


















































? Á�"$���
X � * � >

E (Y ) =

∫ ∞

−∞
h (x) fX (x) dx

? à pn
��,.�](+�i¡��N(

xn � "�£��]© � (+�±&�âN4�"g4�( X � * � �
E (Y ) =

∑

pnh (xn)

4�"¨4�(Å"g����&Ê�N#%�-��&�,
X ′ Á<"g����"$�]�±&¢�N#%�-��& � X

�i* � "g�±�]�]&ÏÈ (+��,.©<& X � * � A?
X ′′

E (Y ) = p
∑

pnh (x′′
n) + (1 − p)

∫ ∞

−∞
h (x) fX (x) dx

��,.��,.��&Ê4��l*
h
� � ��"aÈ © Ã �l�Å�N#%#%"$* h

�¨�À�5,5,."$£�&',�È
h : R → R

? 4�"g4�(+�Ë�N�]��& � 8GFl=�ß]M·F�i*
Aj
�.&'¡�#%, � (���&

Y
�¨� � "$£��]©<���i* yj

�.&'¡�# � � "g(��
Aj = {n : h (xn) = yj}

�Y = yj
�¨�¥��,.�](��i¡��7���i*

qj
�%(Ð�.&7¡�#P,

qj = P (Y = yj) = P (X ∈ Aj) =
∑

i∈Aj

pi

?
Y
� �¥� � ��,.�i����*Å(����l#

EY =
∑

j

qjyj =
∑

j

∑

n∈Aj

pnh (xn) =
∑

n

pnh (xn)

� �7��"g§%�·,���&7&�� � ,.© h
�¨�E�l"g#¨# � ��&'&��i"$#P,¤ �,.#P,.& h

�¨�E�N�]��& � �l"�£�,.# ? Á�"$���]���N�]��& �

EY =

∫ ∞

−∞
yfY (y) dy =

∫ ∞

−∞
yfX

(
h−1 (y)

) [
h−1 (y)

]′

dy

dx =
[
h−1 (y)

]′

dy
È
y = h (x)

(�"g��#

EY =

∫ ∞

−∞
h (x) fX (x) dx

§%*�Á<"g���
Z
�P,74�"g4�(

W
����*�£

FX = pFW + (1 − p) FZ
�P,7(+��,.©<&

X � *\V[���tFl9�OlF
EX = pEW + (1− p)EZ

� /



K�M�jl}_~�MP;
�Y = X2 È "� i��4�#¨ i¡Ê" � &7��,.# X � >

EY =

∫ ∞

−∞
x2 1√

2π
e−

x2

2 dx

�h (x) = |x| �Y = |X | � �

EY =

∫ ∞

−∞
|x| 1√

2π
e−

x2

2 dx = 2

∫ ∞

0

|x| 1√
2π

e−
x2

2 dx

���%( � "g�<£�� � ,'4��_*�4���&���� � �]�P i#%"$*Å��,¤��© � �.�i"g#i�N"g�< i&'"$¡E"$&7©< i&

EY =

[
2√
2π

e−
x2

2

]∞

0

=

√

2

π

h (t) = et �Y = eX � A

EY =
1√
2π

∫ ∞

−∞
exe−

x2

2 dx =
1√
2π

∫ ∞

−∞
e−

1
2 (x2−2x+1)+ 1

2 dx

=

√
e√
2π

∫ ∞

−∞
e−

1
2 (x−1)2dx =

√
e

,.§ �xj � "$& � ��& j ∈ {1, . . . , 6} *6��,." � * � �i#%�·,.�E�N"$(_,.� � "$����,.§ ? 4�"g4�(Å�N�]��& � R
{1, . . . , 6} � "$£��]©<����* � (���& X

�%���]&'*�# � � " � �� i&k,.#%�l#¨*�,.(��Ê¡¬,.�]"� i�N&¿�N&7�c,54
Y = h (X)

�N#%�-��&7� � �¢� � ��,.�i� �h (j) = xj
*6"$�

h
�N"g���±#P,.�]�7,7È 1

6

��,.�](���¡��N(
� � , � ��� � �7"g,.�]�����N*6��,.�i��*6"$�

ª�²]��«@ªy°Âª¬«1Ø1«SÚ-ª U�¾87
�EX = c

§%* àX ≡ c
â7�5,5,.#¨&�"g�]�±&¿�N#%�-��&

X � * � >
�EY = aEX

§%*
Y = aX

È ©�,.(+�
a
��,.(�© � �

E (X + a) = EX + a
È ©�,.(+�

a
�],.(+© � A

E (g (X) + h (X)) =
§¨*

g, h
��,."$����#P,.�¢"$�i� ��,.#P,.�i#P,ä"$�]��& �7#¨�i��&

X � * � R�Eg (X) + Eh (X)? Á�"$���
X
�¨�¢�N�]��& � �N�_£�,.�

E (g (X) + h (X)) =

∫ ∞

−∞
(g (x) + h (x)) fX (x) dx =

=

∫ ∞

−∞
g (x) fX (x) dx +

∫ ∞

−∞
h (x) fX (x) dx

= Eg (X) + Eh (X)

�$�



"$*6#%�i(�â à ,.§��N#P,¤£�� � ��"� i�]�L�N�]��&�*6,.� R â �E (X + Y ) = EX + EY
?
X, Y

� £ � � �� à � � �l,.� ��� £�(Ç��" Y �P, X � � �
EX ≥ 0 ⇐ X ≥ 0 � /

EX ≥ EY � ��§%* X ≥ Y � * ?�/ �P,��B�%&��N#%��¡�& � �
��"$�]*6"$#%" � �N"$���]��,.*Å*6"g�¿� � ��,.�i�WV@�)AzF_f�J<Ô�}

´�­i¸'¼ °±Ø@ª¬³�¼�²6³ ¶�Ø1¼�«1¼�° U�¾89
*-,.�

X
� �

k
�%�¿ i#%&',.&'�k§%*�È � � � k ≥ 1

�P,'& Ã & X
"g�N"2V[�):zFl9�;�~SF

mk = Mk = EXk

K�M�jl}_~�MP;
�M2
�i*Ë(����l#P,

X ∼ X X ÷^Y (λ)
�l"g#¨# � >

EX2 =
∑

x2
npn =

∞∑

n=0

n2e−λ λn

n!
= e−λ

∞∑

n=0

(

n (n − 1)
λn

n!
+ n

λn

n!

