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K+S+T^kiVBEWIXEFEHGPO @�A YY�@�A-ACABACABABABABABACABACABA-ACABABACABACA-A�VBEWTU`ad�EWO2EWk�VBEWIXEFEHGPO @uA Y�A YYu��A-ACABACABABABABABACABACABA-ACABABACABACA-ABA=V-T^`odeEWO�EWkiI�]vkwTU��� @uA Y�A @Yu��A-ACABACABABABABABACABACABA-ACABABACABACA-ABACABAlV-TU](T^�msCO2k�](](� @uA Y�A fY ~ A-ACABACABABABABABACABACABA-ACABABACAR��V-T^d�EWqoEr�bV-T^d�EWqrprT^I�kw�mjlKnk @uA Y�A �@���A-ACABACABABABABABACABACABA-ACABABA-gCTU`aV-GJOiVBM?KnS+kw��VBEW`rEWKnVBS @uA Y�A �@u��A-ACABACABABABABA�gCTU`ad�EWO2EWk�I�]vg�T^s�](j�g��zg�T^](d�k�VBEWIXEFEHGPO @uA Y�A x@ ~ ABACA-ABACABACABA-ACABABACABACA-ABACA���](T^��EWT^]vgCK)EH[XG{S)|^�l��g�EWjlk�V-IXEFEHGPO @�A @@���ABACA-ABACABACABA-ACABABACABACA-ABACABABACABA-ACAZkwT^deKn`oI$ki](K+dr[-`oT^I�V-[-T�G @�A ff ��ABACA-ABACABACABA-ACABABACABACA-ABACABABACABA�VBT^](]6�\](TU�mEWT^]hg�K+EH[XG{V-T^TU��� @�A �f ��ABACA-ABACABACABA-ACABABACABACA-ABACABABACABA-ACABACABABACA-A�NP](S+]vVBEWIXEFEHGPO @�A �f x A-ACABACABABABABABACABACABA-ACABABACABA9VBEWT^`odeEWO�EWk�I$]�kwIXEFEHGPO @uA �}A Yf ��A-ACABACABABABABABACABACABA-ACABABACABACA-ABACABABACA�]�EWd�T^�zNP]�Sn] @uA �}A @f ~ A-ACABACABABABABABACABACA�DFEWNPIXEWScV-jlN/EW`rE�g�EWO2T^NPs�Obk�[-S�GPO @uA �}A f�"��ABACA-ABACABACABA-ACABABACABACA-ABACABABACABA-ACABACABABACA�DFEWK+V-S+k�VBEWT^V-O2I @�A x
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m = m(x, y) ⇒ m = f(y)
qoI

mx = 0
A Y

K)EWV-S+`cA @
mx +m = 0 ⇒ dM

dx
= −M ⇒

∫
dM

−M =

∫
dx

⇒ − lnM = x+ x⇒M = c(y)e−x

g�T^K+TUM)deO�EW`oT^T^k�qoI
y′ +p(x)y = q(x)

kbV-T^TUk�kwIXEFEHGPObk�gCI { Mx + 2yM = y2M
M(o, y) = y − 1

4

A f
qoIXE

k(x) = e
R

x

0
p(x)dx kwTU_)Knd�[-`aTUI�gCK)EWd

k(x)y′ = p(x)k(x)y = k(x)q(x) = (k(x)y)′

paGPObkRV-I�](TUSn�?`
k(x, y) = e

R

x

0
2ydx = e2yx kbT^kwTCkwT^_)K+dr[-`oT^I$k�g�K)EWd«¿ EW`o]6G�kwK+s�Ob]kwIXEFE

e2yxMx + 2ye2yxM = y2xe2yx

(e2yxM)x = y2xe2yx

DFEWKn[-S+k�DH�?]�E
e2yxM =

∫
y2xe2yxdx = e2yx

4 (2yx − 1) + f(y)
kwT^_)K+dr[-`oT^IÀk�GP�n`

M(x, y) = 1
4 (2xy − 1) + f(y)e−2yx I$EWk�TU](]6�?kDH�?]�E

M(0, y) = y − 1
4 = − 1

4 + f(y) ⇒ f(y) = y
kw](jlV-k�TUI$`aV

M(x, y) =
1

4
(2yx− 1) + ye−2yx

u =
∫
f(y)dx = f(y)x+ g(y)

DH�?]�E
ux = f(y)

DH�?]�E
uxx = 0

A �
uxy = 0 ⇒ ux = f(x), u =

∫
f(x)dx = F (x) +G(y)

A �
G{EW`o](�
TUs�E-@upo��EW`oK+V-S�kwq-V-I

v + vx = 0
](�
s�`XqoIXE

v = ux
�
T^_)`

uxx + ux = 0
A x

v(x, y) = f(y)e−x ⇒ ux = f(y)e−x

⇒ u =

∫
f(y)e−xdx = −f(y)e−x + g(y)

VBEW`rEWK+V-S+k
p(x) = s2 + s − 2, s1,2 = 1,−2

��K?|^M?ORTUS+]
��IX|^S+k
uxx + ux − 2u = 0

A �
u(x, y) = f(y)ex + g(y)e−2x DH�?]�E

sp{ex, e−2x} kwT^kbVRkbI$EFEHGPO2]z]�|^V-�
k
DH�?]

vy + v = 0
I$T^kikwIXEFEHGPObk�qoIXE

v = ux
�
TU_)`

uxy + ux = 0
A ~

ux(x, y) = v(x, y) = c(x)e−y

u =
∫
uxdx =

∫
c(x)e−ydx = f(x)e−y + g(y)

DH�?]
kwIXEFEHGPObk�qoIXE

v = ux + u
�mT^_)`

uxy + ux + uy + u = 0
A �

vy + v = 0 ⇒ v = f(x)e−y ⇒ ux + u = f(x)e−y

Á gCTU](�
s�O2Ebg�M?EWs�O�EWOw��g�T^K+VBEWScqoIXE
u(x, y) = f(x)e−y + g̃(y)ey−x = f(x)e−y + g(y)e−x

2
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v(s, t) = u(x, y)
KnTaM)d�`

s = 2x − y, t = x
|�GJjl`o`�|

ux + 2uy + u = 0 ÆlÇ�È�ÉrÊK)EWqoj�` ∂u
∂x = ∂v

∂s
∂s
∂x + ∂v

∂t
∂t
∂x = 2vS + vt,

∂u
∂y = ∂v

∂s
∂s
∂y + ∂v

∂t
∂t
∂y = −vs

V-KnGJKnGPk
k2EFEHGJO2]

2vs + vt − 2vs + v = 0 ⇒ vt + v = 0 ⇒
v(s, t) = f(s)e−t ⇒ u(x, y) = f(2x− y)e−x

r2vrr +
kwIXEFEHGPOb]vkw]�EWsCGyVBEWTUqU[-K+sZVBEH[-`oTUM?K+EWs��

uxx + uyy = 0
kwIXEFEHGJO2k�GÀjm�
EWk ÆlÇ�È�ÉrÊ�

x = r cos θ, y = r sin θ
��VCEWT^�?[BEWs�VCEH[-`aTaM)K)EWsC�

rvr + vθθ = 0

u(x, y) = v(r, θ)
K+TUM)de`zË É�Ì)Í�Î

θr = uxxr + uyyr = ux cos θ + uy sin θ
A Y
A @

θrr = (uxxxr + uxyyr)xr + uxxrr + (uxxxr + uxyyr)yr + uxyrr

= uxx cos2 θ + uxy cos θ sin θ + ux0 + uyx sin θ cos θ + uyy sin2 θ

⇒ r2urr = uxxx
2 + 2uxy + uyyy

2

DWI��?O2E
vθθ = uxxy

2 + uyyx
2 − yuy − xux − 2yxuxy

A f
r2vrr + rvr + vθθ = 0

= (uxxx
2 + 2uxyxy + uyyy

2) + (uxx+ uyy)

+ (uxxy
2 + uyyx

2 − yuy − xux − 2yxuxy)

= (uxx
2 + uyyy

2)

®P³�¸�µJ·�³�´XÏ�³�Ð;¯}¯;Ñ-Ò)®J³u¸2µJ·�³e´{Ä�µJ¯}¯}±�» ½�¾^Ó
kwK)EW_)kwO�kwIXEFEHGPO�I$T^k�Y=K)M)NPO Í�ÔUÌ+ÆlÕrÔ^ÖL×lÆlÉrÉ�Ø�Ç

a(x, y)ux + b(x, y)uy = d(x, y)u+ e(x, y) = c(x, y, u)

VBEWTUkw]�g�T^TUEHGP��](�
I
ux, uy

pr��gCTUTUEW](VºI$]
a, b, c

GÙkbI$EFEHGPO{I$T^k Í�ÔUÌ+ÆlÕrÔ^Ö+ÚaÔ^Û�ÉrÉ�Ü�×lÆlÉrÉ�Ø�ÇV-TUKnI$`oT^]hI$]vkwK)EW_)�
x, y, z

�\g�T^TaEW](V-]
A |^T^](K+dr[-`oT^IÝjm[XGPO$|

u(x, y)
po]hgCTUK)EWs�gCTUOb�nSn]

u(x, y)
j�[XGPObkiIXEWkikwIXEFEHGJO2k�]6G�Ë É�Ì)ÍwÎ)×V-T^K)EH[-sJEWkikwK)EW_)��kw�
TUVX�?]vV-`oV-T^`-VBT^K)EWsCO2kikwIXEFEHGJO2k

(a, b, c) · (ux, uy,−1) = 0

EWOb_)�Lj�[XGPObkÞDWI��?OßA
u(x, y)

]z](O2K)EW`JDH�?]�E
(a, b, c)

]z](O2K+EW`ok�IXEWk
(ux, uy,−1)

DH�?]A
(a, b, c)

po]\Q sC`X]6�?�\](TU�
s�O
(a, b, c)

po]LQ sC`X](�?��gCTU](T^�msCO2k�g�TUEFEWs�ànN/EWI�OÝT^](dr[-`oTUI�k�j�[XGJO2kiV-IÞK)EWS+V-`
(a, b, c)

]LQ s�`X]6�?��g�T^](TU�
s�Obk�gCTaEFEWs�gCkig�T^T^`oTUT^S)EWI$k�g�TUEFEWs�k ×lÌnÊ?È"×g�deE dx
dt = a, dy

dt = b
gCTUT^s�V-O�g�T^TU`oT^T^S)EWI$k�gCTaEFEWsCk�](�

du

dt
=
du

dx

dx

dt
+
du

dy

dy

dt
=
du

dx
a+

du

dy
b

g�T^TU`aTUT^S)EWI$k�g�TUEFEWs�ki]6G�kwTU_)qoT^Kn[-ObK+S+k�kbq {x(t), y(t), u(t)} DH�?]
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{
ux + 3uy = −u
u(x, x) = x

K)EWV-S ÆlÇ�È�ÉrÊ
Á gCTUT^`oT^TUS)EWI�k�g�TUEFEWs�k�VBEWIXEFEHGPOáA Y

dx

dt
= 1 ⇒

∫
dx =

∫
dt⇒ x = t+ c1

dy

dt
= 3 ⇒

∫
dy = 3

∫
dt ⇒ y = 3t+ c2

du

dt
= −u⇒

∫
du

u
=

∫
−dt⇒ lnu = −t+ c3 ⇒ u = c3e

−t

x = s
y = s
u = s

Á DFEWV-`okig�EWs��n]hkbT^_)qoT^Kn[-ObK+SzkwGJ�n`cA @
Á
t = 0

po��DFEWV-`ok�EWsC]vg�T^TU`aTUT^S)EWI$k�g�TUEFEWs�k�DWT^�
t = 0

�\kwK+T^S+VâA f
x = c1 = s

y = c2 = s

u = c3 = s

⇒ x = t+ s

y = 2t+ s

u = se−t

Á ã ](jl`cA �
t =

−x+ y

2

s =
3x− y

2

⇒ u = e
(x−y)

2 (
3x− y

2
)

y = 1 − x, u = 1
EWsCki](��G�g�T^TUsCO2k ux

x2 +
uy

y2 = x3y3 kwIXEFEHGPOb]
u

DFEWK+V-S�I$_)O ÆlÇ�È�ÉrÊ
Ë É�Ì)ÍwÎÁ gCTUT^`oT^TUS)EWI�k�gCTaEFEWsCkiVBEWIXEFEHGPOáA Y

dx

dt
=

1

x2
⇒
∫
x2dx =

∫
dt⇒ x3 = 3t+ c1

dy

dt
=

1

y2
⇒ y3 = 3t+ c2

du

dt
= x3y3 = (3t+ c1)(3t+ c2)

⇒ u =

∫
(3t+ c1)(3t+ c2)dt

= 3t2 +
3t2

2
(c1 + c2) + c1c2t+ c3

⇒ x = (3t+ c1)
1/3

y = (3t+ c2)
1/3

u = 3t2 +
3t2

2
(c1 + c2) + c1c2t+ c3

�



x = s
y = 1 − s
u = 1

DFEWV-`ok�EWs�]hkbT^_)qoT^Kn[-ObK+SßA @
Á DFEWV-`ok�EWs�]0g�T^TU`aTUT^S)EWI$k�g�TUEFEWs�kiDWT^�

t = 0
�\kwK+TUSnVâA f

x = c
1/3
1 = s

y = c
1/3
2 = 1 − s

u = c3 = 1

⇒ x = (3t+ s3)1/3

y = (3t+ (1 − s)3)1/3

u = 3t2 +
3t2

2
(s3 + (1 − s)3) + s3(1 − s)3t+ 1

EWIRV-K+j�I�A M)T^jlTBDFEWK+V-S�GPTXqaI ∣∣∣∣ a b
xs ys

∣∣∣∣ 6= 0
gCIåä Ë É�Ì)Í�Î?×�ÍwÉrÊ?ÔUæwÔeçbÍ�ÉrÔ^Önè?ÌnÉrÉrè)Õ�Ì�é�×�ÔUÆlÕeÍA DFEWKnVBSLDWTUI2G{EWIÝVBEW`rEWK+V-SLànEWNÀDWT^I�GPT^G

M)T^jlT-DFEWK+V-ScGJTXDH�?]�E ∣∣∣∣ a b
xs ys

∣∣∣∣ =
∣∣∣∣

1
x2

1
y2

1 −1

∣∣∣∣ = 1
x2 − 1

y2 6= 0
g�M?EWs�ki](T^deKnVB� ÆlÇ�È�ÉrÊ

A
u(x, x2) = e−x kw](jlV-k�TUI$`aVZg��

ux + 2uy + u = 1
kbI$EFEHGPO2k�kw`rEWV-`cË æwê�Ç�Ç�ÆlÇ�È�ÉrÊ

x > 1
gJEWjlV-��kwIXEFEHGPObk�V-IÞK)EWV-SyA Y

−∞ < x <∞ K)EW�
��kw](jlV-kbk�g�EWs���V-�mT^�
NP�\M)TUj�TXDFEWK+V-SLgCTUT^sZg�I�kÙA @
Ë É�Ì)ÍwÎK)EWV-S+`cA Y

g�TUEFEWs�kÞVBEWIXEFEHGPOßqoI
ux + 2uy = 1 − u

kwIXEFEHGPObk�VBI�G/M)jlO�K+M?NP` •Á g�T^T^`oTUT^S)EWI$k
dx

dt
= 1 ⇒

∫
dx =

∫
dt⇒ x = t+ c1

dy

dt
= 2 ⇒

∫
dy = 2

∫
dt⇒ y = 2t+ c2

du

dt
= 1 − u⇒

∫
du

u− 1
= −

∫
dt⇒ ln(u− 1) = −t+ c3 ⇒ u− 1 = c3e

−t ⇒ u = 1 + c3e
−t

Á
t = 0

K)EW�
�




x = s
y = s2

u = e−s





DFEWV-`�EWsC]vkwTU_)qoT^Kn[-ObK+S •

x(t = 0) = c1 = s

y(t = 0) = c2 = s2

u(t = 0) = 1 + c3 = e−s ⇒ c3 = e−s − 1

⇒ x = t+ s

y = 2t+ s2

u = 1 + (e−s − 1)e−t

5



Á ã ](jl` •

s2 − 2s+ 2x− y = 0

s1,2 =
2 ±

√
4 − 4(2x− y)

2
= 1 ±

√
1 − 2x+ y, (x > 1) ⇒ s = 1 ±

√
1 − 2x+ y

y ≥ 2x− 1

t = x− s = x− 1 ∓
√

1 − 2x+ y

u = 1 + (e−1∓
√

1−2x+y − 1)e−x+1±
√

1−2x+y = 1 + e−x(1 − e1+
√

1−2x+y)

T^I$`oV�DH�?]
J =

∣∣∣∣
a b
xs ys

∣∣∣∣ =

∣∣∣∣
1 2
1 2s

∣∣∣∣ = 2s − 2 = 2(±√
1 − 2x+ y)

A @
[-SnGPORTUqoIÙA kwK+TUqad=I$]�I$T^kÞgBG

x = s 6= 1
]6�?]\g�T^TUsCV-OÞVBEWT^]�NPK+EWNP`oKn[-kg�T^T^s�V-ObGâTUI$`aVB��kw]�j�VBkwk VB�
T^�mNP�ygJEWT^sëjlT�[-�
O T�G/EWsâV-T^TU���m]ÝTo|^EWs�k

s < 1 ∨ s > 1
K+EW�m�

(1, 1)
�igCTUT^s�V-OÞI$]LT^I$`oV-kRVBEWT^](NPK+�mNP`aKn[-kZT^I$`oVV-�mT^�
NP��DFEWK+V-S�g�T^T^s�I$]LDH�?]�E

(1, 1)
��kwK+TUqad�I�]

u
A M)TUjlT�DFEWK+V-S�g�T^]��
s�O

−∞ < x <∞

ÍwÉrÔUÌ+ÆlÕrÔ�Ö?ì"ÍwÉrÔUÌ+ÆlÕrÔ�Ö)ÚaÔ^ÛeÉrÉ�Ü�ÍwÉ�ÆlÉrÉ�Ø�ÇmÖ�Í�ÉrÕrÉ�Ì)Í�ÎcÖ+Ø�Ôaí^É�Ü î�ï�ð;ï^îsJEFM)�
]§KnGPS+I�¿ DFEWV-`ok�EWs�]§kwTU_)qaTUKn[-ObK+S�I$T^k
(x(s), y(s), u(s))

prE
aux +buy = c

g�I ×lÌnÊ?È"×To|���DFEWV-`ok�gJEWs���k�V-�
TU�
NP�\Ta|UEWs
M)TUjlT$DFEWK+V-ScGPT�qoI

∆ =

∣∣∣∣
a b
xs ys

∣∣∣∣ 6= 0
g�IñA Y

VBEW`rEWK+V-SLDWTUIÝEWIÝVCEW`oEWK+V-S\à+EWN�DWTUI�GPT
∆ =

∣∣∣∣
a b
xs ys

∣∣∣∣ = 0
g�IñA @

DFEWK+V-S�à�IRDWT^I
∆̃ =

∣∣∣∣
a c
xs us

∣∣∣∣ 6= 0
g�Iò��IP�

VBEW`rEWK+V-SLànEWNÀDWT^I�GPT
∆̃ =

∣∣∣∣
a c
xs us

∣∣∣∣ = 0
g�Iò���2�

aus = cxs
qaI

∆̃ = 0
g�I�¿

ays = bxs
qoI

∆ = 0
g�I ˜̃∆ =

∣∣∣∣
b c
ys us

∣∣∣∣
](�\]6�?VBNP`

DH�?]
ys

us
=

b

c
⇒ cys = bus

ux + uuy = −u
2

k2EFEHGJO2k�kw`rEWV-` ÆlÇ�È�ÉrÊ
g�T^TU`aTUT^S)EWI$k�g�TUEFEWs�kiV-IÝI$_)OóA Y

g�EWs��nk�VBIÝ](T^�?ObkR�HY6�b]6G�VBEFM?T^jlTXsCO2`zA @
γ1 = {(0, s, sin s)| −∞ < s <∞}

VBIÝ](T^�?ObkR�HY6��](G�T^]�Knd�[-`aTUI$k�j�[XGPObk�¿
s2

V-IÝI$_)OóA f
γ2 = {(s, 0, 0)| −∞ < s <∞}

6



ô
(0, 0, s) õ K)MLK+�mEW�nk�M)T^jlT$T^](K+dr[-`oTUI�jm[XGPO�g�T^TUsRg�I$kÙA �

Ë É�Ì)ÍwÎ
g�T^T^`oTUT^S)EWI$k�g�TUEFEWs�kñ��IP�

dx

dt
= 1 ⇒ x = t+ c1

dy

dt
= u = c2e

− t
2 ⇒ y = −2c2e

− t
2 + c3

du

dt
= −u

2
⇒ lnu = − t

2
+ c̃2 ⇒ u = c2e

− t
2

V-�mT^�
NP�\DFEWK+V-S�GJTXDH�?]
∆ =

∣∣∣∣
a b
xs ys

∣∣∣∣ =
∣∣∣∣

1 u
0 1

∣∣∣∣ = 1 6= 0
DWT^T^��EWsC�nT�s�EFM)�m`\���2�

M)T^jlTXIXEWkbE2g�EWs��nk
Á
t = 0

��DFEWK+V-SLI$_)Ob`
x = c1 = 0 ⇒ x = t

y = −2c2 + c3 = s⇒ y = −2u+ s+ 2 sin s

u = c2 = sin s⇒ u = sin se−
t
2 = sin se−

x
2

⇒ s = arcsin(ue
x
2 ), t = x

y = −2u+ arcsin(ue
x
2 ) + 2ue

x
2

EWsë](��DH�?]
∆ =

∣∣∣∣
a b
xs ys

∣∣∣∣ =

∣∣∣∣
1 u
1 0

∣∣∣∣ = −u qoIXE
γ2 = (s, 0, 0)

DFEWVB`���d"�
V-I{s�EFM?�
`«DH�?]�A DFEWK+V-S�DWT^I{EWI{VCEW`oEWK+V-Sià+EWNóDWT^IÀEWIyGPT�DH�?]

∆ = 0
kw](jlV-kwk

A VBEW`rEWK+V-S\ànEWNÀDWT^I�GJT-DH�?]
∆̃ =

∣∣∣∣
a c
xs us

∣∣∣∣ =
∣∣∣∣

1 −u
2

1 0

∣∣∣∣ = 0
T^`aGPkiDWTU�mEWs���TUk

t = 0
�Lkb](T^d�K+k õ K)M)��DFEWK+V-S�IXEW_)Ob]�kwNP`o`

x = c1 = s

y = −2c2 + c3 = 0

u = c2 = 0

x = t+ s

y = 0

u = 0

g�T��?K)MLT^`aGßGPT$qoIÞA kw](jlV-kbk�g�EWs���]�EWsß](G�kwTU_)qaTUKn[-ObK+ScEW`o](�
TUsßDH�?]
DFEWKnVBScIXEWk

u = 0
I$ObdeEFM?]vDFEWK+V-S�GPjl`a]ZA

i](TU�
s�O
γ2

E$VCEWT^k
γ2

V-I õ VBEWj�G¬M)T^jlTBDFEWK+V-SLGPTBEWT^]���GºK+jlIRgJEWs��cV-jls�]RA
iiA EWVBEWIZ](T^�?T$EWVCEWI õ EWV-jlT�GºDFEWK+V-Sc]6�\g�T^T^`oTUT^S)EWI$k�g�TUEFEWs�]

A gCTUI�VBO�DFEHGJI$K+k�DFEWK+V-S+k�DH�?]�E
γ2

V-I õ VBEWj
γ1

](�
I
∆̃ =

TU`aGJk�DWTU�mEWs���TUkÝV-I�s�EFM)�m`
∆ =

∣∣∣∣
a b
xs ys

∣∣∣∣ =

∣∣∣∣
1 u
0 0

∣∣∣∣ = 0
g�T^TUsCVBOñ� Mw�

A DFEWK+V-S�DWTUIÝDH�?]�E ∣∣∣∣ a c
xs us

∣∣∣∣ =
∣∣∣∣

1 u
0 1

∣∣∣∣ = 1
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ö ÂX³�·�³�³�·�÷�» ö ®P¯"·}¯"¸X®J² ½�¾Fø
{

(u− x+ y)ux + (u+ x− y)uy + u = x+ y
u(x, 2x) = −2x

VBT^K+I$`aTU]�poTUqoEFEWs�kzkwIXEFEHGPObkLDFEWK+V-SyA Y
Ë É�Ì)ÍwÎg�T^TU`oT^T^S)EWI$k�V-�?Kn�nObkë��IP�

xt = u− x+ y (1)

yt = u+ x− y (2)

ut = x+ y − u (3)

(1) + (2) + (3) (x+ y + u)t = u+ x+ y

(2) − (1) (y − x)t = −2(y − x)

(3) − (1) (u− x)t = −2(u− x)

zt = z ⇒ z = cet

⇒ x+ y + u = c1e
t

y − x = c2e
−2t

u− x = c3e
−2t

Á
t = 0

�\K)EWS+V-` x = s
y = 2s
u = −2s

kwTU_)qoT^Kn[-ObK+Sz�n_)�
`\�����

s+ 2s− 2s = c1 ⇒ c1 = s

2s− s = c2 ⇒ c2 = s

−2s− s = c3 ⇒ c3 = −3s

g�T^]��
s�O
c1, c2, c3

VBIÝg�T^�
TU_)OwGyK+jlIò��d"�

x =
1

3

{
set + 2se−2t

}

y =
1

3

{
set + 5se−2t

}

u =
1

3

{
set − 7se−2t

}

x− y = −se−2t

2y − 5x =
2

3
set − 5

3
set = −set

⇒ u =
1

3
{5x− 2y + 7(x− y)} = 4x− 3y

kwIXEFEHGPObkÝ]6G�g�T^TU`aTUT^S)EWI$k�g�TUEFEWs�kiV-IÝI$_)OóA @

(x− y)ux + (x+ y)uy =
y

x
u, x > 0

ÍbæwÆ�ùnÌnÊ
ê Ë É�Ì)ÍwÎ
~



gCTUT^`oT^TUS)EWI�k�gCTaEFEWsCkiVBEWIXEFEHGPOò��IP�
xt = x− y (4)

yt = x+ y (5)

ut =
y

x
u (6)

Á �����bV-K+T^qodCTo|��cK+EWVBSn`CVBEW`rEHGPI�K+k�@PV-IRA VBEFM)O2_?EWOÝVBEW](�msCVBObk�VBEWIXEFEHGPObkâ�����
d2x

dt2
=

d

dt
(x− y) =

dx

dt
− dy

dt

(5) ⇒ =
dx

dt
− (x+ y) =

dx

dt
− x+

dx

dt
− x = 2

dx

dt
− 2x

EW`a]��
T^sZK+O2EW](�
d2x

dt2
− 2

dx

dt
+ 2x = 0

I-|^Snk�qoI
r2 − 2r + 2 = 0, r1,2 = 1 ± i⇒ et(c1 sin t+ c2 cos t)

kwK)EW_)]�kw]�EWsCG{V-I$q-kb�
T^V-�LV-K)EW_
x(t) = cet cos(t+ α), {α, c = const}

= cet(cos t cosα− sin t sinα), c1 = c cosα, c2 = −c sinα

]�|^`ok�kbK+EW_)��kbI$EFEHGPO2k�V-IÝ��EWVX�?`

y(t) = x− dx

dt

= cet cos(t+ α) −
[
cet cos(t+ α) − cet sin(t+ α)

]

= cet sin(t+ α)

⇒ x(t) = cet cos(t+ α)

y(t) = cet sin(t+ α)

⇒ ut = tan(t+ α)u⇒ lnu = − ln(cos(t+ α)) + d̃

⇒ u =
d

cos(t+ α)

ä ÔrÜ�Ö)æXç�×�Ô^Õ�ØºùnÌnÊ
ê Ë É�Ì)ÍwÎV-KnGJKnGPk�](](�LTUSn]h](�msC`\��IP�

yx =
yt

xt
=
x+ y

x− y

=
1 + y

x

1 − y
x

9



KnTaM)d�`-g�T^`oVXGPO�ànT^](jl`\�����
w =

y

x
, y = xw

G�EW`o](�
TUs
yx = w + xwx = 1+w

1−w

G{I�_?EWTXqoI

xwx =
1 + w

1 − w
− w =

1 + w2

1 − w∫
dx

x
=

∫
1 − w

1 + w2
dw

A A A DFEWKnVBS ã ](jl` õ �
E���d"�
Ë Ô^ÔaêmÉ�Ünú
Ôa×�ÍwÆ�Ü�ÉrÊ
ê�Õ

∣∣∣∣
a b
x̃s ỹs

∣∣∣∣ = aỹs − bx̃s = 0

a = dx
dt , b = dy

dt
b
a = ỹs

x̃s
= dy

dx =
dy

dt
dx
dt

= dỹ
dx̃

û ÔUÕrÔ^Ô^ÕrúmÇ û Ô^ÖnÔUÈ}Ì+Í�Ê
Érú
](T^d�K+VâA Y

kbI$EFEHGPO2k�]6G�g�T^TU`oT^T^S)EWI$k�gCTaEFEWsCk�G{j��
EWká��IP�
(y − u)ux + (u− x)uy = x− y

x2 + y2 + u2 = R2 K)EFM+��g��
x+ y + u = c

K)EHGPT^O2k õ EWV-TUjl��gCTUI�_)O2`
ô
r
po]
c

DWTU��KnGPs�k��n�
s�`BM)_)T^�����2�
gCTUI�`oV-]�DFEWK+V-S�I�_)Oë��d"�
u(x, x) = −2x

A
i

u(x, x) = 4x
A
ii

Ë É�Ì)ÍwÎg�T^T^`oTUT^S)EWI$k�g�TUEFEWs�ká��IP�
xt = y − u

yt = u− x

ut = x− y

(x+ y + u)t = 0

(x2 + y2 + u2)t = 2xxt + 2yyt + 2uut

= 2x(y − u) + 2y(u− x) + 2u(x− y) = 0

T^`oS\g��
x + y + u = c

K+EHGPTUObk õ EWV-TUjl��g�T^I$_)O2`�g�T^TU`oT^T^S)EWI$k�g�TUEFEWs�kÞDH�?]
x2 + y2 + u2 = R2 K)EFM+�?k

R = ϕ(c)
kwK)EW_)kwO�K+O2EW]6�\A kw](jlV-kwk\T^I$`oV�TUS+]=�n�
s�`

R
po]
c

DWT^��KnGPs�k�NPjlT����2�A
c = ψ(R)

EWI
K)EWV-S+`���d"�

10



kw](jlV-kÞT^I$`oV�T^S+]z�mT^_)`�A
x + y + u =

√
x2 + y2 + u2 ](�
s�V-O�NPjlT^küA

iDH�?]�E�A T^](TU]6G�poT^I
z

]6�?]
ψ(z) = 0

gB�?]
x+ x− 2x =

√
x2 + x2 + 4x2E
C = ψ(R) = 0

x+ y + u = 0 ⇒ u = −(x+ y)

](�msCV-OiqoI
R = ϕ(c)

kwde_)kw�\kwd�_)kwk�GPObVXGP`LA
ii

√
x2 + x2 + 16x2 = ϕ(x + x+ 4x)

3
√

2 |z| = ϕ(z)

⇒ (x2 + y2 + u2) =
(x + y + u)2

2

⇒ u2 − 2(x+ y)u+ (x − y)2 = 0

u1,2 = x+ y ± 2
√
xy

V-IZK)EWjl�
]zGPT�DFEHGJI$K+kÝ�nT^�mK+k�gCTUT^s�V-T
u(x, x) = 4x

T^I$`oV-k�G�](TU�?GP�DFEWK+V-S+k�V-I�K)EWjl�
]�GPT-T^GPT^]6GPk��nT^�mKnkÝgCTUT^s�V-T�G{TUM+�?]
+

g�IRDFEWK+V-S+kA V-T^��EWT^j�I�]vk�[-`o`oT^O2T^K+s�NPTUM)k�gCTUKnjlI$k�gCTU��TU�
K+k�TU`aG�A− g�I
T�G/EWs�V-T^TU���m]�DFEWKnVBS

u(x, t)
I�kbVZA ]�T^d�K+VâA @

ut + cux + u2 = 0

u(x, 0) = 0

s�jlKnO
x

prE�DWObqBDWO2NPO
t

¿ �nEW�ms
c

KnGPI��
DFEWK+V-S+kiV-IÞI�_)Oë��IP�

¿ K+O2EW]6�m¿
c

VBEWK+T^kbOb�
x

pok�K+T^_L]6G{TU�mEWTUj�k�DFEFEWT^�?����`rE
x0

poO
t = 0

DWObqo�\I�_?EWTBkwS)EW_����2�EWVBEWIÝEWK)EW�m�zDFEWKnVBSnk�qoI
x0 > 0

g�I2G{EWj�T^�
EWk�EWK)EW�m�h�+EW�
s
x− ct

k�G õ �c��`XIXEWkA
t → ∞ GJ�L�ý]và�IXEHGÀkwS)EW_

x0 = 0
p�E
x0 < 0

g�IÝkwK)EWsßkwOþ��d"�
Ë É�Ì)ÍwÎgCTUT^`oT^TUS)EWI�k�gCTaEFEWsCkiVBEWIXEFEHGPOò��IP�

xt = c⇒ x = cτ + c2

tt = 1 ⇒ y = t = τ + c1

ut = −u2 ⇒
∫
du

u2
= −

∫
dτ ⇒ u =

1

τ + c3

Á
τ = 0

�\gCTUT^`oT^TUS)EWI�k�gCTaEFEWsC]�DFEWV-`ok
ρ

DWT^�\K+�
jl` x = s
t = 0
u = s

kw](jlV-kbk�T^I$`oV

t = c1 = 0

x = c2 = 0

u =
1

c3
⇒ c3 =

1

s
⇒ t = τ

x = cτ + s⇒ s = x− cτ

u =
s

sτ + 1
=

x− ct

(x− ct)t+ 1

11



x(t = 0) = x0
prE��+EW�
s

x− ct EW�cEWs�k�](��GZj��
EWk Á IXEWk�kw](I�GP]�]�EWsCGZjlEWNPTU`����2��
x− ct|t=0 = x0

T��b�
x0

IXEWk��nEW�ms
x− ct

gCI�qoIÝA∞ po�L��po]hànI$EHG{DFEWKnVBSnkDH�?]
x− ct = x0

x = ct+ x0

u(ct+ x0, t) =
x0

1 + x0t
→ 0

EW�
t

GJTCkwqokÝkwK+s�Ob�
x0 < 0

g�I¬A
0

V-TUVBEWkwq/IXEWkRDFEWKnVBSnkRqoI
x0 = 0

g�Iò��d"�
t→ ∞ �LkbK+EWsykwO�kw](I�GP]�VBEW�nOwGPOÝDWT^IÞDH�?]�E

t = − 1
x0

K)M)�mV-O�DFEWK+V-S+k
465�� ¡=£¥¤§¦ÿ>�<�4�¡���465�4�� >�<)��<n<��¬¦ �

auxx + buxy + cuyy + dux + cuy + fu = g

A
y

prE
x

]6G{VBEWT^_)s�`rEWScIXEWk
s, b, c, d, e, f, g

KnGJI��V-I$K+sC`CkwIXEFEHGPObk
∆ = 0

¿ VBEWT^]�EW�mK+SnTUkiV-I$Kns�`BkbI$EFEHGPO2k
∆ > 0

g�IÞA
∆ = b2 − 4ac

K+TaM)d�`A VBEWT^[-SnTU](IÝVBI�K+s�`BkwIXEFEHGPObk
∆ < 0

¿ VBEWT^]�EW�
K+S
gCTU](d�k�V-IXEFEHGPOÝV-IÞj�s�T^` ÆlÇ�È�ÉrÊ

utt − c2uxx = 0
a = 1, b = 0, c = −c2

∆ = b2 − 4ac = 4c2 > 0

V-T^]�EW�mK+SnTUkikwIXEFEHGJO2k�K+O2EW]6�
ÆlÇ�È�ÉrÊ

xuxx + xyuxy + yuyy = 0
∆ = x2y2 − 4xy = xy(xy − 4)

A gJEWjlV-k�TUEW](V�kbI$EFEHGPO2k�deEWN{DH�?]hNPS+I$]�kbEFEHGÀEWIRDH[-sZ]�EFM)d
∆

g�kw�\gCTUO2EWjlVRGPT
Á I$TUk�G�V-TU`rEW`as�kbK+EW_�GPTXgCTUdeEWNPkwO�M)jlIÝ](�?]

ust + f(us, ut, u) = 0
VBEWTU]�EW�
K+S+T^kiVBEWIXEFEHGPO

uss + f(us, ut, u) = 0
VBEWT^]�EW�mK+ScVBEWIXEFEHGPO

uss + utt + f(us, ut, u) = 0
VBEWT�[-S+T^]�IÝVBEWIXEFEHGPO

� ÂX³�´�¼+Ä ®�µJ¯}¯}±�»��=®/¯�³e´�¯��J¸b²2³}Ä¬®/¯"µJ¯}¯}±�» Å
¾u½
Í�ÉrÔ^ÕrÈ�ÉrÇ�Ée×�ÍwÉ�ÆlÉrÉ�Ø�Ç �;ï^î�ï^î

utt − c2uxx = 0, c > 0

gCTU`oVXGPO�VBSn]�j�k�To|��
ξ = x+ ct

η = x− ct

Y�@



](�msC`
∂

∂ξ

(
∂u

∂η

)
= 0

gCTU](�
s�O�VCEWT^_)K+dr[-`oT^I�@/To|��
u(x, t) = f(x+ ct) + g(x− ct)

kb](jlV-kwk�V-TUT^�n�
]vDFEWKnVBS�I$_)O ÖnÔUÈ}Ì)Í
utt − c2uxx = 0

u(x, 0) = sinx

ut(x, 0) = cosx

K+�mObI$]�MLS?|��ßË É�Ì)ÍwÎ
u(x, t) = f(x+ ct) + g(x− ct)

t = 0
po��TUI$`aVB�L�mT^_)`

u(x, 0) = f(x) + g(x) = sinx

∂u

∂t
(x, 0) = cf ′(x) − cg′(x) = cosx

DFEHGPI$K+k�V-IÝK)EWqod�`
f ′(x) + g′(x) = cosx

⇒ f ′(x) = cosx− g′(x) T^`aGP���mT^_)`ok
c(cosx− g′(x)) − cg′ = 2cg′

⇒ g′ = cosx

(
c− 1

2c

)

g(x) = sinx

(
c− 1

2c

)

⇒ f ′(x) = cosx− cosx

(
c− 1

2c

)

f(x) =

(
c+ 1

2c

)
sinx

u(x, t) =

(
c+ 1

2c

)
sin (x+ ct) +

(
c− 1

2c

)
sin (x− ct)

K+O2EW]6��VBEWTU](]6��VBEWTU_)sC`rEWS+] õ TU](kwV�EWVBEWIRV-IÞVCEHGJ�n]zDWV-TU` ×lÌ�úl×
−∞ < x <∞, utt − c2uxx = 0

u(x, 0) = α(x)

ut(x, 0) = β(x)��K+�
O2](IXMLV-jlN/EW`u�bIXEWk�DFEWKnVBSnkwG{g�T^](�msCO
u(x, t) =

α(x + ct) + α(x − ct)

2
+

1

2c

∫ x+ct

x−ct

β(s)ds
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ÆlÇ�È�ÉrÊ
utt − uxx = 0

u(x, 0) = |x|
ut(x, 0) = 0

A V-TU](]6��kwjlN/EW`o��gCTU�
T^_)OiEW`oT^TUk�[BEHGPScqoIÞgCTUKns�O�Ta|^�zK)M)deEWO�kwTUk�I$]
α, β

gCIRDFEWKnVBSgCTUI��mk�g�T^O�EWjlV-]�kwT^�n�
k�V-IÞsCK+S+`
(1)x+ ct > 0, x− ct > 0 ⇒ t ≥ −x

2 , t ≤ x
2

A Y
(2)x− ct < 0, x+ ct > 0 ⇒ t > −x

2 , t >
x
2

A @
(3)x− ct < 0, x+ ct < 0 ⇒ t < −x

2 , t >
x
2

A f
t < 0

qoI
x− ct > 0, x+ ct < 0

gCIÝT���TU��TU�
KzkbKns�O�DWT^IñA �
K+�
O2](IXM�VBj�N/EW`o��kw�m_)k�To|��cgCTUO2EWjlV-kwO�M)jlIR]6�?�\kwT^�n�
k�V-IRK)EWV-S+`

DFEHGPI$KckwK+s�OÙA Y

u(x, t) =
|x+ ct| + |x− ct|

2
+

1

2c

∫ x+ct

x−ct

0ds

= x

T^`aGPkikwK+sCO2k A @

u(x, t) =
|x+ ct| + |x− ct|

2
+

1

2c

∫ x+ct

x−ct

0ds

= t

T^GPT^]6GPkikwK+sCO2k A f

u(x, t) =
|x+ ct| + |x− ct|

2
+

1

2c

∫ x+ct

x−ct

0ds

= −x

DFEWKnVBSnk�VBIÝ�mEWV-�?]vDWVBT^`BDH�?]

u(x, t) =





x (x, t) ∈ (1)
ct (x, t) ∈ (2)
−x (x, t) ∈ (3)





utt − 9uxx = 0

f(x) = u(x, 0) =

{
1 |x| ≤ 2

0 |x| > 2

g(x) = ut(x, 0) =

{
1 |x| ≤ 2

0 |x| > 2

](G{DFEWK+V-S+k
u(x, t)

I$kwT Ö+Ô^È}Ì)Í

u(0, 1
6 )

V-IÞ�?GPj¬A Y
limt→∞ u(0, t)

V-IÞ�?GPj¬A @

14



Ë É�Ì)ÍwÎK+�
ObI$]�M\VBj�N/EW`CS?|��ßA Y

u(x, t) =
f(x+ 3t) + f(x− 3t)

2
+

1

6

∫ x+3t

x−3t

g(s)ds

kb](jlV-kwk�T^I$`oVZV-IXE
t = 1

6 , x = 0
�
TU_)`

u(0,
1

6
) =

f( 1
2 ) + f(− 1

2 )

2
+

1

6

∫ 1
2

− 1
2

1ds

=
1 + 1

2
+

1

6

∫ 1
2

− 1
2

1ds =
7

6

](�msC`rE
t

TUSn]h�?GPjl`cA @

L = lim
t→∞

(
f(3t) + f(−3t)

2
+

1

6

∫ 3t

−3t

g(s)ds

)

(∀t > 2) = lim
t→∞

(
0 + 0

2
+

1

6

(∫ −2

−3t

g(s)dx+

∫ 2

−2

g(s)dx +

∫ 2

−2

g(s)dx

))

= lim
t→∞

(
0 + 0

2
+

1

6

∫ 2

−2

g(s)dx

)
=

4

6

−∞ < x <∞
t > 0

po]�DFEWK+V-S�I�_)O




utt − 9uxx = 0
u(x, 0) = 0

ut(x, 0) =

{
1 |x| ≤ 1

0 else

kwIXEFEHGPOwGºkw`rEWV-` ×mÖ+Æ�Ø

t > 0 ⇒ x + 3t >
GügCTU�nM?EWT/EW`oI-¿

ut
TUS+]Lkbs�EW](jX�CgCTUI$�
kRgCTUKns�Ob��DW`rEW�
VBkÙË É�Ì)ÍwÎ�

x− 3t

x+ 3t > 1, x− 3t > 1
A Y

x+ 3t > 1,−1 < x− 3t < 1
A @

x+ 3t > 1, x− 3t < −1
A f

−1 < x+ 3t < 1, x− 3t < −1
A �

−1 < x+ 3t < 1,−1 < x− 3t < 1
A �

x+ 3t < −1, x− 3t < −1
A x

IXEWk�DFEWK+V-S+k�DH�?]
u(x, t) = 1

6

∫ x+3t

x−3t
0ds = 0

A Y
u(x, t) = 1

6

∫ 1

x−3t 1ds+
∫ x+3t

1 0ds = 1
6 (1 + 3t− x)

A @
u(x, t) = 1

6

∫ −1

x−3t 0ds+ 1
6

∫ 1

−1 ds+ 1
6

∫ x+3t

1 0ds = 1
3

A f
u(x, t) = 1

6

∫ −1

x−3t
0ds+ 1

6

∫ x+3t

−1
1ds = 1

6 (x+ 3t+ 1)
A �

u(x, t) = 1
6

∫ x+3t

x−3t
ds = t

A �
u(x, t) = 1

6

∫ x+3t

x−3t 0ds = 0
A x

u(x, 1)
EWkwO





utt − uxx = 0,−∞ < x <∞
u(x, 0) = 1

ut(x, 0) =

{
−1 |x| < 1

0 |x| ≥ 1

kwT^�n�
kikw`rEWV-` ÆlÇ�È�ÉrÊ
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I�TUk�K+�mObI$]�MLV-jlN/EW`�Ë É�Ì)ÍwÎ
u(x, t) =

f(x+ ct) + f(x− ct)

2
+

1

2

(∫ x+ct

0

g(t)dt−
∫ x−ct

0

g(t)dt

)

=

[
f(x+ ct)

2
+

1

2

∫ x+ct

0

g(t)dt

]
+

[
f(x− ct)

2
− 1

2

∫ x−ct

0

g(t)dt

]

g�M?sCV-O2kbE2deEWNP`ok�]�d�kiV-IÝ�
GJjl`
F (x) =

f(x)

2
+

1

2

∫ x

0

g(s)ds

=
1

2
+

1

2





∫ −1

0 −1ds x ≤ −1∫ x

0
−1ds −1 ≤ x ≤ 1∫ 1

0 −1ds x ≥ 1

=
1

2
+

1

2





1 x ≤ −1

−x −1 ≤ x ≤ 1

−1 x ≥ 1

=





1 x ≤ −1
1−x
2 −1 ≤ x ≤ 1

0 x ≥ 1

G(x) =
f(x)

2
− 1

2

∫ x

0

g(s)ds

=
1

2
− 1

2





∫ −1

0 −1ds x ≤ −1∫ x

0
−1ds −1 ≤ x ≤ 1∫ 1

0 −1ds x ≥ 1

=
1

2
− 1

2





1 x ≤ −1

−x −1 ≤ x ≤ 1

−1 x ≥ 1

=





0 x ≤ −1
1+x
2 −1 ≤ x ≤ 1

1 x ≥ 1

U(x, 1) = F (x+ 1) +G(x − 1)

=





1 x+ 1 ≤ −1
1−(x+1)

2 −1 ≤ x+ 1 ≤ 1

0 x+ 1 ≥ 1

+





0 x− 1 ≤ −1
1+(x−1)

2 −1 ≤ x− 1 ≤ 1

1 x− 1 ≥ 1

=





1 x ≤ −2
−x
2 −2 ≤ x ≤ 0

0 x ≥ 2

=





1 x ≤ −1
−x
2 −1 ≤ x ≤ 1

1 x ≥ 1

+





0 x ≤ 0
x
2 0 ≤ x ≤ 2

1 x ≥ 2

=





1 x ≤ −2

−x
2 −2 < x < 0

x
2 0 ≤ x ≤ 2

1 x ≥ 2

Y x



ÍwÔ^ÕrÈ�ÉrÇ�Ée×�Æ�ÖL×�ÔUúmê �;ï^î�ï	�
I$T^kiV-](](�
EWObk�K+�
O2I�]�M�VBj�N/EW`�qoI utt − c2uxx = ϕ(x, t),

−∞ < x <∞
t > 0

u(x, 0) = f(x)
ut(x, 0) = g(x)

u(x, t) =
f(x+ ct) + f(x− ct)

2
+

1

2c

∫ x+ct

x−ct

g(s)ds+
1

2c

∫ t

0

∫ x+c(t−τ)

x−c(t−τ)

ϕ(s, τ)ds

g�TUM?EWsJM)s��cGP]�EHGPObkÝ](�z](K+dr[-`oT^IÝI$EWkR��V-TUK)EWsCO2k�kbj�N/EW`o]zDFEWs�T^V-kC��T�GPT^](GJkis�](jlkik�GP��O2]
((x− ct, 0) , (x+ ct, 0) , (0, t))

](K+dr[-`oT^I$k�T^s�](j�TUSn]hK)EWV-S+`




utt − uxx = −2e−x sin t
u(x, 0) = sinx
ut(x, 0) = 1

ÖnÔUÈ}Ì)Í

sin(x+t)+sin(x−t)
2 = sinx cos t

A Y
1
2

∫ x+t

x−t 1ds = t
A @

K)EWV-S+`cA f
1

2

∫ t

0

∫ x+c(t−τ)

x−c(t−τ)

−2e−s sin τdsdτ = −
∫ t

0

sin τ
[
e−(x+t−τ) + e−(x−t+τ)

]
dt

= e−x

(
et − e−t

2

)[
et (sin t− cos t) + 1

]

u(x, t) = sinx cos t+t+ex
(

et−e−t

2

)
[et (sin t− cos t) + 1]

](�
s�`rEngCTU�mEHGPT^jlk�V-I\K+�
jl`zA �

Í�Ô�Ö+ÔUêbÜ�Ç�×�Ö�Ö�
 �;ï^î�ï�ðg�T^](TU�
s�O
ABCD

I$kwV
utt − c2uxx = 0 ÍwÔ^ÕrÈ�ÉrÇ�Ée×�× gCTU](d�k�V-IXEFEHGJOº](GáDFEWKnVBS

u
I$kwTgCTUT^`oT^TUS+EWI$k�gCTaEFEWsCkbO�g�T^K+_?EW`okigCTU](T^�msCO�¿ K+O2EW]6��¿ gCTUT^`oT^TUS+EWI

x− ct = c1

x− ct = c2

x+ ct = c3

x+ ct = c4

u(A) + u(C) = u(B) + u(D)
qoI

kwIXEFEHGPObk�VBIÝV-O2T^T^s�Obk�kwTU_)sC`rEWS
u(x, t)

I$kwV ÖnÔUÈ}Ì+Í
utt − uxx = 0

u(x, 0) =
x

x2 + 1
, 0 < x

ut(x, 0) = 0, x > 0

u(0, t) = t > 0

u(1, 3)
V-IÝ�
GJj
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poTU`UGPkZkwTU���mk
x /∈ (−∞,∞)

GüI�TUkZkw`rEHGJI$K+kßkwTU���mkZVBEWT^�n��K+SnNPOßEW`o]\GPT�Ë É�Ì)Í�Îkw`o�
`ÞA V-T^](TU�
s�Obkß]�]6�?�ÝGPO2VXGP`�DH�?]óA
t < 0

K)EW�
�iIXEWk{Kn_?EW`aGñGP]�EHGPO2k�GþkwT
õ K+MÝgCTUK+�mEW�nkyg�T^T^`oTUT^S)EWI$k�gCTaEFEWsCk�V-Iº�?GPjl`ÞA kwSnGPk õ K)MÝVBKn��EW��GþV-T^](TU�
s�OA

(1, 3)

x− t = c1, 1 − 3 = c1 = −2 ⇒ x− t = −2

x+ t = c2, 2 + 0 = c2 ⇒ x+ t = 2

x− t = c3, 2 + 0 = c3 ⇒ x− t = 2

x+ t = c4, 3 + 1 = c3 ⇒ x+ t = 4

VBT^](TU�
s�Obk�]�]6��T^S+]
u(1, 3) = u(3, 1) + u(0, 2)− u(2, 0)

= u(3, 1) − 2

5

u(3, 1) =
f(4) + f(2)

2
+

1

2

∫ 4

2

g(s)ds =
1

2

(
4

17
+

2

5

)

u(1, 3) =
1

2

(
4

17
+

2

5

)
− 2

5

ä Í�ÔUÈ�ÉrÛeÉ�ç2ÍwÔ^È�ÉrÛ�ÚaÔaÆ�×lêlæwÌ)× �;ï^î�ï
�
]6G�VBEWTUdeEWq�poT^I�VCEW�
jlK+kÞK+TUM?d�`





utt − c2uxx = F (x, t) x > 0, t > 0
u(x, 0) = f(x) x ≥ 0
ut(x, 0) = g(x) x ≥ 0
u(0, t) = 0 t ≥ 0

kwT^�n�
kÝ](�\]6�?V-NP`
Á
f, g, F

f(x) =

{
f(x) x ≥ 0

−f(−x) x < 0
, g(x) =

{
g(x) x ≥ 0

−g(x) x < 0
, F (x, t) =

{
F (x, t) x ≥ 0

−F (−x, t) x < 0

Q ��O2kiV-IÝK)EWV-S+`rE
utt − c2uxx = F (x, t)

u(x, 0) = f (x)

ut (x, 0) = g (x)

x > 0, t > 0
KnGPI��

u (x, t) = u (x, t)
T��\kwI$Kn`

u (x, t) =
1

2

[
f (x+ ct) + f (x− ct)

]
+

1

2c

∫ x+ct

x−ct

g (s) ds+
1

2c

∫ t

0

∫ x+c(t−τ)

x−c(t−τ)

F (s, t) dsdτ

u (0, t) = 0
gCIÝs�EFM)�m`

u (0, t) =
1

2

[
f (x+ ct) + f (x− ct)

]
+

1

2c

∫ x+ct

x−ct

g (s) ds+
1

2c

∫ t

0

∫ x+c(t−τ)

x−c(t−τ)

F (s, t) dsdτ

=
1

2

[
f (ct) + −f (ct)

]
+

1

2c

∫ +ct

−ct

g (s) ds+
1

2c

∫ t

0

∫ +c(t−τ)

−c(t−τ)

F (s, t) dsdτ

= 0

18



kbO2EFM�DWS)EWI$�

u (x, 0) =
1

2

[
f (x) + f (x)

]
+

1

2c

∫ x

x

g (s) ds

+
1

2c

∫ 0

0

∫ x+c(t−τ)

x−c(t−τ)

F (s, t) dsdτ

= f (x)

⇒ x ≥ 0, u (x, 0) = u (x, 0) = f (x, 0) = f (x, 0)

ut (x, 0) =
1

2

[
cf (x) − cf (x)

]
+

1

2c
(cg (x) + cg (x))

+
1

2c

∫ x+c(t−τ)

x−c(t−τ)

F (s, t) ds

= g (x)

⇒ x > 0, t > 0, ut (x, 0) = ut (x, 0) = g (x) = g (x)

A
u = u

G��n�mEW`CVBEFM)T^jlTUO�A gCTUT^s�] õ T^K+_
u

paG{VBEHGPT^K)M)k�V-IÞgCTUT^s�O
u

paG{EW`oT^I$KLDH�?]

õ T^K+_�kwT^kßDFEWK+V-Si](�msC]�TUM+�R¿ �
u (0, t) = 0

I$]�Er�
ut (0, t) = 0

TUI$`aVBkyDFEWV-`«kwT^k�EW] ×lÌnú�×A V-TUdeEWqBkb�
jlK+k�VBEHGP�n]

f(x) =

{
f(x) x ≥ 0

f(−x) x < 0
, g(x) =

{
g(x) x ≥ 0

g(−x) x < 0
, F (x) =

{
F (x) x ≥ 0

F (−x) x < 0

qoIXE
v (x, t) = u (x, t) − h (t)

g�T^�mT^_)OiEW`aTUT^k
u (0, t) = h (t)

DFEWV-`BkbT^k�EW] ×lÌnúl×
v (0, t) = u (0, t) − h (t) = 0

Á gJM?EWsCOikw`rEHGÀT^`odeEWO�EWk�s�](j�E�kw](jlV-k�T^I$`oVRgC��kwTUkwV
v

pr]�](�
s�`aGykwIXEFEHGPObk�](�mI

utt − c2uxx = F (x, t)

vtt + htt − c2vxx = F (x, t)

⇒ vtt − c2vxx = F (x, t) − htt

v (x, 0) = u (x, 0) − h (0) = f (x) − h (0)

vt (x, 0) = ut (x, 0) − h
′

(0) = g(x) − ht (0)

](�zkb�nEW�ms
ux (x, t)

paGÀDFEWV-`CA K)EHGPT^O2�
utt − uxx = 0

]6GÀDFEWK+V-S
u (x, t)

I�kbThË æbêmÇ�Ç�Ö+Ô^È}Ì)ÍA
u (x, t)

V-IÝ�
GJj
u (1, 1) = 3

poGPE
u (x, 0) = 1

paG{DFEWV-`�¿ DH�
EWOb�\A
x = 1 + t

KnGJTUk

To|���DFEWV-`-kwIXEFEHGPObk�](G�T^]�]6�?k�DFEWKnVBSnkóË É�Ì)ÍwÎ
u (x, t) = F (x+ t) +G (x− t)

ux (x, t) = F
′

(x+ t) +G
′

(x− t)

19



]��
s�`oE
x− t = 1

�mT^_)`
ux (t+ 1, t) = F

′

(2t+ 1) +G
′

(1) = c

⇒ F
′

(s) = k

⇒ F (s) = ks

u (x, 0) = 1

⇒ F (x) +G (x) = 1

ks+G (x) = 1

u (1, 1) = F (2) +G (0) = 3

= 2k + (1 − 0k) = 3

⇒ k = 1

⇒ F (x) = x

G(x) = 1 − x

u (x, t) = 1 + 2t

paG�DFEWV-`
t > 0,−∞ < x < ∞ ]

utt − c2uxx = 0
]6G�DFEWK+V-S

u (x, t)
I�kbVëË æbêmÇ�Ç�Ö+Ô^È}Ì)Í

ut + cux = 0
G�j��
EWk

x = 2 + ct
KnGPT^k õ K+EWI$]vkw�+EW�
s

u

Ta|^��kwd�_)kb]hVB`aVBT^`
u

Ë É�Ì)ÍwÎ
u (x, t) = F (x+ ct) +G (x− ct)

F (2 − 2ct) +G(2) = const

(s = 2 + 2ct) ⇒ F (s) = const

u (x, t) = G (x− ct) + const

ut + cux = −cG′

(x− ct) + cG
′

(x− ct) = 0

û Ô^ÕeÍbØ�ÇiÍ�Ê
ÌnÎ?×lê�ÍwÉrÕrÉ�Ì)Í�Î �;ï^î�ï
�
Í�ÔUÇmÔUÕrÎL×mÖ+Î�
+Ç�êlæwÌnÇ

u, v
gCTUK+EH[-sJE«@�]6�?]�gCI�A ��S?|^ObOC�/V-T^O2T^`oS�kw](Sn�?OÀ�
jlK+OÀI�K+s�T

V
T^K)EH[-sJE/�mj�K+O ×lÌnÊ?È"×VBEW`rEH�?V-k�VB](���

f(u, v) ≡ 〈u, v〉 ∈ R
�\DWO�EWNPVXGÀ¿

R
po]
V × V

O�kbT^_)s�`oEWScV-K)M)deEWO
∀u, v ∈ V, 〈u, v〉 = 〈v, u〉 A Y

∀u, v, w ∈ V, 〈u+ v, w〉 = 〈u,w〉 + 〈v, w〉 A @
∀u, v ∈ V, α ∈ R, 〈αu, v〉 = α 〈u, v〉 A f

∀v ∈ V, 〈v, v〉 ≥ 0 ∨ v = 0 ⇔ 〈v, v〉 = 0
A �

〈u, v〉 =
∑n

i=1 uivi
I�TUk�VBT�[-K)M)`a[-NPkiS)|^Obk�¿

R
3 pr��¿ ]6GPO2]zA S)|^ObO�IXEWk

R
n ÆlÇ�È�ÉrÊ

]6��qoI
V

pr]cNPT^NP��kbEFEWkwO {en} paG�jlTU`a`§A
V

S)|^ObO2��`�|^IRg�T^K)EH[-sJEXkwK)M)N {en} I$kwV ×lÌ�úl×
u =

∑
n unen

NPTUNP�
k�TUK+�
I�]6GÀT^K+I$T^`oTU]�à+EWKn_+��kwde_)kw]�DWV-T^`
u ∈ V

〈u, ej〉 =

〈
∑

i

uiei, ej

〉
= uj
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A 〈f, g〉 =
∫ `

0 f (x) g (x) dx
Ta|^�iS?|�O�KnTaM)d�kw]�DWV-T^`�VBEWT^GJO2OÀVBEWT^_)s�`rEWS�T^�
jlK+OßTU�
d�] ×lÌ�Ê
È"×`�|^IÝNPT^NP�LkbEFEWkwO {

1, cos
(

2nπx
`

)
, sin

(
2nπx

`

)}∞
n=1

qoI$E

h (x) =
∑

an cos

(
2nπx

`

)
+ bn sin

(
2nπx

`

)

DH�?]

an =
2

`

∫ `

0

h (x) cos

(
2nπx

`

)
dx

bn =
2

`

∫ `

0

h (x) sin

(
2nπx

`

)
dx

Í�É�ÆlÇ�È�ÉrÊ
poK+V-S«jlT^`o`





utt − k2uxx = 0 k > 0, x ∈ (0, `) , t > 0
u (x, 0) = f(x) x ∈ (0, `)
ut (x, 0) = g (x) x ∈ (0, `)

u (0, t) = u (`, t) = 0 t > 0

Í�Ô^ÕrÈ�ÉrÇ�Ée×�× û Ô�Ö+È"×�ÍwÆlÉrÉ�Ø=Ç
V-TUK+EWs�ObkikwIXEFEHGPOb���
T^_)`

u (x, t) = X(x)T (t)
g�T^`oVXGPOiVBM)K+S+kw��DFE

XT
′′ − k2X

′′

T = 0

T
′′

(t)

k2T (t)
=

X
′′

(x)

X(x)
= −λ

Á VBEWTU���i@�EW`o](�mT^s
](TU�mEWTU]0g�K)EH[XG�V-TUT^�n�{A Y

X
′′

+ λX = 0

X(0) = X(λ) = 0

I$T^k�](T^��EWT^]hgCK)EH[XG�VBT^T^�n�
]vTU](]6�?k�DFEWK+V-S+k
X = A cos

√
λx+B sin

√
λx

X (0) = A = 0

X (`) = B sin
√
λ`

n ∈ N, nπ =
√
λ`

EWI
B = 0

DWI��?O
u ≡ 0

DH�?]�E
X = 0

qoI
B = 0

g�I
√
λ =

DH�?]�E2DFEWK+V-SLEW`aTUI
u ≡ 0

qoIÞ¿ �
g

po�mE
f

pok�](]�EH�b�wVBT^`odeEWO2EWkiI$]vkwIXEFEHGPObk�g�I
Xn = Bn sin

(
nπx

`

) A DFEWK+V-ScIXEWk�EW](](k
λ

](G{V-TUK+I�TU`oT^]hkwT^_)`oT^�mO2EWsZ]6��DH�?]�A nπ
`

T
pr]0kwIXEFEHGPObkóA @

T
′′

+ λk2T = 0

T
′′

+ k2n
2π2

`
T = 0

Tn = Cn cos

(
nπkt

`

)
+Dn sin

(
nπkt

`

)

⇒ u(x, t) =

∞∑

n=1

[
Cn cos

(
nπkt

`

)
+Dn sin

(
nπkt

`

)]
Bn sin

(nπx
`

)
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qoIXE
c̃n = cnbn, d̃n = dnbn

DWObNP`zA f

u(x, t) =

∞∑

n=1

[
C̃n cos

(
nπkt

`

)
+ D̃n sin

(
nπkt

`

)]
sin
(nπx

`

)

c̃n, d̃n
V-IRI$_)Ob`

u (x, 0) = f(x) =

∞∑

n=1

c̃n sin
(nπx

`

)

ut (x, 0) = g (x) =

∞∑

n=1

d̃n
nπk

`
sin
(nπx

`

)

DH�?]�E

c̃n =
2

`

∫ `

0

f (x) sin
(nπx

`

)
dx

d̃n =
2

nπk

∫ `

0

g(x) sin
(nπx

`

)
dx

Í�É�ÆlÇ�È�ÉrÊ




utt − uxx = 0 0 < x < π, t > 0
u (x, 0) = sin3 x 0 ≤ x ≤ π
ut (x, 0) = sin 2x 0 ≤ x ≤ π

u (o, t) = u (π, t) = 0

A Y

paGPOb�0�
TU_)`
u (x, t) = X (x)T (t)

kwK)EW_)kwOLDFEWK+V-S+k�V-I�d�T^_)kb]/KnGJS+I�G�g�T^jlT^`oOüË É�Ì)Í�ÎkwIXEFE
XT

′′ −X
′′

T = 0

T
′′

T
=

X
′′

X
= −λ

EW`a]��
T^s
X

′′

+ λX = 0

X (0) = 0

X (π) = 0

K)EW�
�n`hA
Xn (x) = sin (nx) , n = 1, 2,

DWkÝ�)|^Snk2E
λn = n2, n = 1, 2,

g�kÝ�)|^��kkwIXEFEHGPOb]
T

′′

+ n2T = 0

⇒ Tn = An cos (nt) +Bn sin (nt)

DFEWK+V-S+k�gCTUT^s
n ∈ N

](�?]zDH�?]
ux (x, t) = (An cos (nt) + Bn sin (nt)) sin (nx)

u (x, t)
]6G{T^K+I$T^`oT^]hànEWK+TU_�IXEWkiT^](](�?kiDFEWK+V-S+kbE

u (x, t) =

∞∑

n=1

(An cos (nt) +Bn sin (nt)) sin (nx)
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kw](jlV-kwk�TUI�`oVZV-IÞ�
T^_)`
u (x, 0) = sin3 x =

∑
An sin (nx)

An =
2

π

∫ π

0

sin (nx) sin3 xdx

sin3 x =
3

4
sinx− 1

4
sin (3x)

A1 =
3

4

A3 = −1

4
{∀n 6= 1, 3} , An = 0

ut (x, 0) =
∞∑

n=1

nBn sin (nx) = sin 2x

B2 =
1

2
{∀n 6= 2} , Bn = 0

⇒ u (x, t) =
3

4
cos t sinx− 1

4
cos 3t sin 3x+

1

2
sin 2t sin (2x)

×lÌnú�×
u (a, t) = A (t) , u (b, t) = B (t)

kw]6�?T^K)M\deEWNPOiVBEWTU���Ù��IP�
ux (a, t) = A (t) , ux (b, t) = B(t)

DWObTaEW`-deEWNPOiVBEWT^�n�Ù���2�
ux (a, t) =

EWI
u (a, t) = A (t) , ux (b, t) = B(t)

�
K)EW�nO deEWNPO VBEWT^�n�Ù��d"�
A (t) , u (b, t) = B(t)

u (x, t) = X (x) T (t)
DFEWK+V-S





utt − 4uxx = 0 0 < x < 1, t > 0
u (x, 0) = cos2 πx 0 ≤ x ≤ 1

ut (x, 0) = sin2 πx cosπx 0 ≤ x ≤ 1
ux (0, t) = ux (1, t) = 0 t ≥ 0

kwTU���ÀA @
qoI$E

T
′′

4T
=

X
′′

X
= −λ

](T^��EWT^]hgCK)EH[XG{V-T^TU���
X

′′

+ λX = 0

X
′

(0) = X
′

(1) = 0

T^]�]6�\DWS)EWI$�
X = A cos

√
λx+B sin

√
λx

X
′

=
√
λ
(
−A sin

√
λx+B cos

√
λx
)

X
′

(0) = 0 = B
√
λ

qoI
B = 0

g�IÞA
λ = 0

G{EWI
B = 0

GÀEWI
0 = X

′

(1) = −
√
λA sin

√
λ

A 6= 0
g�IÝEW`o](�
TUs

√
λ = nπ
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qaI
B 6= 0

gCI
√
λ = 0

X = A+Bx

X
′

= B = 0

X = A

K)EWqoj�`
X0 = 1

2 , Xn = cos (nπx)
DWk��+|^S+kbE

λn = n2π2, n ∈ N
g�deE

λ0 = 0
gCk��)|��nk

T
]

n = 0 ⇒ T
′′

= 0 ⇒ T0 = A0 + b0t

n 6= 0 ⇒ Tn (t) = An cos (2nπt) +Bn sin (2nπt)

�m|�kwN

u (x, t) =
A0 +B0t

2
+

∞∑

n=1

(An sin (2nπt) +Bn cos (2nπt)) cos (nπx)

kw](jlV-k�TUI�`oV-�LGPObV-GJ`

u (x, 0) =
A0

2
+

∞∑

n=1

An cos (nπx) = cos3 x

cos3 x =
1

2
+

1

2
cos (2πx)

⇒ A0 = 1, A2 =
1

2
, an = 0

ut (x, 0) =
B0

2
+

∞∑

n=1

2nπBn cos (nπx) = cos2 πx

= sin2 (πx) cos (πx)

=
1

4
cosπx− 1

4
cos 3πx

B1 =
1

8π
,B3 = − 1

24π
,Bn = 0

u (x, t) =
1

2
+

1

8π
sin (2πt) cos (πx) +

1

2
cos (4πt) cos (2πx) − 1

24π
sin (6πt) cos (3πx)





utt − 4uxx + u = 0 0 < x < π, t > 0

u (x, 0) ≡ g (x) =

{
1 0 ≤ x ≤ π

2

x π
2 < x ≤ π

ut (x, 0) = sin 3x 0 ≤ x ≤ π
u (0, t) = u (π, t) = 0 t ≥ 0

V-T^`odeEWO�EWk�I�]�]/VXGPS+j�VBOwGÝV-TU`odeEWO2EWkzkbI$EFEHGPOñA f

Ë É�Ì)ÍwÎ
u (x, t) = X (t)T (t)

XT
′′

+X
′′

T +XT = 0

T
′′

T
− 4

X
′′

X
+ 1 = 0

T
′′

+ T

4T
=

X
′′

X
= −λ
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T^��K+�?�\EW`oI�_)O
X

′′

+ λX = 0

X (0) = X (π) = 0

λn = n2, Xn = sin (nx)

T
K)EW�
�

T
′′

+ T + 4n2T = 0

T
′′

+
(
1 + 4n2

)
T = 0

Tn (t) = An cos
(√

1 + 4n2t
)

+Bn sin
(√

1 + 4n2t
)

u (x, t) =
∞∑

n=1

(
An cos

(√
1 + 4n2t

)
+Bn sin

(√
1 + 4n2t

))
sin (nx)

kb](jlV-k�T^I$`oV-�LGPObVXGP`

u (x, 0) =

∞∑

n=1

An sin (nx) = g (x)

⇒ An =
2

π

∫ π

0

g(x) sin (nx) dx

=
2

π

∫ π
2

0

sin (nx) dx+
2

π

∫ π

π
2

x sin (nx) dx

ut (x, 0) =

∞∑

n=1

Bn

√
1 + 4n2 sin (nx) = sinx

∀n 6= 3, Bn = 0

B3 =
1√

1 + 36
=

1√
37

u (x, t) =
∑

An sin (nx) +
1√
37

sin
√

10t sin 3x

û Ô^ÕrÈ�ÉrÇ�Ée×�Æ�Ö û Ô�Ü�Ö)æ û ú û Ô�Ö+È"×�ÍwÉ�ÆlÉrÉ�Ø�Ç �;ï^î�ï	�
utt − k2uxx = F (x, t) 0 < x < `, t > 0

u (x, 0) = f (x) 0 ≤ x ≤ `
ut (x, 0) = g (x) 0 ≤ x ≤ `

u (0, t) = u (`, t) = 0 t > 0

×lÌnÊ?È"×

DWObNP` Ô^Ö�Ö�
 Ë É�Ì)ÍwÎ
u (x, t) = X (x) T (t)

kwIXEFEHGPObkÝ]6G�TU`ad�EWO2EWkwkis�](jl�L�mT^_)`rE
XT

′′ − k2X
′′

T = 0

X
′′

+ λX = 0

Xn = sin
(nπ
`
x
)
, λn =

(nπ
λ

)2

DFEWK+V-S+k�V-K)EW_�V-IÞkw`o�
`
u (x, t) = Tn (t) sin

(nπx
`

)
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V-TUK+EWs�ObkikwIXEFEHGPOb���
T^_)`
∞∑

n=1

[
T

′′

n + n2π2k2

`2 Tn

]
sin
(

nπx
`

)
= F (x, t) =

∞∑

n=1

Fn (t) sin
(nπx

`

)

KnGPI��

Fn (t) =
2

`

∫ `

0

F (x, t) sin
(nπx

`

)
dx

](�msC`rE2gCTUO2M)s�O�VBI$EFEHGPkw��GPObVXGP`

T
′′

n +
n2π2k2

`2
Tn = Fn (t) (7)

]��
s�`-DWI2�?O�E

Tn = An cos

(
nπkt

`

)
+Bn sin

(
nπkt

`

)
+ Fn (t)

qoIXE
(7)

](G{T^[-KnS�DFEWKnVBS
Fn

KnGPI��

u (x, t) =

∞∑

n=1

[
An cos

(
nπkt

`

)
+Bn sin

(
nπkt

`

)
+ Fn

]
sin
(nπx

`

)

A ](TUd�Kn�Lg�T�G/EW�zkbq-V-IXE
Bn

prE
An

VBIÝsJEFM)�
]vK+VBEW`




utt − 4uxx = x x ∈ (0, 1) , t > 0
u (x, 0) = `x x ∈ [0, 1]

ut (x, 0) = x2 + x x ∈ [0, 1]
u (0, t) = 0 t ∈ [0,∞)
ux (1, t) = et t ∈ [0,∞)

ÖnÔUÈ}Ì)Í

õ �
v

V-I�K+jl�
`rE
w (x, t) = u (x, t) − v (x, t)

K+TaM)d�`\A gCTUOb](�n`=VBSn]�j�k�kwGJ�n`�Ë É�Ì+ÍwÎ
v (0, t) = 0, vx (1, t) = et K+O�EW]6��¿ V-T^`odeEWO�EWk�](TU�mEWT^]cgCK)EH[XGºV-T^TU����kwT^kwT

w
]6G

EW`o](�
TUs�E
u = w + v

kwIXEFEHGPOb���mT^_)` v (x, t) = a (t)x+ b (t)
v (0, t) = b (t) = 0
vx (1, t) = a (t) = et

v (x, t) = xet

K+jl�
`

utt − 4uxx = wtt + vtt − 4 (wxx + vxx) = wtt − 4wxx + xet = x

⇒ wtt − 4wxx = x
(
1 − et

)

u (x, 0) = w (x, 0) + v (x, 0) = w (x, 0) + x = `x

⇒ w (x, 0) = x (`− 1)

ut (x, 0) = wt (x, 0) + vt (x, 0) = wt (x, 0) + x = x2 + x

⇒ wt (x, 0) = x2

g�T^O2T^TUsCV-O�g�T^I$`oV-k�K+I�G�kbT^`o�
k�S?|��
w (0, t) = 0

wt (1, t) = 0
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]6GÝTU`odeEWO2EWkwkLs�](jlk�DFEWK+V-S+O\](T^jlV-`




wtt − 4wxx = x (1 − et)
w (x, 0) = x (`− 1)
wt (x, 0) = x2

w (0, t) = wx (1, t) = 0

EW`a]��
T^s��m|^kwN
kwIXEFEHGPObk

XT
′′ − 4X

′′

T = 0

X
′′

+ λX = 0, X (0) = 0, X
′

(1) = 0

X (x) = A cos
√
λx+B sin

√
λx

X (0) = 0 = A ⇒ X = B sin
√
λx

X
′

(x) = B
√
λ cos

√
λx

X
′

(1) = B
√
λ cos

√
λ = 0

√
λn = π

2 (2n− 1)
E
B 6= 0

DH�?]�E2T^](IXEFEWT^Kn[�DFEWK+V-S+k�qaI
B = 0

gCI

Xn = Bn sin

(
π

(
n− 1

2

)
x

)

λ = 0
K)EW�
�

X
′′

= 0

⇒ X = A+Bx

X (0) = 0 ⇒ A = 0

X
′

(1) = 0 ⇒ B = 0

A �+|^�cI$]vIXEWk
λ = 0

DH�?]�E2T^](IXEFEWT^Kn[�DFEWK+V-S+k�DH�?]A DFEWK+V-S+]�V-T^](](�LkwK)EW_Lkw`o�
`

w (x, t) =

∞∑

n=1

Tn (t) sin

(
π

(
n− 1

2

)
x

)

Á
w

]6G�VBT^`odeEWO2EWk�I$](kikwIXEFEHGPOb���
T^_)`

w (x, t) =
∞∑

n=1

(
T

′′

n + 4π2

(
n− 1

2

)2

Tn

)
sin

(
π

(
n− 1

2

)
x

)

= x
(
1 − et

)
=
(
1 − et

) ∞∑

n=1

An sin

(
π

(
n− 1

2

)
x

)

An = 2

∫ 1

0

x sin

(
π

(
n− 1

2

)
x

)
dx

T
′′

n + 4π2

(
n− 1

2

)2

Tn = An

(
1 − et

)

GPT-DWI��?O
An

V-IÞK+EWVBSn]�A Y
w

�L�mT^_)kw]�EbK?|UM)ObkiV-IÞK+EWVBSn]�A @
A kw](jlV-k�T^I$`oV-�\�
TU_)kw]hGPTX¿ EW](�msCVBT�G�g�T^�+EW�
s�k�V-IÝIXEW_)Ob]vTaM+�{A f

v
V-IÞgCVB](�
sCG

w
po]�ànT^N/EWkw]ZA �
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� ´2³���¯�³�´ßÂB¸2¯u°=± ² ö ÷��/Â-¯"Ã�Ä ®�µJ¯}¯}±�» Å
¾�Å




ut − uxx = x
(

1+πt
π

)
x ∈ (0, π) , t > 0

u (x, 0) = 2 − 2x2

π x ∈ [0, π]

u (0, t) = 2 t ≥ 0

u (π, t) = t t ≥ 0

ÆlÇ�È�ÉrÊ

V-TUT^�n��]6G¬VCEWT^`odeEWO2EWk�poT^Ißg�T^TUsCO
v

KnGPI��
w (x, t) = u (x, t) − v (x, t)

K+TUM)d�`zË É�Ì+ÍwÎK+TUM)de`-A V-T^K)EWs�Obk�kwIXEFEHGPOb]�kwK)EHGPs�k�](T^��EWT^]hgCK)EH[XG

v (x, t) = a (t)x+ b (t)

v (0, t) = b (t) = 2

v (π, t) = a (t)π + 2 = t

a (t) =
t− 2

π

v (x, t) =
t− 2

π
x+ 2

w (x, t) =
K+TUM)de`2qoIXEbA

u
](GßVBEWT^`odeEWO�EWkwk2poTUI�kbVBEWI�V-IigCTUT^s�O

v
poGZI$TUk�k�GPT^K)M)k
u (x, t) − v (x, t)





wt − wtt = xt x ∈ (0, π) , t > 0

w (x, 0) = 2x
π (1 − x) x ∈ [0, π]

w (0, t) = 0 t ≥ 0

w (π, t) = 0 t ≥ 0

w (x, t) = X (x) T (t)
kwK)EW_)kwO�DFEWK+V-S+k�GÀjlT^`o`rEbTU`odeEWO2EWkwk�s�](jlkwO�](T^jlV-`

X
′′

X
= −λ

X
′′

+ λX = 0

X (0) = X (π) = 0

Xn = sin (nx)

λn = n2, n ∈ N

VBEWTU_)sC`rEWSn�
x

DFEFEWT��?���+|^Sß]6Gåkw]�S��?O2k ](G T^K+I$T^`oT^]ÝànEWK+_+��DFEWK+V-S+kÙV-Iókw`o�
`
t

DFEFEWT��?��VBEWTUOb_)�

w (x, t) =
∞∑

n=1

Tn (t) sin (nx)

w
pr]hVBT^`odeEWO2EWk�I$](kikwIXEFEHGPOb���
T^_)`

∞∑

n=1

(
T

′

n + n2Tn

)
sin (nx) = tx
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A ](T^��EWT^]vg�K+EH[XG{V-T^TU���\]6G{VBEWT^O2_)��k�VCEWT^_)s�`oEWS+�\K)EH[-]
tx

V-IÝjlV-S+`

x =
∞∑

n=1

Bn sinnx

Bn =
2

π

∫ π

0

x sin (nx) dx =
2 (−1)

n+1

n
∞∑

n=1

(
T

′

n + n2Tn

)
sin (nx) = t

∞∑

n=1

2 (−1)
n+1

n
sinnx

∀n ∈ N, T
′

n + n2Tn = t
2 (−1)

n+1

n

Tn (t) =
2 (−1)n+1

n5

(
n2t− 1

)
+ Cne

−n2t

w (x, t) =

∞∑

n=1

[
2 (−1)

n+1

n5

(
n2t− 1

)
+ Cne

−n2t

]
sin (nx)

kw](jlV-k�TUI�`oV-�\kw�m_)kiTa|^��gCTUI�_?EWO
Cn

V-I

w (x, 0) =

∞∑

n=1

[
2 (−1)

n

n5
+ Cn

]
sin (nx) =

2x

π
(1 − x)

=
∞∑

n=1

Bn
2x

π
(1 − x)

Bn =
2

π

∫ π

0

2x

π
(1 − x) sin (nx) dx

Cn =
−2 (−1)

n

n5
+

4

π2

∫ 4

0

x (1 − x) sin (nx) dx

u (x, 0) =

∞∑

n=1

[
2 (−1)

n

n5

(
n2t− 1

)
+ Cne

−n2t

]
sin (nx) + 2 + (t− 2)

x

π

EWIñg�T^�mK+EW�nOÙ](T^��EWT^]Ýg�K)EH[XGåVBEWT^�n�
]RkwO2T^I$V-O
v (x, t) = a (t)x + b (t)

kb�
_)kwk ×lÌnú�×
v (x, t) = a (t)x2 + b (t)x

jls�T^`XT^`odeEWO�EWkiI�]�DWO2TUEW`-TUI�`oVR]6G�kbKns�Ob��A kw](�?T^K)M
ÄB³�¼�¸b·ýµ�ÄÀ´X¸w¼(°=·�³�µñ®J°�³�± Å
¾^Ó

A kwTU���mk�](GÀDFEWK+V-S+kiVBEFM)TUj�TXj��
EWkÝ¿+kbT^d�K+`oI$k�](K+dr[-`oTUI�VX[-T�G{VBEW�n_)ObI$� ÖnÔUÈ}Ì)Í




ut − kuxx = F (x, t) 0 < x < L, t > 0

u (0, t) − αux (0, t) = a (t) t ≥ 0

u (L, t) − βux (L, t) = b (t) t ≥ 0

u (x, 0) = f (x) 0 < x < L

α, β > 0, k > 0
KnGPI��

](�zg�T^]6�?V-NPOÝ¿
u1, u2

VBEW`rEWK+V-S�@�GPT^GÀ¿ K+O2EW]6��¿ M)T^jlT$I$]�DFEWKnVBSnkwG{jlT^`o`zË É�Ì)ÍwÎ
E (t) =

1

2

∫ t

0

w2 (x, t) dx

KnGPI��
w (x, t) = u2 (x, t) − u1 (x, t)
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A V-TU](T^]6G�poTUIÝkwTU_)sC`rEWS�]6G�](K+dr[-`oTUI�T��
E (t) ≥ 0

dE

dt
=

1

2

∫ L

0

2wwT dx

kbI$EFEHGPO2k�V-IÝVBObT^TUsCO
w (x, t)

wt − wxx = 0

w (0, t) − αwx (0, t) = 0

w (L, t) − βwx (L, t) = 0

w (x, 0) = 0 DH�?]
dE

dt
=

∫ L

0

wkwxxdx

= k

[
(wwx)|L0 −

∫ L

0

w2
xdx

]

= k

[(−w2 (L, t)

β
− w2 (0, t)

α

)
−
∫ L

0

w2
xdx

]
≤ 0

DH�
EWOb�\A
t
pr�Lkb]�EW�cI$]vV-T^`rEH[BEW`rEWO

E
DH�?]

E (0) =

∫ L

0

w2 (x, 0) dx

=

∫ L

0

0dx = 0

kbEFEHG�VBEWTUkw]¥V-�mT^T^jLDH�?]�ElV-TU](T^]6G�poTUIXE
0

��kw](T^jlV-O�kw]�EW�hI$]§V-T^`rEH[BEW`rEWO
E (t)

DH�?]K+O2EW]6��A
0

pr]
w = 0

⇒ u1 = u2

®P³�´2´��R´�³���¯�³�´ßÂB¸2¯u°=±©®P³e³�÷�� Å
¾Fø
{

d
dx

(
p (x) du

dx

)
− q (x)u+ λρ (x)u = 0 0 < x < 1

u (0) = u (1) = 0

û Ô^ébÎ)Ø�ÇNPjlT^��V-TU](`rEWdeEWV-K)EWI�DWk�](TU�mEWT^]\K)EH[XGóV-T^TU����](Gü�)|^��]�VCEWObT^I$V-O2kßVBEWTUOb_)��VBEWT^_)s�`rEWSyA YV-T^O2T^`oS+k�kb](Sn�?Ob]
〈f, g〉 =

∫ 1

0

fgρdx

kbOb]6GÀkw_?EW�
s�g�k�gCTU`oEWVB`akig�T^I$`oV-k�gC�zkbT^�n�
k�]6G{DFEWK+V-S+kóA @
qaI

Φ (x) =
∑∞

n=1 cnun (x)
j�V-S+]vg�T^_?EWK)EbkbT^�n�
ki]6G��)|^Snk�DWk

un
g�IáA f

cn =

∫ 1

0 ρΦunρdx∫ 1

0
ρu2

ndx

f �



û Ô^ÖnÔUÈ}Ì+ÍgCTU�nEW�ms�I�]vg�T^O�M)sCOig���gCTU](d�k�V-IXEFEHGPOáA Y




1
(1+x)2

∂2u
∂t2 − ∂2u

∂x2 = 0 0 < x < t, t > 0

u (x, 0) = f (x)

ut (x, 0) = 0

u (0, t) = u (1, t) = 0

g�T^](�msCO�gCTU�
TU_)O2E
u (x, t) = X (x) T (t)

g�T^`oVXGPOiVBM)K+S+k�gCTUjlT^`oO�g�I
X

′′

+
λ

(1 + x)2
X = 0

T
′′

+ λT = 0

X (0) = X (1) = 0

kwIXEFEHGPOb���mT^_)`B¿ g�T^I$V-Obk
a

pok�EWkwO�VB�nM)]hTUM)�?�
X

]hDFEWK+V-S
(1 + x)

a T���VBEWI$Kn]�DWV-TU`
a (a− 1) + λ = 0

a2 − a+ λ = 0

⇒ a =
1

2

(
1 ±

√
1 − 4λ

)

⇒ X (x) = A (1 + x)
1
2 (1+

√
1−4λ) +B (1 + x)

1
2 (1−

√
1−4λ)

A V-TU�nEW�mT^K+kikwIXEFEHGJO2]zVBEW`rEWK+V-SLT^`aGßGPTXV-ObI$�\g�I
X (0) = A+B = 0

X (1) = A2
1
2 (1+

√
1−4λ) +B2

1
2 (1−

√
1−4λ) = 0

A = −B
A
(
2

1
2 (1+

√
1−4λ) − 2

1
2 (1−

√
1−4λ)

)
= 0

2
√

1−4λ = 1A DFEWK+V-S\DWT^IXEwT^GJO2O √
1 − 4λ

qoI
0 < λ < 1

4

g�Ig�T^TaEW](VÞVCEW`oEWK+V-S+kÞ¿
λ = 1

4

g�I
poK+V-S+k�A

(1 + x)
1
2 , (1 + x)

1
2 ln (1 + x)

g�k�kbqXkwK+sCO2]0g�T^TaEW](VÝTUV-](�LVBEW`rEWKnVBS�GÀ�+EFM)T]6Gü�+|^��I$]
λ = 1

4

g�d�DH�?]�E�](TU�mEWTU]�g�K)EH[XGÙ]6GükwSnGPkZT^I$`oV{VBI�g�T^O2T^T^s�ORI�]\VBEW`rEA kwT^�n�
k
T^VB](��VBEW`rEWK+V-S+k{@vA

(1 + x)
1
2 (1+i

√
4λ−1) gCTUNPsC]�SnO�EWs�VCEW`oEWK+V-S�T^VXGºGPT

λ > 1
4

g�IpaGÀI�_?EWT-¿ kwTU���mk�](G�T^`rEWTUO2M)kbE2T�GPO2ObkisC]�j�k�Ta|^�zg�T^`oV-TU`XgCTUTUEW](V

Xλ (x) = A (1 + x)
1
2 cos

(√
λ− 1

4
ln (1 + x)

)

+Bv (1 + x)
1
2 sin

(√
λ− 1

4
ln (1 + x)

)

X (0) = A1 = 0

X (1) = B sin

(√
λ− 1

4
ln (2)

)
= 0

√
λ− 1

4
ln (2) = nπ

λn =
n2π2

ln2 (2)
+

1

4
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DWk�VBEWT^O2_)��k�VBEWTU_)sC`rEWS+kbE

Xn = (1 + x)
1
2 sin

(
nπ ln (1 + x)

ln (2)

)

T
K+EW�m�

T
′′

+ λT = 0

⇒ Tn (t) = An cos
(√

λt
)

+Bn sin
(√

λt
)

⇒ u =

∞∑

n=1

[
An cos

(√
λt
)

+Bn sin
(√

λt
)]

(1 + x)
1
2 sin

(
nπ ln (1 + x)

ln (2)

)

u (x, 0) = f (x) =

∞∑

n=1

An (1 + x)
1
2 sin

(
nπ ln (1 + x)

ln (2)

)

An =

∫ 1

0
f (x) (1 + x)

− 3
2 sin

(
nπ ln(1+x)

ln(2)

)
dx

∫ 1

0 (1 + x)
−1

sin2
(

nπ ln(1+x)
ln(2)

)
dx

ut (x, 0) = 0 =

∞∑

n=1

Bn (1 + x)
1
2 sin

(
nπ ln (1 + x)

ln (2)

)

Bn = 0

⇒ u =

∞∑

n=1

An cos

(
t

√
n2π2

ln2 (2)
+

1

4

)
(1 + x)

1
2 sin

(
nπ ln (1 + x)

ln (2)

)

kbT^�n�
]h]6GPOb]�� ](TU�mEWTU]hg�K)EH[XG�V-TUT^�n�\]6G��)|��cV-IÝV-T^[-T^](`oI�IXEW_)O2]zDWV-T^`BM?T^ObVZI$] ×lÌ�úl×




ut − uxx = 0 0 < x < 1, t > 0

u (x, 0) = f (x) 0 ≤ x ≤ 1

u (0, t) = 0 t > 0

u (1, t) − ux (1, t) = 0

](TU�mEWTU]hg�K)EH[XG�V-TUT^�n��VBIÞg�T^](�msCO
X

′′

+ λX = 0

X (0) = 0

X (1) −X
′

(1) = 0

λ = 0
gCI

X
′′

= 0 ⇒ X = ax+ b

qoI
λ > 0

g�IÝA
X0 = Ax

g�T^](�msCOikwSnGPkiT^I$`oVRVB�
_)k�Ta|^�
X = A sin

(√
λx
)

+B cos
(√

λx
)

X (0) = 0 ⇒ B = 0

X
′ −X =

(
A sin

√
λx−A cos

√
λx
)√

λ = 0

sin
√
λ−

√
λ cos

√
λ = 0

⇒ tan
√
λn =

√
λn

y = x, y = tanx õ EWV-T^jl��g�k��)|��nk�qoIÝA
tan kn = kn

qoI
kn =

√
λn

DWO2NP`

32



�)|��nk�V-TUT^�n��kw`rEWV-` ÖnÔUÈ}Ì)Í




u
′′

+ λu = 0 −1 < x < 1

u (1) + u (−1) = 0

u
′

(1) + u
′

(−1) = 0

qoIÝDFEWV-`okiV-IÝVBEWO2T^TUsCO
u, v ∈ c2 [−1, 1]

gCI�G{jm�
EWküA Y

0 =

∫ 1

−1

(
u

′′

v − v
′′

u
)
dx

g�T^T^GJO2O�kbT^�n�
ki]6G��)|^��ki]6�\T��\j��
EWkÙA @
�+|^S+kbE��+|^��ki]6�\V-IÞI�_)OóA f

�)|��nkiTUEW�
TUKzT^kbOÙA �
Ë É�Ì)ÍwÎA Y

∫ 1

−1

u
′′

v = vu
′

∣∣∣
1

−1
−
∫ 1

−1

v
′

u
′

= v (1)u
′

(1) − v (−1)u
′

(−1)−
∫ 1

−1

v
′

u
′

= v (1)u
′

(1) + v (−1)u
′

(1) − v (−1)u
′

(1) − v (−1)u
′

(−1) −
∫ 1

−1

v
′

u
′

= −
∫ 1

−1

v
′

u
′

... =

∫ 1

−1

v
′′

u

⇒
∫ 1

−1

(
u

′′

v − v
′′

u
)
dx = 0

qoI
λ

�+|^�zg�IÝ�)|�S
u

I�kbVëA @
u

′′

+ λu = 0

M?EWO2_LkwGJ�n`
u

′′

+ λu = 0

⇒ uu
′′

+ λuu = 0

uu
′′

+ λuu = 0

⇒
∫ 1

−1

uu
′′

+ λuu = 0

∫ 1

−1

uu
′′

+ λuu = 0

∫ 1

−1

uu
′′ − uu

′′

+ λuu− λuu = 0

f"f



ànT^�nNPkwO A gCTUI�`oV-k¬V-IóV-ObTUT^s�O
u

gCdcqaIüg�T^I$`oV-k¬VBIóV-ObTUT^s�O
u

g�I
∫ 1

−1
uu

′′ − uu
′′

= 0
DFEHGPI�K+k

λ

∫ 1

−1

|u|2 = λ

∫ 1

−1

|u|2 dx

A T�GPO2O
λ

DH�?]
λ ≥ 0

G{g�M?EWs�kbI�K+`�A �+|^�
λ

I$kwT�A f

u
′′

+ λu = 0∫ 1

−1

uu
′′

+ λu2 = 0

= uu
′

∣∣∣
1

−1
+

∫ 1

−1

[
−
(
u

′

)2

+ λu2

]
= 0

(u 6= 0)λ =

∫ 1

−1

(
u

′

)2

∫ 1

−1
u2

≥ 0

KnGPSnIXE)g�T^N/EW`oTUN/EWs�Eng�T^N/EW`oT^NiDWk�VBEWT^O2_)��k�VBEWT^_)s�`rEWS+kzgCTUT^](TU]6GiT^IL�+|^��k�DH�?]qoI
λ > 0

gCIRA M)T^O2VZEWOb�LK)EWV-S+]

λn =

((
n+

1

2

)
π

)2

un = an cos

((
n+

1

2

)
πx

)
+ bn sin

((
n+

1

2

)
πx

)

�)|���EWVBEWI$]�VBEWObTUI�VBO�VBEWT^_)s�`rEWS�@�M)TUObVZT���@PI$EWk��)|^��kiTUEW�mT^KßA �

sin

((
n+

1

2

)
πx

)
, cos

((
n+

1

2

)
πx

)

��´�²b´{®/¯"µJ¯}¯}±�» Å
¾��
kwTU���mk�kw`rEWV-` ÖnÔUÈ}Ì)Í





uxx + uyy = 0 0 < x < π, 0 < y < π

u (x, 0) = 0 0 ≤ x ≤ π

u (x, π) = sinx 0 ≤ x ≤ π

u (0, y) = sin 2y 0 ≤ y ≤ π

u (π, y) = 0 0 ≤ y ≤ π
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VBEWT^�n��T^VXGP]vV-TU���mk�VBIÝs�KnS+`zË É�Ì)ÍwÎ





∆v = 0 0 < x < π, 0 < y < π

v (x, 0) = 0 0 ≤ x ≤ π

v (x, π) = sinx 0 ≤ x ≤ π

u (0, y) = 0 0 ≤ y ≤ π

u (π, y) = 0 0 ≤ y ≤ π




∆w = 0 0 < x < π, 0 < y < π

w (x, 0) = 0 0 ≤ x ≤ π

w (x, π) = 0 0 ≤ x ≤ π

w (0, y) = sin 2y 0 ≤ y ≤ π

w (π, y) = 0 0 ≤ y ≤ π

](�
s�`XT^qoI

v = XY

X
′′

X
= −λ

w = XY

Y
′′

Y
= −λ

u = v + w

DFEHGPI�K�sC]�j�K)EW�
�ßA Y

v (x, y) = X (x)Y (y)

⇒ X
′′

Y +XY
′′

= 0

X
′′

X
= −Y

′′

Y
= −λ

](TU�mEWT^]�K)EH[XGÞV-TUT^�n�v](�
s�`
(π, y)

prE
(0, y)

](��gCTUNPSnI$V-O\kwSnGPk�T^I$`oVXGR](](d��po]v��[-sCk�VBEFEW_)s��
0

gC�

X
′′

+ λX = 0

X (0) = X (π) = 0

⇒ λn = n2, Xn = sin (nx)
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EW`a]��
T^sJA
Y

po]vkwIXEFEHGPObkÝV-IÝK)EWV-S+`

Y
′′ − λY = 0

⇒ Y
′′ − n2Y = 0

⇒ Yn = An coshny +Bn sinhny

⇒ v (x, y) =

∞∑

n=1

[An coshny +Bn sinhny] sin (nx)

v (x, 0) = 0

=

∞∑

n=1

An sin (nx)

⇒ An = 0

v (x, π) = sinx =

∞∑

n=1

Bn sinh (nπ) sin (n)

⇒ ∀n 6= 1, Bn = 0, B1 =
1

sinhπ

⇒ v (x, π) =
1

sinhπ
sinh (y) sin (x)

g�T^jlTU`aO�A
w

V-IÞK+EWVBSn]vGPTXDWS)EWIÞEWVBEWI$��A @
w (x, y) = XY

−X
′′

X
=
Y

′′

Y
= −λ

⇒ Y
′′

+ λY = 0

Y (0) = Y (π) = 0

⇒ λ = n2, Yn = sin (ny)

X
K)EW�
�

X
′′ − n2X = 0

⇒ w (x, y) =

∞∑

n=1

[An coshnx+ Bn sinhnx] sinny

g�T^](�msCO
w (0, y) , w (π, y)

gCTUI�`oV-kikw�m_)k�TUK+j�I
w (x, y) = cosh 2x sin 2y − coth 2π sinh 2x sin 2y

Í�ÉrÔUÕrÈ�ÉrÇmÉe×�Æ�Ö�×lÆlÉrÉ�Ø�Ç �;ï
�6ï^î
A �§T^�?K+�cDWT^I�gJEWjlV-kiTUM?EWsJM)s��\gCI

u (0, 0) = α

u (a, 0) = β

u (0, b) = γ

u (a, b) = δ
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EWNPSnI$V-TXg�TUM
EWs�M)s��LgCTUI�`oV-k
w = v − u

]6G õ �
v

g�T^K)M)d�O
v = p+ qx+ vy + sxy

v (0, 0) = p = α

v (a, 0) = p+ qa = β

v (0, b) = p+ rb = γ

v (a, b) = p+ qa+ rb+ sab = δ

ÖnÉrÈ�ÔUú\è+ÖnÎnÖ �;ï
�6ï	�NP](S+]hVBI$EFEHGPO
r2urr + rur + uθθ = 0

u (1, θ) = 0

u (2, θ) = sin θ

qoI
u (r, θ) = R (r) Θ (θ)

gCTU`oVXGPO�VBM)K+S+k�j�TU`o`
r2R

′′

Θ + rR
′

Θ +RΘ
′′

= 0

Θ
′′

Θ
= −

[
r2R

′′

+ rR
′′

R

]
= −λ

Θ
]vV-T�GPI$KcK)EWV-S+`

Θ
′′

+ λΘ = 0

G/EWK)M)`
u (r, π) = u (r,−π)

uθ (r, π) = uθ (r,−π)

gCTUI$`aVBk�V-I
Θ

po]v](�
s�`$�m|^kwN
Θ

′′

+ λΘ = 0

Θ (π) = Θ (−π)

Θ
′

(π) = Θ
′

(−π)

λ = 0
g�I

Θ
′′

= 0

⇒ Θ = ax+ b

⇒ Θ = const =
1

2

λ > 0
g�I

Θ = A cos
√
λθ + B sin

√
λθ

gCTU](�
s�O
Θ

]6G{gCTUI$`aVRV-�m_)k�To|��
sin

√
λπ = 0

⇒
√
λ = n
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g�T^]�I$EFEWTUKn[Rg�`oT^I�GyVBEW`rEWK+V-S�DWT^I�GyI$_?EWT
λ < 0

g�I
⇒ λ0 = 0,Θ0 = b0

λn = n2, Tn = An cosnΘ +Bn sinnΘ

R
pr]hkbI$EFEHGPO2]zK)EWqajl`

r2R
′′

+ rR
′ − n2R = 0

A
ln r

EWI
R = rα kwK)EW_)kwO�g�k�kbT^VBEW`rEWK+V-S\A Kn]�TUEWIÝVBI$EFEHGPOÞT^kbEWq

α (α− 1) rα + αrα − n2rα = 0

α (α− 1) + α− n2 = 0

⇒ α = ±n

Rn =

{
Anr

n +Bnr
−n n ≥ 1

A0 +B0 ln r n = 0

⇒ u = A0 +B0 ln r +
∞∑

n=1

(
Anr

n + Bnr
−n
)(
Ãn cosnθ + B̃n sinnθ

)

kbK+EW_)��DFEWK+V-S+k�V-IÞ�mEWVX�?]vj�EW`

u = A0 +B0 ln r +

∞∑

n=1

(
Anr

n +Bnr
−n
)
cosnθ +

(
Anr

n +Bnr
−n
)
sinnθ

gCTU](�
s�O�kwSnGJk�TUI$`aVB��G/EWO2T�G�To|��

u =

(
2

3
r − 2

3

1

r

)
sin θ

Ë Érè?ÆlÉrÎ\Íwæ�è)ÉrÕrÉ û ÉrÇmÔUè�Ü�Ç�×�é2Î+Ø=Ç �;ï
�6ï�ð
gJEWj�VB�zkw�+EW�
s�I$]§V-TU`oEWO2K+k�kwT^_)s�`rEWS

u (x, y)
I$kwV Í�ÔUÕrÉrÇ�Ì)×�×�Ô��bÜ�ÕrÉrÎnÖ û ÉrÇmÔUè�Ü�Çl×�é2Î+Ø=ÇànI���gCTU](�
s�V-O�g�`oT^IXE

D
]6G�kbS�GP��gCTU](�
s�V-O

u
]6G�gJEWObT^NPs�Obk2E$g�EWO2T^`oT^O2k�qaI

D
gJEWNPjA V-T^O2T^`oSckbM
EWsC`

×mÖ�
+ÔUÌnÊ\ÍwÔ^ÔUúmê Ë É�Ì+ÍwÎnÖ Ë Érè?ÆlÉrÎLÍbæ�è)ÉrÕ
{

∆u = 0 0 < r < R, 0 < θ < 2π

u (r, θ) = f (θ)

u (r, θ) =
1

2π

∫ π

−π

f (ϕ)
(
R2 − r2

)

R2 − 2rR cos (θ − ϕ) + ϕ2
dϕ

�n_?EWObO2ki[-SnGJO�qoIXE

u (0, 0) =
1

2π

∫ π

−π

f (ϕ) dϕ
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gJEWj�VB��VBEWS+TU_)K+EJ¿
0 < x < 1, o < y < 1

gJEWjlV-��VBEWT^`rEWObK+kÞVBEWT^_)s�`rEWS
u, v

paG¬DFEWVB` ÖnÔUÈ}Ì)ÍKnGPI���¿
0 ≤ x, y ≤ 1





u (x, 0) = x (x− 1) 0 ≤ x ≤ 1

u (0, y) = sin (πy) 0 ≤ y ≤ 1

u (x, 1) = 2x (x− 1) 0 ≤ x ≤ 1

u (1, y) = sin (2πy) 0 ≤ y ≤ 1




v (x, 0) = 1 0 ≤ x ≤ 1

u (0, y) = cos (2πy) 0 ≤ y ≤ 1

u (x, 1) = 1 0 ≤ x ≤ 1

u (1, y) = 1 0 ≤ y ≤ 1

max |u (x, y) − v (x, y)| V-IÞ�?GPj
I$]�¿�DH�
EWOw�m¿

∆w = ∆ (u− v)
T^��V-TU`rEWObK+k

w
T����
]cg�T�GP`

w = u − v
K+TUM)d�`zË É�Ì+ÍwÎgJEWObT^`oTUObkyVBT^`rEWObK+kykbT^_)s�`oEWS+]�g�EWO2T^NPs�Obk�[-SnGPOÀT^S+]óA K)EWd�NPk�gJEWjlV-�ZkwS+T^_)KA gCG�g�VBEWIÞGJS+jl`CDH�?]�E�¿ kwSnGPki](�cEW](�msCV-TXgJEWObTUNPsCO2kbE

VBj�IÞkwSnGP�\GPEWS+TUj�kiV-IÞgCTUdeM)`zA Y
(y = 0, 0 ≤ x ≤ 1) ⇒ w = x2 − x− 1

w
′

= 2x− 1 = 0 ⇒ x =
1

2

w

(
1

2

)
= −5

4
, w (0) = −1, w (1) = −1

x = 0, 0 ≤ y ≤ 1
K)EW�m�ßA @

w (y) = sin (πy) − cos (2πy)

w (0) = −1, w (1) = −1, w (cosm...) =
9

3
, w

(
1

2

)
= 2

](�
w

](GëgJEWObTU`aTUObk�GëI$_?EWT§ànEWNP��E�VBEWK+VBEW`ok�VCEW��](_�d�EWq¥](�ÝkbO2EFM�DWS)EWI$��gCT^�?T�GPObO
max |w| = 2

DH�?]�E�¿ p�@/IXEWkikwSnGPk
θ

T^S+]
f

V-IÝg�T^K+qrEWd�DFEW_)TUs�gCT^�?K+��G/EWSnTUjl]h]�EWd�T^�n��NP](S+] ×lÌnúl×
poO2��VBEWTU�?[BEWs{VBEH[-`oTUM)K)EWIXEWsC��NP](S+]cV-IXEFEHGPOZV-I�V-O2T^T^s�Obk�kbT^_)s�`oEWS

u (r, θ)
I$kwV ÖnÔUÈ}Ì+Í]�d��

D =

{
(r, θ) | 0 < r < R

−π < θ < π

}

u
]6G�kwSnGPkiT��?K+�zg�T^`rEWV-`zA Y

u (R, θ) =

{
π − 2 |θ| |θ| ≤ π

2

0 π
2 ≤ |θ| ≤ π

kwSnGJkiV-TUT^�n�\V-IÝK)EWV-S+]�T^]��
u (0, 0)

V-IÝI$_)O
0 < u (r, θ) < π

gCTUT^s�V-O�]�EWd�T^�nkiVBEFM?EWs�`C]6�?�
G�j��
EWküA @
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Ë É�Ì)ÍwÎ��_?EWO2Obki[-SnGPO�TUS+]RA Y

u (0, 0) =
1

2π

∫ π

−π

u (R, θ) dθ

=
1

2π

[∫ −π
2

−π

0dθ +

∫ 0

−π
2

(π + 2θ) dθ +

∫ π
2

0

(π + 2θ) dθ +

∫ π

π
2

0dθ

]

=
π

4

A V-O�M?EWsCk�kb](I�GJ��EWOb�{A @
��¯"¸X®J²BÄ¬®/¯�³}®P»Jµ Å
¾��

A G�|�O2��NP`U�?VBkw]vgCT^�?T^K+_ckwIXEFEHGPObkÝK+M?N�M)�cEWTUVBEWK+qod�`rE2VCEW`oEWK+V-SLK)EH[�¿ TU](]6�LDWS)EWI$� •
VBEWS+T^_)Kc]6GyDW�mEWO2�2��|�g�T^O2TUEWNPO$|bkb](jlV-kiT^I$`oVBE�kwSnGPk�TUI$`aVÞgCIÝp-g�EWjlk�V-IXEFEHGJO�TU�
d�] •A T^V-TUObIRDFEWKnVBSnkiqoIß��VCEW`aTUS+�Lg�T^I$`oV-k

kw`rEWV-` ÆlÇ�È�ÉrÊ




ut − 9uxx = 0

u (x, 0) = x (x− 2)

u (0, t) = ux (1, t) = 0

u (x, t) = −32

π3

∞∑

n=1

e−
9
4 π2(2n−1)2t

(2n− 1)
3 sin

(
(2n− 1)

2
πx

)

un ≤
∞∑

n=1

1

(2n− 1)
3

]��z]6�?V-NP`�A G/|^Ob��VCEWNP`U�?VBkwk�NPKn[XGJK+TaEFEb]6GÀk�[-`oK)EWT^O2k�TUSn]�DH�?]�E
∣∣∣∣
∂un

∂t

∣∣∣∣ =

∣∣∣∣9
∂2

∂x2

∣∣∣∣ =
∣∣∣∣∣

9
4π

2e−
9
4 π2(2n−1)2t

2n
sin (...)

∣∣∣∣∣

≤ M

2n− 1
e−

9
4 π2(2n−1)2

�"�


