an (x − 1)
n

= 0

∞∑

n=0

n (n − 1) an (x − 1)
n−2 −

∞∑

n=0

nan (x − 1)
n−1 −

∞∑

n=0

an (x − 1)
n −

∞∑

n=0

an (x − 1)
n

= 0

∞∑

n=0

(n + 1) (n + 2) an+2 (x − 1)
n −

∞∑

n=0

(n + 1) an+1 (x − 1)
n −

∞∑

n=0

nan (x − 1)
n

−
∞∑

n=0

an (x − 1) = 0

(n + 1) (n + 2) an+2 − (n + 1)an+1 − (n + 1)an = 0

an+2 =
an + an+1

n + 2

|T�S¶|RR �TzZW |V ��� ]]\�
^x0 = 1

2
wa x0 = 0 daoaplm _` aabc_ d` ek gf_ eak_ nb^±i r_ vx2 + 1 = 0 nb rhbeab_ d` `icl

^|x| < 1 ` a_ d a� l~d__ r axd a
HMEFBGE HMEFBGOMK �JBªO HÕEªÕ ÓMEBÔ HB NLDÕ HBDBBCL ABEHP IQ

^d henaje x0 _aopl_ vP (x0) 6= 0 eb`~
^d ahenjlh� x0 _oap l_ P (x0) = 0 eb`~

nm` P (x0) = 0 eb`~
lim

x→x0

(x − x0)
Q(x)

P (x)
< ∞

lim
x→x0

(x − x0)
2 R(x)

P (x)
< ∞

^d henaje wd henajlh� _la~c _oap l_
^y =

∑
∞

n=0 an (x − x0)
n+r _eai_c gaedf_ h~ xhll v_y _epcm

{zYW| ][\ ]

2x2y′′ + x (2x + 1) y′ − y = 0

^x0 = 0 mhm� xdfl}d henaje dhenajlh� _oapl h_ ay h~ _`el ^P (x0) = 0wh~ e aem
lim
x→0

xx (2x + 1)

2x2
=

1

2

lim
x→0

x2 −1

2x2
= −1

^d henaje dhenajlh� _oap l h_ ay g~n
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_eai_c gaekf_ h~ xhll
y =

∞∑

n=0

anxn+r

y′ =

∞∑

n=0

(n + 1)anxn+r−1

y′′ =

∞∑

n=0

(n + r) (n + r − 1)anxn+r−2

}_` aabcm mhil
∞∑

n=0

2 (n + r) (n + r − 1) anxn+r

+
∞∑

n=0

2 (n + r) anxn+r+1

︸ ︷︷ ︸
P

∞

n=1
2(n+r−1)an−1xn+r

+
∞∑

n=0

(n + r) anxn+r

−
∞∑

n=0

anxn+r = 0

= 2r (r − 1) a0x
r + ra0x

r − a0x
r

+

∞∑

n=1

(2 (n + r) (n + r − 1)an + 2 (n + r) + an + (n + r) an − an)xn+r

= 0

0 =
(
2r2 − r − 1

)
a0x

r = 0

r =

{

1

− 1
2

}_ jh� l_ d`x� al dnmpdc vg~ ac~
an =

−2

2n + 2r + 1
an−1

r1 = 1 → an =
−2

2n + 3
an−1

r2 = −1

2
→ an =

−2

2n
an−1

y1 =

∞∑

n=0

anxn+1

y2 =
∞∑

n=0

anxn− 1
2

^yh = c1y1 + c2y1 lnx vr1 = r2 r`
{�� |VTTUX ][\[

_eai_c _`aabc
x2y′′ + xy′ +

(
x2 − v2

)
y = 0
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^x0 = 0 mhm� vv = 0 eamt eakfl
x2y′′ + xy′ + x2y = 0

y =
∞∑

n=0

anxn+r

}_` aabcm mhila vroapc~ eayjl
∞∑

n=0

(n + 1) (n + r − 1) anxn+1

+

∞∑

n=0

(n + r) anxn+r

+

∞∑

n=0

anxn+r+2 = 0

∞∑

n=0

(n + 1) (n + r − 1) anxn+1

+
∞∑

n=0

(n + r) anxn+r

+

∞∑

n=2

an−1x
n+r = 0

(r (r − 0) a0x
r + ra0x

r) + r (r + 1) a1x
r+1 + (r + 1) aa

+

∞∑

n=2

(
(n + 1) (n + r − 1)anxn+1 + (n + r) anxn+r + an−1x

n+r
)

r2 = 0 → r = 0

ve ak_ hfna ^a1 = 0 v_` aabc_ hf nt ^s ham hec
an = −an−2

n2

´µ