)

= e−λ

∞∑

n=0

n (n − 1)
λn

n!
+ e−λ

∞∑

n=0

n
λn

n!
= e−λλ2

( ∞∑

n=0

λn

n!

)′′

+ e−λλ

( ∞∑

n=0

λn

n!

)′

= λ2 + λ

?
Mk
�i*Ì(����l# �X ∼ N (0, 1) � �

Mk = EXk =
1√
2π

∫ ∞

−∞
xke−

x2

2 dx

=
1√
2π

∫ ∞

−∞
xk−1xe−

x2

2 dx =
1√
2π

∫ ∞

−∞
xk−1

(

−e−
x2

2

)′
dx

=
1√
2π

[(

−xk−1e−
x2

2

)∞

−∞
+

∫ ∞

−∞
(k − 1) xk−2e−

x2

2 dx

]

=
1√
2π

∫ ∞

−∞
(k − 1)xk−2e−

x2

2 dx =
(k − 1)√

2π

∫ ∞

−∞
xk−2e−

x2

2 dx

= (k − 1)Mk−2 = (k − 1) EXk−2

§¨*Ë"$�·,.§
k = 2l � *

EXk = (2l − 1) (2l − 3) · · · 1 = (2l − 1)!!

� ¡��]*Ë*6,.�� i#%&�,.&7��"$�·,.§-"g* k � *-,
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� � ��,.�i�¥(�"g(�¡

X
� � ��,.§%"$�]�Ê�±4�"$& � "$�]�]¡�&E4�4�& � "����]�l&E,.#%�l#%* �X ∼ N

(
µ, σ2

)

����� � (�*
E |X − µ| 4�,54�& � "$#P,."$���k�]��,." � �N�� i& � � "g*6�i"'* � �¤£ � , E (X − µ) = 0 � , � �� © � " � £��i¡�&���,.�]�l*-,6��,."$#¨£� Ì��,.(�"g¡�& � ,.��,.*Ë(���� �

E (X − µ)
2

� ��,.#¨ i�Ê�±,.*�"g�P� � �<��*6&���, � ,54��¬��,.*6"$�P� � �]��,." � ,54�� � �±��&��i#%��,.#�,.§i�N�l¡¬,.#
*6"$�

X
� � à)acbed�f8bhgji+k â-K�MPfPM�Qa�k§%* �EX = µ

� � ��,.� � ©L& Ã & X
"g�N"lV@�)HtFl9<;�~SF

m Y_n (x) = σ2
X = σ2 = E (X − µ)

2

�σ ��#¨&�,.¡�&o�%J]K'F¿KNd$d$V7Ô
K�MPfPM�QqF�K�MPfPMPß�K V[��H3�$�

?
X
� �E� � �l,.����*6��,5,54Ç,.* � È "$��� � £Ç�74�,.��#i(�"g(�¡E��,.#P,¤������*Å(����l#

E (X − a)
2

= E ((X − µ) + (µ − a))
2

=

= E (X − µ)
2

+ 2E (µ − a) (X − µ)
︸ ︷︷ ︸

0

+ E (µ − a)
2

= E (X − µ)
2

+ (µ − a)
2

? ��,.#%�±¡�&
4�,54�&'# � *��¥*6��,." �a = µ �±� *Å��� � "$"g�±��&��5,."¨,5,¤�¬,iÈE (X − a)

2 ≥ E (X − µ)
2 � >�a = µ

�%( � (����i���i" � &7"$#%"g&7�¿�N"� i¡��¿§%*ÌÈ
a
�74�,.��# � £�&��±,."� i¡����i*

?
a = 0

(�"$��# � �
EX2 = E (X − µ)2 + µ2 =

m Y_n (X) + (EX)2

��&�, � £
m Y_n (X) = EX2 − (EX)

2

� ©�,.(+"$�](Ð� � ��,.�i���±,.�_�Ä"$#¨���¿ i#%&',.& � �7,5,¤����,.#P,¤���
m Y+n (X) ≥ 0 � �i" � " � �E"g*Å*6"$���¤£ � ,6È " � " � �E"g*��N#%�-��& � ��� � ��,.��*6"$����,.#P,¤��� � A

EX2 − (EX)
2 ≥ 0

EX2 ≥ (EX)
2

§%* |X | �%( X
�i*�Á�" � �l# � *�����©<& � � � � ��,.��,±"$#¨�Ï i#%&',.& � "g&7"g"$�E,.��,.(+© X

� £ �� (���#
E |X | ≤

√
EX2

� à   � �l�N()�i¡�#¨£��i& X
� ��� � ��,.�i�±âl� � ��,.� � �-, � ��"N§%*k"g#g�Ì i#%&',.&Ð��" X � � � *-,

Ý_P



� m Y_n (X) = 0
È �5,5,.#%&�"$�]��&k�7#¨�i��&

X ≡ c
�l"$#%# � R

È ©],.(��
a
� £ � � �

m Y+n (X + a) =
m Y_n (X)

"�£
m Y_n (X + a) = E ((X + a) − E (X + a)) = E (X + a − a − EX) = E (X − EX) =

m Y+n (X)

§%*Ë©�,.(+�
a � * � /

m Y+n (aX) = a2 m Y+n (X)

σaX = |a|σX

K�M�jl}_~�MP;
�X ∼ X X ÷OY (λ) � >

m Y_n (X) = EX2 − (EX)
2

= λ2 + λ − λ2 = λ

X ∼ É ÷ON (n, p) � �
EX = np

?
X
� �¥"$#¨���� i#%&�,.&7���i*Å(����_#

EX2 =

n∑

j=0

j2

(
n

j

)

pjqn−j = p2
n∑

j=0

j (j − 1)

(
n

j

)

pj−2qn−j + p

n∑

j=0

j

(
n

j

)

pj−1qn−j

= p2





n∑

j=0

(
n

j

)

pjqn−j





′′

+ p





n∑

j=0

(
n

j

)

pjqn−j





′

= p2 [(p + q)
n
]
′′

+ p [(p + q)
n
]
′
= p2n (n − 1) + pn

*6"$�
X
� �E��,.#P,¤���Å�¤£ � ,

m Y_n (X) = EX2 − (EX)
2

= p2n (n − 1) + pn − (pn)
2

= p2n2 − p2n + pn − p2n2 = pn (1 − p) = npq

ëhî



�EX = 1
p

È
X = Z ñSXhú (p) � A

EX (X − 1) =
∑

k

k (k − 1) pqk−1

= pq
∑

k

k (k − 1) pqk−2 = pq

(
∑

k

qk

)′′

= pq

(
1

1 − q

)′′
= pq

(

2

(1 − q)
3

)

=
2pq

p3
=

2q

p2

�¤£ �
m Y+n (X) = EX2 − (EX)2 = EX (X − 1) + EX − (EX)2

=
2q

p2
+

1

p
− 1

p2
=

2q + p − 1

p2
=

q

p2

È
X ∼ U (0, 1) � R

EX2 =

∫ 1

0

x2 · 1dx =
1

3

m Y+n (X) =
1

3
−
(

1

2

)2

=
1

12 §%*
X ∼ U (a, b) � *

m Y_n (X) =
m Y+n (X − a) = (b − a)

2 m Y_n (X − a

b − a

)

=
(b − a)

2

12

EX = 1
λ

È
X ∼ exp (λ) � �

EX2 =

∫ ∞

0

x2λe−λxdx =
2

λ2

m Y+n (X) =
2

λ2
− 1

λ2
=

1

λ2

EX2 = 1
È
EX = 0

È
X ∼ N (0, 1) � /

m Y_n (X) = 1 − 02 = 1

?
X ∼ N

(
µ, σ2

) � *
X − µ

σ
∼ N (0, 1)

ë�Í



§%*
Z ∼ N (0, 1) � *Ë,.*

X = σZ + µ

�¤£ �
EX = µm Y_n (X) = σ2 m Y_n (Z) = σ2

? ��,.�]"���"-��,.#P,¤�����i*Ì(���� � � ���N"$���.�i"g#
m Y_n (X) =

1√
2πσ2

∫ ∞

−∞
(x − µ)

2
e−

(x−µ)2

2σ2 dx

F_d¨9�MPÓLdg9�M%VNHudgf�QyF�V7fP}_MP}lF���d¨I�9]Q�J]F V[��H3�eÕ
È §%*

h (t)
�N#P,.�i#P,6È à 0 ≤ x ≤ 2π

â
fX (x) = 1

2π

È
X ∼ U (o, 2π)

�¨���l"$#%#

Eh (X) =
1

2π

∫ 2π

0

h (x) dx

EX2 =
1

2π

∫ 2π

0

x2dx

Eh2 (X) =
1

2π

∫ 2π

0

h2 (x) dx = ||h||2L2(0,2π)

§¨*Ë��,.�]"$�]� � ©D"g����&�"$#%�-��& X � *�" ��� £Ð�.��,.*�(

Eh2 (X) =

∫ ∞

−∞
h2 (x) dx

®�³Ð´�®qp:×r6c«�´�«1«�´�³ ´�º U�¾�U
�N#¨ i�Â�7"$�N� ��£ � ��,.�](��i¡��N�N� �]"$(�¡ È ©���,.&7&'�N&���,.�l�

X
�]�l(�# � * È ��"$(�"$ i"$*-,¤ i#%"$*� ©<��,.&'& � (+,.�]� X

����*6&��]��,."
� "g"$���i&�"$(_,."$���]�]¡�& � £ � §%*ËÈ σ2 ��,.#P,¤��, µ � � ��,.� � ©L& Ã & X

"g�N"2V[�)VqV'Ó]Q�}

P (|X − µ| > b) <
σ2

b2

EX = �X "$�]��&Ð�h��,.*�" � ©�( � �Ä��,¤ �,.&7� � ©],.�]( � �� i&Ð�<�],.*6(D��,¤ �,.&Ð�]��" � �N��,.&'*��N#P,¤£�&�σX = 1
1000

"�£ � ��,.# � ©�,54�" � 1¦.�� i&'"� i#%¡�&�� � ,54����N"$ i¡����E��,.�](+�i¡��N��"$�7&

P

(

|X − 1| >
1

100

)

ë<Ý



? 4�( � (Ð�N£���©����.��,.#±�5,."¨,5,."��¥"$*

P

(

|X − 1| >
1

100

)

<

(
1

1000

)2

(
1

100

)2 =
1

100

� fX (x)
�±,¤�]"g��� � ©LÁ<"g���L& Ã & X

�¨�E�_"g#%#i8GFl=�ß]M·F

P (|X − µ| > b) =

∫

{|X−µ|>b}
fX (x) dx

≤
∫

{|X−µ|>b}

(x − µ)
2

b2
fX (x) dx

� � ,.�l�i(�4��l*6& � ,54�� x−µ
b

�¨�Ï�5,5,."�£�&? � �]�P i#%"$*6�¿�i*Å�]��,."i4�,.© � "¨4���#��h£�,�È ����"$� � £ � � ,.�_�����i* � "¨4���#

P (|X − µ| > b) ≤ 1

b2

∫ ∞

−∞
(x − µ)2 fX (x) dx

?
Eh (X)

"g�]�±&'�k�N#%�-��&'� � �¥� � �l,.�����i* � ��©<(�,.# � (+"$� h (x) = (x − EX)
2 ��,.(�©

P (|X − µ| > b) ≤ 1

b2
E (X − EX)

2
=

σ2

b2

à b → ∞ �<��*�£7â�¡��]* � �N�]"$*�� (���� � (+� � ������* � "g��"g���]¡ � "g"$�]��& � "$#%�-��&7(� �N(��]�N(Ç�]"$�N&?
X ∼ N (0, 1)

�¨�¥�l"$#%#
P (|X − µ| > b) = P (|X | > b)

=
2√
2π

∫ ∞

0

e−
x2

2 dx <
2√
2π

∫ ∞

0

ex

eb
e−

x2

2 dx

� x
b

> 1
"$£

P (|X | > b) ≤ e−b 2√
2π

∫ ∞

0

ex−x2

2 dx

︸ ︷︷ ︸

k

=
k

eb

� "$©],.(�"g�L* � ,�" � *6"g��#¨#P,.�]¡���*�*-,.���74�"$�]"g�k(+���Ê�¤£ �
6�¯-Ø�´s6c«�´�«1«�´�³ ´�º U�¾8t

�¨��,.# � ©],54�"

EX2 ≥ (EX)
2

ASA



� "$(_,."$���]�]¡�&�*6"$�7,'��,.#P,¤����*6,.� � �N#%"$()���]���7��"�£? ��,.�i(��5,."g,5,."$����"$*��i* � ,¤��� � �.�i"g# h (t) = t2
��,.(�©

Eh (X) ≥ h (EX)

�Eh (X) ≥ h (EX) � "$"g�±��& X
"g�]�±&D�N#%�-��& � £ � §%*Ä�N��,.&7���7"$����#%,.�

h � *\V[��u�V7Ó�Q�}�¤£ �
n > 1

� £ � �N��,.&7�
h (t) = |t|n È �7&7�·,54 �

EXn ≥ (EX)
n

�α > 1
��,.(�©L�N��,.&'� |t|α � �

(E |X |n)
1
n ≥ (E |X |m)

1
m ≥ (|X |m)

1
n

��,54�,.��#�"$�-� � £ � �N(��Ì�7"$����#%,.�t*6"$� � *��N��,.&7�Ë*6"$� f : R → R
�N"$����#P,.�vV@�g�P�tFl9�;�~SF

� (b, f (a)) � © (a, f (a))
�i*������±&'���]�i"g& � ���_��&k*6��&7#

[a, b]
©h i��(

f
� �ÊÁ��]���

a, b? �]�i"$&'� � �E©���&7*6���74�,.��#���,.(+©uÈ �7&7�·,54 �

f

(
a + b

2

)

≤ 1

2
f (a) +

1

2
f (b)

λ + µ = 1
�%�E��£

λ, µ ≥ 0
� £ � " ��� £Ç�.��,.*6(

f (λa + µb) ≤ λf (a) + µf (b)

� f ′′ ≥ 0⇔ �N��,.&7� f
§¨* � "g&7©��u�N�]"$§%� f � *

? �.¡�#¨"6�5,."g,5,."$�E"g*Å�i�_£�,.��8GFl=�ß]M·F
a1, a2

�.�¥�±,54�,.�±#%��� �l"g#¨# � �7#%,¤� �5,.&'"$¡�(��N��,.&7���á�N"g���±#P,.�]�Ï�i��4����Ï��* (_,.�-£�#§%* �λ1 + λ2 = 1
�P,

λi ≥ 0
�]&', � £

λ1, λ2
�.�¿��, � �±��&7�7,

h (λ1a1 + λ2a2) ≤ λ1h (a1) + λ2h (a2)

����*'£
λ1, . . . , λn

� £ � ,
a1, . . . , an

� £ � ,
n
� £ � §%*Ç�N��,.&7�

h � *�� � "g�_"$£�,.&u�N"g����,54�#¨"g*6(� "g"$���i& ∑n
i=1 λi = 1

�P,
λ1, . . . , λn ≥ 0

h

(
n∑

i=1

λiai

)

≤
n∑

i=1

λih (ai)

ë�ì



x1, . . . xn � "$£��]©<�D�i* � (+�±& X
�¨���_"g#%#�È � "�£��]© � ��"g��,.¡¿�]�]¡�& � ©a"$ i����¡�"g4 X � *§%* � �7&7*6�i�N( p1, . . . pn

�±,.��(+�i¡��N(

EX =

n∑

i=1

pixi

Eh (X) =
n∑

i=1

pih (xi)

� �±,.��"g&7�����i��4����N&��i©�(+,.#±�N#%©h i�',

h (EX) = h

(
n∑

i=1

pixi

)

≤
n∑

i=1

pih (xi) = Eh (X)

ü-´·¶�Ø1¼�«1¼ ªa­'×�«�´t°�´T×¬¸�Ø1«�Ù U�¾�½xw
*6"$��, � � � "$ i#¨&�,.&7�¿�i�]��,."-�N"$����#P,.�]�¿§%*ËÈX & Ã &��5,.�i#

MX (s) = EesX

� � � �l,.�Ê��" esX � � ��"$*6#%�i(Ç"���&7& s
�],.(+©D�i��4��·,.&�*6"g�

X ∼ exp (λ)
KNM�jl}+~�MP;

MX (s) = EesX

=

∫ ∞

0

esxλe−λxdx = λ

∫ ∞

0

e(s−λ)xdx

=
λ

s − λ

[

e(s−λ)x
]∞

0
=

{
λ

s−λ
s < λ

∞ s ≥ λ

X ∼ Z ñBXhú (p)

MX (s) =
∑

n≥1

esnpqn−1

= pes
∑

n≥1

es(n−1)qn−1

= pes
∑

n≥1

(esq)
n−1

=

{
pes

1−esq
s < − log q

∞ esq ≥ 1

¦.�±,.��"g�]�
X
� � ��"6����*'£

MX
� �E�i" ��� £����N��,.����"$�N&

MX (s) = EesX =

∫ ∞

−∞
esxfX (x) dx

� fX
� �E¡ � � � � ��,.�]¡�#%��  � �7&',54Ð4�,.*6&�,.§��7*���,.�
A �



MX
H�QÂFl9�;�~SF�F�Ü�M�=7K V@�g�P�3�$�

�X � £ � MX (0) = 1

�i"g�],.¡�#%"g*��.��� � �E��,.�����]* ��� ,¤£7âN©< i��4�"$&'�Ë*-,.�
MX
� �¢�N��4��·�N� � ,.�l�>V@�g�S�¬F_fPO�V� à ����"$� � £Ð,.*� ����"$(Ç�N��,.&7�Ê�7��,.(���*-,.���N��4����N� � ,.�l��È �]&', � £

�MX (si) < ∞ � ��,.(�© s1, s2
��,54�,.��#�"g�-�E©�(���#i8GFl=�ß]M·F

?
s1, s2

� �E©���,.&7&7£�,.��,.*Ë�·"$��#P,
s1 < s < s2

�]�l(�#
s = λs1 + (1 − λ) s2

� 0 < λ < 1
����*�£

�h (t) = et �N"g���±#P,.�]� � �E�±,.��"g&7��(Ä��&'�-��#
MX (s) = EesX =

= Eeλs1X+(1−λ)s2X ≤ λEes1X + (1 − λ) Ees2X

= λMX (s1) + (1 − λ) MX (s2) < ∞

?
MX (s)

� �¥�i�]§¨�·#¨���i*Ë(����l#? Á<"g���
X � *

M ′
X (s) =

d

ds

∫ ∞

−∞
esxfX (x) dx =

∫ ∞

−∞
xesxfX (x) dx = EXesX = E

(
esX

)′

? 4�"¨4�(
X � *

M ′
X (s) =

d

ds

∑

esxnpn =
∑

xnesxnpn = EXesX = E
(
esX

)′

§%*-,�È � � ��,.�i�Ë�.&7"$¡¥�<,.��(Ð�],.§%� � �]��,.&7�¥�l"$#%#
M ′

X (s) = EXesX

� (+�±#P,
s = 0

(+"$��#
M ′

X (0) = EX

M ′′
X (s) = EX2esX

M
(k)
X (s) = EXkesX

� (���#%,
s = 0

(+"$��#i(_,¤��,
M

(k)
X (0) = EXk

�X � � k
�P�� i#%&',.&'���i*Ë,.# � (+"$���]&', � £

ë+y



��"�§%*¢È
s = 0

�74�,.��#%�Å�i(+"$(+¡�( � "g&7©�� k
�N�]"$§%�·,-�i��4��c,.&

MX (s)
�¨�á�l"$#%#'V@�g��ÕqV7Ó�Q�}

? " Ã ©u�.��"$#i*-,.�7,�"¨� k  i#%&',.& X
� �

M
(k)
X (0) = EXk = mk

¦
m39
,.�N& �X ∼ exp (λ)

F_}+~�MP;�%�¥,.#%(���"$�k�](�£

MX (s) =
λ

s − λ
=

1
s
λ
− 1

= − 1

1 − s
λ

= −
∞∑

n=0

( s

λ

)n

= −
∞∑

n=0

λ−nsn

=

∞∑

n=0

M
(n)
X (0)

n!
sn

� (+�±# � "$&�4��±&��i*-,5,¤���N&Ì�¤£ �

M
(n)
X (0) = − n!

λn

z|{~} �]�h�T���e�����$�+�h�$���q�
�D���e�5���Q� ª�´�Ø�´·´cÙ�«Bºa°À°�´T×¬¸�Ø1«�Ù�° U�¾�½�½
�i"g#%"$"$��,.*��7"$����#%,.�u��"¨4���#i"$��&7&

s
� £ �

φX (s) = EeisX

�¨� � (���#iÁ�"$���]�k�7����&7(

φX (s) =

∫ ∞

−∞
eisxfX (x) dx

� �±,.��"g�]�����i"$����#P,.� � ���N"$"g�],.� � ��,.�]¡�#%�<  � �N&�,54Ç�N§P,
KNd$fPd$dgÓ]M�jNF�F_dgÿ7J<fPMPÓ�F¿K�M�I_dgQy= V@�g�S���$�

�]�]¡�&�*6"$��� � �l,.��� � �¬�¤£ � , ∣∣eisX
∣
∣ = 1

"�£kÈ "$��&'&
s
� £ � ,

X
� £ � �i��4��·,.&Ë*�"g� � >� �i�l*Å�]��,."g� � £ � *-,.�k  � �l,.&'��,¤£��]©h�

�FX = FY � ��§%* φX (s) = φY (s) � "$"g�±�i& Y
��,

X � "g"$�]��& � "$#%�-��&�"$#¨� � � * � �
� � ��,.�i�Å�.&'"$¡E��,.�i(Ð��,.§%� � �.�i"$#-�7��"g§%�

φX � *\V@�g���zFl9�OlF
φ

(k)
X (s) = ikEXkeisX

�¤£ � ,

φ
(k)
X (0) = ikEXk = ikmk

ë��



;zã[ã+*uo¹éc*?;tã�o�n+�kéqn �
�%(+�i¡��N� � ©��N"$��&'��,.��#%"g*Ä��� � � "$(�"g"$� � ��,.*6��,.�i�Ä�.�7& � " � *-,¤�¬,���,.#%�·,.�L��,.©�(� i&�� � "$���],.§��,.�](���¡��N� � ��� (pij)(i,j=0,1)

� "g�]��¡�& R ��&�, � £ÅÈ ��,."$�����]*��Ì��,.*6��,.�i� � £ � �Â��,."¨,.�
� j "g#¨��(_, i �7*���,.��� � (����i���5,¤��*��]��( � ��(��

(
p00 p01

p10 p11

)

�]&', � £DÈ �N#P,¤��*6�]�L�N��,¤��(z�±,."g,.�](��i¡��7� � ,¤£�¡¿*-,.� 0 �N"$�7"��5,¤��*��]�L©�(� i&'������,.�](��i¡��N��p00 + p01 = 1
2����©�& � � 1

2

*-,.� � �·,NÈ �N"g#g���Ð�74�,.&7©�� � ,¤£�¡�*6,.� > �N"g�N"N"g#g���Ð©�(� i&'������,.�](��i¡��N��.&7¡ � �.�i"$#i§%*�È
p00 = t

�.&'¡�# � 1
2

*-,.���N��,¤� � £�,��74�,.&7© � £ � ,¤£�¡
(

t 1
2 − t

1
2 − t t

)

È , � � "g*���&N� "$������*E"g,.¡�"g#¬��" 0 ≤ t ≤ 1
2

� £ � � �.�·,.��*-,.��©<(� i&7��� ��£�&¢©<(_,.#a�N§ � £� ��,.©<(� i&7���."$(Ç�����±�¿�i*Ë©<(_,.� t
����*�£

� " � (+�±&7� Y
�P,

X � "$"$�]��& � "g#¨�i��&�"g#¨� ,.# � ��"�� �_"g#%# � �]��,."�" ��� £¿�N�]��& �Ð� " � £�#� �N&7*6�i�7( q1, q2, . . .
��,

p1, p2, . . .
��,."g,.�](���¡��N(

y1, y2, . . .
�P,

x1, x2, . . . � "�£��]©�.&7¡�#
pij = P (X = xi ∧ Y = yj)

P (X = xi) =

∞∑

j=1

P (X = xi ∧ Y = yj) =

∞∑

j=1

pij

»6´�»i®�´�­i¸'¼Â­'«T¶¹¸'« t�¾�½
� (+� �q� ,¤£�"�*-,.� � *�È ;�dg;�IDdg9�J<}Ä9�M%V-J<MN*-,.� (X, Y )

"g�]�±&'�)��,¤ i��,.���Ì�]&'*�#0u[�g�¬Fl9<;�~SF
P(X,Y ) (i, j) =

�N"g���±#P,.� � §%*�È
(xi, yj) � � � "$£��]©<� � * � � "$£���© � ���N"$#%&u�.(¹,.*Ç"g�],.¡��]�]¡�&� "g����&7����,¤ i��,.� � �ÏK�M�9]I�K�Ô�F�F¿K�d¨ÿ7J<fPMPÓ � "$*6��,.� P (X = xi ∧ Y = yj)*�"g���N�i�l¡¬,.#¨�

X
� �E�±,.��(+�i¡��N���i"g���±#P,.� �è� Ã #¨� � "$#P,.&7"g¡�(

P (X = xi) =
∑

j

P(X,Y ) (i, j)

" Ã ©D�i#%�i"$#¨� Y
� �¥��,.�](��i¡��7���i"$����#P,.� � ,

P (Y = yj) =
∑

i

P(X,Y ) (i, j)

� K�MPd$H�M�QqF�KNM�9�I�KNÔ�F�F¿KNMPdgÿ7J<fPMPÓ � "$*6��,.�¢,.#%*�N"$����#P,.�]�k*6"$�
(X, Y )

��,¤ i��,.� � �E��,.� � �����N���i"$����#P,.�
FXY (x, y) = P (X ≤ x ∧ Y ≤ y)

ë+K



*6"$��, � ����,.�](���¡��N���i"$����#P,.�u§%*ËÈ "g4�&'&��
n
��,¤ i��,

X = (X1, . . . , Xn) � *
PX1,...,Xn

(x1, . . . , xn) = P (X1 = x1 ∧ · · · ∧ Xn = xn)

*6"$�¿��,.� � �����N���i"$����#P,.��,
FX1,...,Xn

(x1, . . . , xn) = P (X1 ≤ x1 ∧ · · · ∧ Xn ≤ xn)

�.�k�±,." � ,¤������,.�](���¡��N����,."$����#P,.�

PXi
(x) =

∑

PX1,...X̂i,...,Xn
(x1, . . . , x, . . . xn)

�x �<�]©<���i* � (���& Xi
�N#%�-��&7���.�N(Ç��,."¨,.�<���]*6� � £Ç�i* � "$&7£�,.¡E�]&', � £

1 ≤ i ≤ â P ((x, y) = (i, j)) = c2−j �<��*�£�È "$ i�]�±¡�"¨4Ð"$�]��&Ë��,¤ i��, (X, Y )
jl}_~�MP;
� à j < ∞*6"$�

X
� �E�i" � ,¤������,.�](��i¡��N�

PX (i) =
∑

j≥i

c2−j =
c

2i−1

?
Y
� �E��" � ,¤�����i��,.�](��i¡��N�',

PY (j) =

j
∑

i=1

c2−j = jce2−j

�∑
i,j c2−j = 1

�N*-,5,¤��&7�Å"g4�" � ©
c
�i*Ë(���� � �.��"$#? �����l*��h��4�(

PX (i) = 2c
1

2
2−(i−1)

c = 1
2 ⇐ �¤£ � � 12 �� i&'��� � ©L"g�� i&',.*6"$�±"$�]�±&��N#%�-��& � �¥��,.�](��i¡��7����,."¨4�(Ç"$�7,.§ � (�*�2c = 1

[�´T×�­�´�º�­i¸�ºÂ­'«T¶¹¸'« t�¾$Û
��,.�]"$�]���Ç�i"g���±#P,.�¹�i*6�]��#¨�

fX,Y
�N"g���±#P,.����" � *�Á<"g���¹*-,.�Ä"g*6����*Ð��,¤ i��,�u[�:ÕzFl9�;�~SF

a2 < b2
�P,

a1 < b1
� £ � �¥�h£�È ��,¤ i��,.� � �

P (a1 ≤ X ≤ b1 ∧ a2 ≤ Y ≤ b2) =

∫ b1

a1

∫ b2

a2

fX,Y (x, y) dydx

� �Ê�<��©t�N#¨��&�* � ��"g,.#%"���"g4�£D4�©t�74�"$�l"
f � ∫∞

−∞
∫ −∞
−∞ f = 1

�P,NÈ �i"$(_,."$�Ä��,."$� � �i(�"g"$�
f� � " � �]�P i#%"$*

ë+P



*6"$��Á�"$���L��,¤ i��, � �¥��,.� � �]�i�7���i"$����#P,.��u[�3�zFl9�;�~SF
FX1,...,Xn

(x1, . . . , xn) = P (X1 ≤ x1 ∧ · · · ∧ Xn ≤ xn)

=

∫ x1

−∞
· · ·
∫ xn

−∞
f ~X

(t1, . . . , tn) dtn · · · dt1

�]��,."-" ��� £Ð�.��,.*�(

P
(

~X ∈ A
)

=

∫

A

f ~X
dx1 · · · dxn

�N"$�N��"¨4�&7&�,54����N�]��&7(Ç�i" � ,¤���¿�±,.� � �]�i�N�

FX (x) =

∫ x

−∞

∫ ∞

−∞
fXY (s, t) dtds

?
x
"g� � �N�]"$§%��"g4�" � ©u�i" � ,¤������,.�]"g��������* � (+�±#

fX (x) =

∫ ∞

−∞
fX,Y (x, t) dt

KNMP~TH�Ó�K7F�F¿K�d¨ÿ7J<fPMPÓ)K�MPfPMPß�K u3�eÕ[�$�

FXY (x, y) = P (X ≤ x ∧ Y ≤ y)

0 ≤ FXY (x, y) ≤ 1 � >
� y � £ � limx→−∞ FXY (x, y) = 0 � �

limx→∞ FXY (x, y) = P (Y ≤ y) = FY (y) � A
�%�](���¡��N� à a, b ≥ 0

â
(x, y) , (x + a, y) , (x, y + b) , (x + a, y + b)

©�,.(+"$�]���],.(+© � R� �i" � " � �E"$*Å"$*-4�,5,.(Ð*6"$��©],.(�"$�]���<,.��(���,¤ i��, � (���#¨�E��,� � �7,5,¤�á,.§i��,.�](+�i¡��
FXY (x + a, y + b) − FXY (x, y + b) − FXY (x + a, y) + FXY (x, y) ≥ 0

ì<î



ü-´c´c«T²�ªÂ´�ª�²6®áüi´·´�­i¸'¼Ïü-´�Ø@ª¬³�¼ t�¾�	
�FX1,...,Xn

�i�]��,¤��&���,.� � �]�i�Ç�i"$����#P,.� � ©q"g����&Ä�],¤ i��, (X1, . . . , Xn)
"$�N"2u[�)�tFl9�;�~SF

� *ËÜ�d$dgM%H�K¿d%KlH�I � � à ��,¤ i��,.�¿"g(�"$£��lâ X1, . . . , Xn
& Ã &7�����]&7*6#

FX1,...,Xn
(x1, . . . , xn) = FX1 (x1) FX2 (x2) · · ·FXn

(xn)

? � "¨4�&7&�"g#g��( � ��& �
FXY (x, y) = FX (x) FY (y)

� � Ã #%����,."g,.�](���¡��N��� � ��£�& � �',5,¤� Y ≤ y � �·, X ≤ x
�¨����,.�](���¡��N���]&', � £

FXY (x, y) = P (X ≤ x ∧ Y ≤ y) = P (X ≤ x) P (Y ≤ y) = FX (x) FY (y)

� �],.�E,.#¨"g* Y ≤ y
,.*

X ≤ x
��,.©���,.*6&7��4��l* � ©)©]4�"$&7�¥����&�,.*�� � ©�& � �N��4����N����¬,.�]"$�¿��, � �i�E"$*¥"$(+"� i"$*-,¤ i#%"$*Ê�.��,.*6( � �]�_*6�Ê©���,.*6&7� � � ��,.�](���¡�� � �N"g��&7��,.�]#%"$*� "$"$���i& A, B

�±,.��,.(��Ê"g�-� � £ � �
P (X ∈ A ∧ Y ∈ B) = P (X ∈ A) P (Y ∈ B)

�B = {Y ≤ y} ÈA = {X ≤ x} ��,.(+©L�±�u* � ,
� ��&7"$"g�±��&��¤£�*Ì,.§%�¿�N��"g��4���È � Ã ( (X, Y ) � *Iu[�)AtF_fPO�V

� "$"$���i&¿§%*ÌÈ ��,.�]"$�]�Ä�],¤ i��,7��"¨, � "$"¨, � �Ì"$� � ( X1, . . . , Xn � *Wu3�):zFl9�OlF
fX1,...,Xn

(x1, . . . , xn) = fX1 (x1) · · · fXn
(xn)

� ��,¤ i��,.� � �¥��,.� � �]�i�7���i"$����#P,.�u�i�]"$§%��"g4�" � ©u�_"$£�,.� � �.�i"$# � �h�]� � ,
? Á<"g�������N�]��&7(Ç8GFl=�ß]M·F©�,54�"

FXY (x, y) = Fx (x) Fy (y)

�¤£ � ,
fXY (x, y) = fX (x) fY (y)

ì�Í



��,.�](+�i¡��N���i*Ì(����l#i�i©<£
P (X ∈ A ∧ Y ∈ B) =

∫ ∫

A×B

fXY (x, y) dxdy

=

∫ ∫

A×B

fX (x) fY (y) dxdy

=

∫

B

(∫

A

fX (x) fY (y) dx

)

dy

=

∫

B

fY (y)

(∫

A

fX (x) dx

)

dy

=

∫

B

fY (y) P (X ∈ A) dy

= P (X ∈ A)

∫

B

fY (y) dy

= P (X ∈ A) P (Y ∈ B)

È � "g#%( � &ÐÁ�¡¬,.*�,.*ÅÈ �.( � &�,.&7£L�i"$*6�]# � "$"¨, � ��"$� � ( � "$#%�-��& � � fXY
�±,.��"g�]�����i"g���±#P,.�

� "$(_,."$���<�]© � (���" fY > 0
�P,

fX > 0
,.��,.(�©<� � ,.�l� � £�(����5,5,."�£�&

K�M�jl}_~�MP;
¦
(X, Y )

��,¤ i��,.�¿� � �]�i&��h"g* � � "$"g, � �Ì"g� � ( � �7, Y ∼ U (0, 1)
È
X ∼ U (0, 1) � >*�"g�

X
� �¥��,.�]"$�]���

fX (x) = 1 0 ≤ x ≤ 1

fY (y) = 1 0 ≤ x ≤ 1

fXY (x, y) = fX (x) fY (y)

= 1 0 ≤ x, y ≤ 1

D � ,.�_��(Ë*6��&7# (X, Y )
�¨����,.�](��i¡��7�¢�]&', � £ � ©�,.(+"$�](Å�74�"$�l*���,.� � �]�i�E"$�7,.§� à �74�"$�l"g�¿©],.(�"g�u*-,.� R

����*'£7â
D ∩ R

� �E�_ -����*�"g��,.��� � £
�%�]"$�

R
�P(¿�'4�"$�l*¢�±,.� � �]�i��§%*�È ,.��� � £ � ,.¡�� � ,.�l� R ⊂ R

2 � *�È " �h� £¿�.��,.*6(
D ⊂ R

2 � ,.�l� � ,.�l�i( � ,.�]"$#¨� ��,.�](��i¡��N�N� �h£ (X, Y )
"g*��]��*á��,¤ i��,a���¬,

�D ∩ R
� �E�_ -� � �i" � *6#P,."$����,.��,.�]�

� �'4�"$�l"$� � ,.�·"$© R =
{
x2 + y2 ≤ 1

} � �

fXY (x, y) =
1

π
(x, y) ∈ R

fX (x) =

∫ ∞

−∞
fXY (x, y) dy =

∫ √
1−x2

−
√

1−x2

1

π
dy =

2
√

1 − x2

π
, |x| ≤ 1

R �



fX (x) = 0 , |x| ≥ 1� ©è©�"$����"7�](+4��N�¢"$*-4�,5,.(
X
� ©D,.��� � £Ä©�4�"g&k©]4�# � * ? � "g"g, � � Y

�P,
X � "g#%�-��&7��i"g���±#P,.�u�7#¨#%"g*

fy
�%(

fX
� � ��£�&7���±,.*�� � �����]*Ì�h£ � �](�©�&',-È

Y
� ����,.� � �]�i�7�
�fXY

��,.�]"$�]���
"$� � ( � "g#%�-��&��i�]*6�i&��N#%#%"$*Ì,.§±�N"g���±#P,.� fXY (x, y) = cx4y2 , x2 + y2 ≤ 1 � A� ,.�_�����Å�5,5,."�£�&�È y � ���N"$����#P,.�]( x

� ���N"g���±#P,.� � ��� � �<£�&Ä*6"$������,.�]& � È � "$"¨, � ��N"g���±#P,.�]���74�"$�l"g� � ,.��"$© � Ö<,.�l&7� � ,.�l�i(+,¬È "$#%( � &�,.#¨#%"g*¢�-£�&'�i#��7"$����#%,.�]��,.(��� �±,.&7"$*6�i&'����,."$����#P,.�]� � �E� � ��£�&��7#¨#%"g*
¦
X1
�P& � ,54��

X2
�¨�¥��,.�](��i¡��N��"g�N& � � Ã ( � �7, X2 ∼ exp (λ2)

È
X1 ∼ exp (λ1) � R

P (X2 > X1) =

∫ ∫

M

fX1X2 (x1, x2) dx1dx2

� �5,¤��*6�]��©<"g(��]( x = y
,.��� � ©<&7�E� � ,¤��&7��*-,.�

M
����*�£

P (X2 > X1) =

∫ ∞

0

∫ ∞

x1

fX1 (x1) fX2 (x2) dx2dx1

=

∫ ∞

0

∫ ∞

x1

λ1e
−λ1x1λ2e

−λ2x2dx2dx1

= λ1

∫ ∞

0

e−λ1x1

∫ ∞

x1

λ2e
−λ2x2dx2dx1

= λ1

∫ ∞

0

e−λ1x1e−λ2x1dx1

= λ1

∫ ∞

0

e−(λ1+λ2)x1dx1

=
λ1

λ1 + λ2

�-£��]©�&7� � � � "$"g�_�L�<��,.* X � �],¤ i( � "g��(_,.�l&7� � "$(�"$£�� � � � "$"g�_�D"$£��]* Xi
�¨�¿�l"g#¨# � �� � � ,¤£¦

X
� ����,.� � �]�i�N��"g�N& � � "g"g, � ��"g� � ( Xi

�P,6È
Xi ∼ exp (λ)

�¨�E�l"$#%#

X = min {Xi}

P (X > x) = P (∀i : Xi > x)

=
n∏

i=1

P (Xi > x) =
n∏

i=1

e−λx = e−(λn)x

ì<ë



*6"$�
X
� �E��,.� � �]�i�N���i"g"$����#%,.�u§¨*

FX (x) = 1 − P (X > x) = 1 − e−(λn)x

�X ∼ exp (λn)
�]&', � £

� �¥��,.� � �]�i�N���7& �R =
√

X2 + Y 2 �.&7¡�# � � "$"¨, � ��"$� � ( � �7,6ÈX, Y ∼ N (0, 1) � /¦
R

r > 0 , P (R ≤ r) =

∫ ∫

X2+Y 2≤r2

1√
2π

e−
x2

2
1√
2π

e−
y2

2 dxdy

=
1

2π

∫ 2π

0

∫ r

0

e−
ρ2

2 ρdρdθ

=

∫ r

0

e−
ρ2

2 ρdρ

=

[

−e−
ρ2

2

]r

0

= 1 − e−
r2

2

fR (r) = re−
r2

2 , r > 0

� d$H�dgdg9)KNMP~TH�Ó�K'FÐ�i*6�]��#�,.§���,.� � �]�i�
"$#%*���,.�i�Å� Ã © �fXi

�±,.��"g�]� � ©L� � ����&���,.� �è� £ � ����,.�]"������.&7§±��,.�]"����i#%�l�i( � �¦.�7#¨�l�i���i�l"g�i�)§%*6&�È "$��,.� � ��,¤£�� � �<�< i��*Ì�.&7§i�7&N£ � "���" � �¥¡�#¨£�#�N#%�i&'�N�k�.&'§-È �N�l"g�i�]�¿�.&'§�"g#%� � ,.#¨©����¿,.# � ,¤£�,'È
i
�%����,.� � � � �Ê�±,.�������.&'§

Xi � *� � "g"g, � ��"$� � ( Xi
�¨� � ���l"$#%# �X1 + X2

*-,.��" � �
P (X1 + X2 ≤ x) =

∫ ∫

A

fX1 (x1) fX2 (x2) dx2dx1 , A = {x1 + x2 ≤ x}

=

∫ ∞

−∞

∫ x−x1

−∞
fX2 (x2) fX1 (x1) dx2dx1

��,.§%��#i�±,.��"g�]����(+,¤��"$� �
fX (x) =

∫ x

−∞
fX1 (x1) fX2 (x − x1) dx1

� ��,."¨,.��"g�]��� � �¥�7"$��, � ,.(+#%,.����*6"$� fx
��&�, � £

fX1+X2 = fX1 ∗ fX2

� � "$"g, � �Ì"g� � ( X2
�P,

X1
�<��*�£

Xi ∼ exp (λ)
�¨�E�N&'�·,54�(Ð�l"$#%#

fX1+X2 (x) =

∫ x

0

λe−λx1λe−λ(x−x1)dx1

= λ2xe−λx

ìhì



��,.�]"$�]����" Ã ©D�i#%�i"$# X ∼ Z Y�úèúDY (r, λ)
*6&7����,.� � �]�i�1u[�)HtFl9<;�~SF

fX (x) =
λrxr−1e−λx

(r − 1)!
x ≥ 0

� � Ã ( � �7, Xi ∼ exp (λ)
����*�£

X = X1 + · · · + Xr
� �E��,.�]"g������"g�7,.§

R �


