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G H+HIHIH+HIHJH+HIH+HIHIH+HJHIH+HIH+HIHIHIHIHIH+HIH+HIHJH+HIHIH+HIH+HJHIH+HIHIH+HJHIH+HIH+HIHIHIHIHIH�KMLONQP R
G HIHIH+HIHJH+HIH+HIHIH+HJHIH+HIH+HIHJH+HIHIH+HIH+HJHIH+HIHIH+HIHJH+HIH+HTSIUVPWUYX)Z\[�]^Z�_FP`UVNTacb�P RdH R
G HIH+HJHIH+HIHIH+HIHJH+HIH+HIHIHIHIHIH+HIH+HIHJH+HIHIHeS+LOUVb�K3XfUY]gSILOUVh�ijX�LOZ�UVNTacb�P RkH RdH R
G HIH+HJHIH+HIHIH+HIHJH+HIH+HIHIHIHIHIH+HIH+HIHJH+HIHIH+HIH+HJHIH+HIHIHlZFmVPWP`SJb�n�op[ RkH RdH G
q HIH+HJHIH+HIHIH+HIHJH+HIH+HIHIHIHIHIH+HIH+HIHJH+HIHIH+HIH+HJHIH+HIHIH+HIHJH+H�[WPWb�LOX RkH RdH q
q HIH+HJHIH+HIHIH+HIHJH+HIH+HIHIHIHIHIH+HIH+HIHJH+HIHIH+HIH+HJHIH+HIHIHJ[�PWb�LOXf_lZFmVPWP RkH RdH r
s HIHIH+HIHJH+HIH+HIHIH+HJHIH+HIH+HIHJH+HIHIH+HIH+HJHIH+HIHIHutvowmVKyx"SILONQh�UYX�LWSILOzyXf_FSJ[|{ ijacb�P RdH G
s HIH+HJHIH+HIHIH+HIHJH+HIH+HIHIHIHIHIH+HIH+HIHJH+HIHIH+HIH+HJHIH+HIHIH+H}owmVK~SILONQh�UYX RkH G�H R
s HIHIH+HIHJH+HIH+HIHIH+HJHIH+HIH+HIHJH+HIHIH+HIH+HJHIH+HIHIH+HIHJH+HIH+HIHIH+H|XpmVKJ{ o�m�K~S+L�_Fb���P RdH q
� HIH+HJHIH+HIHIH+HIHJH+HIH+HIHIHIHIHIH+HIH+HIHJH+HIHIH+HIH+HJHIH+HIHIH+H��$m�oy��UV]^[�S RkH q H R
� HIHIH+HIHJH+HIH+HIHIH+HJHIH+HIH+HIHJH�]�L�LOzyb�Z�L3SILOP�]<��{ SILOb�UYopz�{ SILOUYZ�LOz��OUYK~Xpm�K~S+L�_Fb���P RdH r
� H+HIHIH+HIHJH+HIH+HIHIH+HJHIH+HIH+HIHIHIHIHIH+HIH+HIHJH+HIHIH+HIH+HJHIH+HIHIH+HJHIH+HIH+HIH}[�UYb�LOZ�UVb�L�� G
� HIHIH+HIHJH+HIH+HIHIH+HJHIH+HIH+HIHJH+HIHIH+HIH+HJHIH+HIHIH+HIHJH��+UYb��JP�LOX�LOopUVb��J[�[�UVb�LOZ�UVb�L�� G�H R
R�r HIH+HJHIH+HIHIH+HIHJH+HIH+HIHIHIHIHIH+HIH+HIHJH+HIHIH+H��+UYzyUVzyNQ[�UVXf�/�OUYN�b��yi+[ G�H RdH R
R s HIHIH+HIHJH+HIH+HIHIH+HJHIH+HIH+HIHJH+HIHIH+HIH+HJHIH+HIHIH+HIHJH+HIH+HIHIH+HJHgSILOzyXf_FSJ[`UYo LOz G�H G
Rd� HIH+HJHIH+HIHIH+HIHJH+HIH+HIHIHIHIHIH+HIH+HIHJH+HIHIH+HIH+HJHIH+HIH�[�]<_FUYb�Ufn��JZ��yP G�H G�H R
Gw� HIH+HJHIH+HIHIH+HIHJH+HIH+HIHIHIHIHIH+HIH+HIHJH+HIHIH+HIH+HJHIH+H~�$mVPWN
SILOzyXf_FSJ[ G�H G�H G
GdR HIH+HJHIH+HIHIH+HIHJH+HIH+HIHIHIHIHIH+HIH+HIHJH+H\[�b�LOopz�� ��P�LW[�PWb�LOX)N
SILOzyXf_FSJ[ G�H G�H q
G q HIH+HJHIH+HIHIH+HIHJH+HIH+HIHIHIHIHIH+HIH+HIHJH+HIHIH+HIH+HJHIH+HIHIH�zyNTUVojSJ��Z�LOS G�H G�H r
Gwr HIH+HJHIH+HIHIH+HIHJH+HIH+HIHIHIHIHIH+HIH+HIHJH+HIHIH+H�b�NTUVKJ�)b�NQUYK~[�UYh�b�op�JXfUYK3[ G�H G�H s
Gwr HIH+HJHIH+HIHIH+HIHJH+HIH+HIHIHIHIHIH+HIH

[−π, π]
�+X)UYK����+UY���JijNl[�UVb�LOZ\UYb�L�� G�H G�H �

G�� HIH+HJHIH+HIHIH+HIHJH+HIH+HIHIHIHIHIH+HIH+HIHJH
f ∈ E [0, π]

b�LONT�\[�UVb�LOZ�UVa"LOSJUVZ G�H G�H �
G � H+HIHIH+HIHJH+HIH+HIHIH+HJHIH+HIH+HIHIHIHIHIH+HIH+HIHJH+HIHIH+HIH+HJHIH+HIHIH+HJHIH+HIH+[�UVUYb�LOZ\SJb�PWSJ[ q
G � HIHIH+HIHJH+HIH+HIHIH+HJHIH+HIH+HIHJH+HIHIH+HIH+HJHIH+HIHIH+HIHJH+HIH+HIHIH+HJHIH+HIH+HIH3[�b�n�op[ q H R
Gd��HIHIH+HIHJH+HIH+HIHIH+HJHIH+HIH+HIHJH+HIHIH+HIH+HJHIH+HIHIH+HIHJH+HIH+HIHIH+HJHIH+HIH+H�SILOK3PWo L�n q H G
G � HIHIH+HIHJH+HIH+HIHIH+HJHIH+HIH+HIHJH+HIHIH+HIH+HJHIH+HIHIH+HIHJH+HIH�[�UVUYb�LOZ�SJb�PWSJ[`SILOX�L�_FS q H q
q�q HIHIH+HIHJH+HIH+HIHIH+HJHIH+HIH+HIHJH+HIHIH+HIH+HJHIH+HIHIH+HIHJH+HIH+H�["_QLOZ�[`[�UYb�LOZ�SJb�PWSJ[ q H r
q s HIHIH+HIHJH+HIH+HIHIH+HJHIH+HIH+HIHJH+HIHIH+HIH+HJHIH+HIHIH+HIHJH+HIH+HIHIH�]^b���X)]^Z�SILOK3acz2LOX q H s
q � HIHIH+HIHJH+HIH+HIHIH+HJHIH+HIH+HIHJH+HIHIH+HIH+HJHIH+HIHIH+HIHJH+HIH+HIH�[�UYhFLO]�L�LOX�LOi+[~SIX)L�_FS q H �
q � HIHIH+HIHJH+HIH+HIHIH+HJHIH�b�L��yUVP`UVh�acNe[�]<_FUYb�n�SIUVUV��N
��LOb�SJZ�]�[�UVb�LOZ�SIb�P�SJ[�]g�2LOPWUV� q H �
q � H+HIHIH+HIHJH+HIH+HIHIH+HJHIH+HIH+HIHIHIHIHIH+HIH+HIHJH+HIHIH+HIH+HJHIH+HIHIH+HJHIH+HIH�zy]^Z�]gSJb�PWSJ[ r
q ��HIHIH+HIHJH+HIH+HIHIH+HJHIH+HIH+HIHJH+HIHIH+HIH+HJHIH+HIHIH+HIHJH+HIH+HIHIH+HJHIH+HIH+HIH3[�b�n�op[ r�H R
q�� HIHIH+HIHJH+HIH+HIHIH+HJHIH+HIH+HIHJH+HIHIH+HIH+HJHIH+HIHIH+HIHJH+HIH+H"zy]^Z�]gSJb�PWSJ[`SILOX�L�_FS r�H G
r^G�HIHIH+HIHJH+HIH+HIHIH+HJHIH+HIH+HIHJH+HIHIH+HIH�ijb�UYn�]<�

δ
SJUVUYh�i+X�LOZ�L�nFUVUVzyUYNQ[�SJUVUYh�i+X�LOZ r�H q

r^G�HIH+HJHIH+HIHIH+HIHJH+HIH+HIHIH�[� ) )[�[�SJX�L�_FSIL
Havy-side

n�UVUYzyUVNT[�SJUYUVh�ijX)LOZ r�H q H R
r q HIH+HJHIH+HIHIH+HIHJH+HIH+HIHIHIHIHIH+HIH+HIHJH+HIHIH+HIH¡i+b�Ufn�]<�

δ
mVSJUVUYh�i+X�LOZFm r=H q H G

r�r HIHIH+HIHJH+HIH+HIHIH+HJHIH+HIH+HIHJH+HIHIH+HIH+HJH¢tvzy]�Z�]gSJb�P�SJ[�N�xW[�UVhFLO]�LONQX�LOi+[`SIX)L�_FS r�H r
r s HIHIH+HIHJH+HIH+HIHIH+HJHIH+HIH+HIHJH+HIHIH+HIH+HJHIH+HIHIH+HIHJH+HIH+HIHIH+HJHIH+HIH+H�SILOK3PWo L�n r�H s
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´"µ�¶f·�¸c¹�¶Vº�´"µ�¶f»�¼�¹�µ�½�¶Y¾c¿�·�À Á�ÂVÁ�ÂVÁ

¸cÀÄÃdµ�Å

V = {f : {1, 2, 3} 7→ C} = C
3 → {f, g} ∈ V,

(f + g)(j)
1 ≤ j ≤ 3

= f(j) + g(j) ∨

f ∈ V, c ∈ C, (cf)(j) = cf(j)

�)b�LOP�LO )UYK¡[� +�+o���_F]\H q n�P�PWP`[� j��_F]
ei(j) =

{

1, i = j
0, i 6= j

UfmV��zyUVzyNeSILOX)NQ]\�OSIUVX+H UYb�K&X)UY]�NTacb�P}[� j��_F]
f = (f(1), f(2), f(3))

b��yK&_
Æ �j )UVZ

K3UV[~LOX)]<��[�UY��NT[|{
V = {f : [a, b] 7→ C}(= CΩ), x ∈ [a, b], ex =

{

1, x = y
0, x 6= y

SILOX)NQ]��+o2�OSJUYXÈÇ ¸cÀÄÃdµ�Å
tvUVZ�LOz��OUVK~b�L��JNeK3]gLO]�UVZ�Kyx�UVb�K3X)UV]��jL�_FUYz/U)m���SIK& f_e[�UVh�ijX�LOZ\]<���jL�_FUYz/�OUYK|��_F]�H^[�UYXfP`�OUYNlK3]g��L�_Fz/[� f�

½FÉ�ÀÄÀ�´W·�ÅFÃ�Ê Á�ÂVÁ�Â Ç
V

��N
u, w

�jUVb�NTUVK|owLO I]<_F]\�jKËtvZFmVPWPjxWSJUYPWUYXfZ�[�]^Z�_FP|NTacb�P|K&b�ijX2t
C

]^��P|LOX)]<��zyb�LOi+N&x
V

UYb�K&X)UY]�NTacb�P
�jUVUYi+PW�u�OZ�LOK&N

< u, w >
��Ne�OP&LOzyP���NF_Fb�LOP`b�Z�zyP`�jUVK3SJP

∀u1, u2, w ∈ V
∨∀a, b ∈ C

, < au1 + bu2, w >= a < u1, w > +b < u2, w >
Æ �OUVP�UVP�SILOUVb�K3X)]ÌH R

∀u, w ∈ V, < u, w >= < w, u >
SILOUV�JUVP�b�['H G

∀u ∈ V, < u, u >= 0 ⇔ u ≡ 0
�jo L ∀u ∈ V, < u, u >≥ 0

Æ SILOUYNTLOUVa�H q
Í ½�ÉVÀÄÀ
º�Î�´"µp·�ÅFÃ�Ê

 )K
(r1, r2...rn) ∈ R+ b�LONT��Æ UfmV��ZFm�P�P`SILOb�n�o LOP

Cn �)N�H R

∀u, w ∈ C
n, < u, w >r=

n
∑

j=1

rj(u)j(w)j

tv[�h�UYb��JP�[}SJK|b�UYnFopP���x
< ei, ej >r=

{

ri, i = j
0, i 6= j

�OUYZ�LO]�UVac]

r(x) ∈ SIUVh�ijX)LOZl]<_Ïb�LONQ�
C[a, b] = {f : c[a, b] 7→ C} Æ K&NT[~�OZ�LOK&N�Z�mVPWP¡b�UYn�opX+SILOZ�UVh�beSILOUYh�i+X�LOZ�]ÌH G

 )K
R+

∀x ∈ [a, b], {f, g} ∈ c[a, b], < f, g >r=

∫ b

a

r(x)f(x)g(x)

Æ K3NQ[}SILOUYZ�LOz��OUYK3[�SILOb�n�zy[`NTacb�P
`2 UV[�UgH q

`2 = {{cn}∞n=1|∀n ∈ N, cn ∈ C ∨
∞
∑

n=1

|cn|2 < ∞}

�+K3[~{ [�UV��Nl��UM )KML
u = {cn}, v = {dn}, u + v = {cn + dn} ∈ `2?

Ð zyXf_FSJP`[� f�uacU��JNTP}[�P`]^NQK
< u, v >=

∑∞
n=1 cndn

�OPWzyXIH

G



ÊÄÀc·�µ�¹ÑÁ�ÂVÁ�ÂvÒ
�jUVK3NQ[}�jUVK3X)SJ["���OZ�LOK3N ‖u‖ UV��P�P`b�Z�zyP¡�+K3SILOP

u ∈ V
b�NTUVK¡]<_F]\ )K¡[WPWb�LOX+SIb�nFo LOP

V
UYb�K&X)]gNQacb�PWN

Æ �+UYPWUYUVijSJP

‖u‖ = 0 ⇔ u ≡ 0
�jo L ∀u ∈ V, ‖u‖ > 0

SILOUYNTLOUVa�H R

∀u ∈ V
∨∀c ∈ C

, ‖cu‖ = |c|‖u‖ SILOUVb�]^ijzÓH G

∀u, v ∈ V, ‖u + v‖ ≥ ‖u‖+ ‖v‖ �y]�L��yPW[~��LOUfL�L���UYK¢H q

Cn ·�µp¾ÄÔ�´"µp¸cÀÄÃdµ�Å
‖u‖2 =

√
∑n

i=1 |ai|2 =
√

< u, u >
H R

‖u‖∞ =
max

1 ≤ i ≤ n
|an| H G

‖u‖1 =
∑n

i=1 |ai| H q

∀K ∈ R[0,∞), ‖u‖k = k

√
∑n

i=1 |ai|k UV]�]<_e�OZ�LOK3N�H r
ÊÄÀc·�µ�¹�Õ�½FÉ�ÀÄÀ Á�ÂVÁ�Â×Ö

u ∈ V, ‖u‖ =
√

< u, u >
UfmV��[�PWb�LOXIb�Ufn�opP`ZFm�P�P} fK

V
NQacb�P�]^_FN�Ø ½�ÎDÀ

´�µ�ÀQº

< u, av + bw >= a < u, v > +b < u, w >
H R

< cu, cv >= |c|2 < u, w >
H G

<
∑n

k=1 akuk, w >=
∑n

k=1 ak < uk, w >
H q

<
∑n

k=1 akuk,
∑n

j=1 bjwj >=
∑n

k=1

∑n

j=1 akbj < uk, wj >
H r

∀u, v ∈ V, | < u, v > | ≤ ‖u‖‖v‖ Ù ¶�¼�ÚF¾Tµ�¼�¸c¶VÛ µp¾&ÜWÝ�·�µpÎ�¶fÎ$µ�¼\Þ�µ�¶Yµ�µpÎ�¶Y¸

x ∈ R, λ ∈ C, {u, v} ∈ V, < u + λxv, u + λxv >≥ 0
´W¾TÕ�·�µ�À�Êc¿"Õ�µ Ê

tvr�x�b� )�\SIXf���ßUVZ�]

< u + λxv, u + λxv > = < u, v > +λ < v, u > x + λ < u, v > x + |λ|2 < v, v > x2

= |λ|2 < v, v > x2 + 2Re(λ < u, v >)x+ < u, u >≥ 0

Æ ��LOUYL�L��y[`UVK|�+UYUVijSJP��ymV�+K���L�_FXJ[� �L

4(Re(λ < u, v >))2 − |λ|2 < v, v >< u, u >≤ 0

 )K
λ =< u, v >6= 0

�+K`�Jb�Z�N

|λ|4 − |λ|2 < u, u >< v, v >≤ 0 ⇒ | < u, v > | ≤< u, u >< v, v >

�

3



SILOUVNÄLOUVac[}UVZ�]ßà ¾�Êc·�¾ÄÃ�º�¸Ï¶Y½�ºeÊc¿"Õ�µ Ê
u, v ∈ V, t ∈ R < u− < u, v > tv, u− < u, v > tv >> 0

Æ SILOU��JUYPWb�[�[WL&SILOUYb�K3X)UV]�[�UYZ�]�ZFmVPW[}SJK¡i+b�Z�X
< u, u > − < u, v > t < v, u > −< u, v >t < u, v > +| < u, v > |2t2 < v, v >> 0

⇒ ‖u‖2 − 2t| < u, v > |2 + | < u, v > |2t2‖v‖2

Æ NTUVh�XI��_F]
t = 1

‖v‖2

]��Jb�Z�N
t ∈ R

]^_F]g��L�_FX+[� 

‖u‖2 − 2
| < u, v > |2

‖v‖2
+

| < u, v > |2
‖v‖2

> 0 ⇒ ‖u‖2 − | < u, v > |2
‖v‖2

> 0

UYL��JUYNQ[ÏUfn�UVh�UVXf��x | < u, v > | ≤ ‖u‖‖v‖ t0á�b�L�L��/U��2LOiâxT�2mVißSJK~]^NTi+X ‖v‖2 N�]�LOZ�_F[��jK~��_F]
u, v ∈ V

]<_F]���L�_FXI[� �LIt×��b�L��yN
SILO]^��[�]\b�SILOP~��_F]�LW�jUVNÄLOUVa
�

t ‖u + v‖2 ≤ (‖u‖+ ‖v‖)2 x Î$º�µpÎDÀ"ÊÏÞ�µ�¶Yµ�µpÎ�¶Y¸�´�¿"Õ�µ Ê

‖u + v‖2 = < u, v > + < v, u > + < u, v > + < v, v >= ‖u‖2 + 2 < u, v > +‖v‖2

≤ ‖u‖2 + 2| < u, v > | + ‖v‖2

≤ ‖u‖2 + 2‖u‖‖v‖+ ‖v‖2 = (‖u‖+ ‖v‖)2

�

´"µp¸cÀÄÃdµ�Å
�$m�iuUVZ�]�UY )K

u = {ck}n
k=1, v = {dk}n

k=1, < u, v >=
∑n

k=1 ckdk
U)m���ZFmVP`[�b�n�o LO[

Cn N�H R

|
n
∑

k=1

ckdk|2 ≤
n
∑

k=1

|ck|2
n
∑

k=1

|dk|2

∑n

k=1 |ck + dk|2 ≤ (
√
∑n

k=1 |ck|2 +
√
∑n

k=1 |dk|2)2 Æ
Cn Nl��]�L���P�[~��LOUYL�L���UVKML

< f, g >=
∫ b

a
f(x)g(x)dx

U)m���ZFmVP`SJb�n�o LOP
c[a, b]

N�H G
|
∫ b

a
f(x)g(x)dx|2 ≤

∫ b

a
|f(x)|2dx

∫ b

a
|g(x)|2dx

�$m�i/��LOUYL�L��/UYK~ )KML
∫ b

a
|f(x) + g(x)|2dx ≤ (

√

∫ b

a
|f(x)|2dx +

√

∫ b

a
|g(x)|2dx)2

��]�L���P�[~��LOUYL�L���UVKML
]<_F] ∑∞

k=1 |ck|2 ≤ ∞ �jUVP�UVUYi+PW�~�+UYNF_Fb�LOP
�+UYb�Z�zyPe]<� {ck}∞k=1

S+LOb�nFzy[
]<_�]^��ã�z2LOK
`2 UV[WU�H q

< {ck}∞k=1, {dk}∞k=1 >=
∑∞

k=1 ckdk
U)m���ZFmVP�SIb�nFo LOP

`2 N {dk}∞k=1
��L {ck}∞k=1

�jUVb�NTUVK`UVXf�
ÆFUY��NQ�

n
]<_F]gzyXY_FSIP ∑∞

k=1 |ckdk| �f��acU�_QLOX�H r
n
∑

k=1

|ckdk| ≤

√

√

√

√

n
∑

k=1

|ck|2
√

√

√

√

n
∑

k=1

|dk|2 ≤

√

√

√

√

∞
∑

k=1

|ck|2
√

√

√

√

∞
∑

k=1

|dk |2

|
∞
∑

k=1

ckdk| ≤
∞
∑

k=1

|ckdk| ≤

√

√

√

√

∞
∑

k=1

|ck|2
√

√

√

√

∞
∑

k=1

|dk|2

∞
∑

k=1

|ck + dk|2 ≤ (

√

√

√

√

∞
∑

k=1

|ck|2 +

√

√

√

√

∞
∑

k=1

|dk|2)2

H
`2 ]gSM_FUYU�� {cn + dn}2 [Wb�nFzy[��jo���_F]�H �y]�L��yPW[|��LOUfL�L��/UVK q � �yP|{ �$m�i�G-� �yP

r
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UV_

d(u, v) = ‖u − v‖ U)m��
d(u, v)

UfmV�\i+acb�PW[�b�n�o LOP
u, v ∈ V

�+UYb�NQUVK`UYXf�u]<_F] ¼�¿�·�À

d(u, v) = 0 ⇔ u = v
�jo L

d(u, v) ≥ 0
H R

d(v, u) = ‖v − u‖ = ‖(−1)(u − v)‖ = ‖u − v‖ = d(u, v)
H G

��]�L���P�[~��LOUYL�L���UVK¢H q
d(u, v) + d(v, w) ≥ d(u, w)

‖u− v‖ + ‖v − w‖ ≥ ‖(u− v) + (v − w)‖

[�P�b�LOX)]}zyacUVN&x
W

]�LONQo ]�SJzyXf_FSJP�K3UV[���b�PWK3X
V

ZFm�P�NQacb�PWN {uk}∞k=1

[Wb�nFzñb�LONQ� ´�µ�Ú�¹�ÕF´WÊ�´�·�ÅFÃ�Ê
�+Kut

V
�)N

d(uk, w) = ‖uk − w‖, lim
k→∞

‖uk − w‖ = 0

ÊÄÀÄ·�µ�¹p¾�·�´�µ�¶Y¾�¾Tµ Ø Ê
¾Äµp·�¶p¼�Ê�´"¶V¶YÔT¾
‖u−w‖ = inf ‖u−w′‖ �|��_

w
b�NQUYK

W
N:KMLOh�PW]ì�jU��yi+NTP�H

u ∈ V \W UY[�UYL
V

�)Ng��LOSJXcP&mVS
W

UY[�S Êc·�ÅQÃ�Ê
Ã�ÉY¸�´�µp¾c»T¶Y¹òÁ�Â Ç ÂVÁ

< u, v >= 0
 )K

u ⊥ v
{ owmVK~�jUVK3b�i+X

V
ZFmVP�NTacb�P�Ne[�SIL&�+UYb�NQK~UYXY� Êc·�ÅFÃ�Ê

‖u + v‖2 = ‖u‖2 + ‖v‖2  )K
u ⊥ v

�jK ÊÄ¹�Ô Ø
t ‖u + v‖2 = ‖u‖2 + 2Re < u, v > +‖v‖2 x���]�L���P�[~��LOUYL�L���UVK~ZFmV�

SILONQh�UYXf[}SJK¡acb�_F[WN
b�b�LOojK3]g��LOUfL�L��y[` fK
Re < u, v >

Neb�NTL�nFP���]^]^opNe�jUVNF_Fb�LOP�[�]^��P~[�b���[
ª æ ç í å�æ ç §yé�®&±Wó+© ²=³Vô

Æ �jK~SJUV]�X)LOowLOSJb�LOK�SJ_Fb���P`SJK3b�i+X
(2 ≤ n ≤ ∞), {vk}n

k=1
�jUVb�NTUVK3[|� NQi Ã�ÉY¸�Êc·�ÅFÃ�Ê

k
]<_F]

vk 6= 0
H R

< vk, vj >= 0
�+UYUVijSJP

k 6= j
]<_F]ßH G

H SIUV]^P�b�LOX�LOSJb�LOKÌSJK3b�ijXJSM_Fb���P�[` )K ‖vk‖ = 1
�jUVUYi+SIP

k
]<_F]g�+K ¹ ÉY¸}Êc·�ÅQÃ�Ê

∀k ∈ N

1 ≤ k ≤ n
, ck =

UY )K�tvUYZ�LOz
n

�`[�b�i+P�N�x ∑n
k=1 ckvk = 0

�+K&�}]�m�h-b�P&LO]<_�]�mVSJN:K3UV[�o�m�KlSM_Fb���Pl]<_ ÊÄ¹�Ô Ø
�jXfP&LOKML

0

0 =<

n
∑

k=1

ckvk, vm >=

n
∑

k=1

ck < vk , vm >= cm < vm, vm >

u, v ∈ span{ek}n
k=1

�+UYb�NTUVKßUVXf��]<_F]eUY fK
(2 ≤ n ≤ ∞), {ek}n

k=1

X�mVKËSM_Fb���Pß�+�
ZFmVPWP
V

UY[�U�Ø ½�Î$À
�jUVUVijSJP

< v, u >=
∑n

k=1 < u, ek > < v, ek >
H R

∀u ∈ W, u =
∑n

k=1 < u, ek > ek
H G

5



UV )K
u =

∑n

k=1 ckek, v =
∑n

k=1 dkek
Êc¿"Õ�µ Ê

< u, v > = <

n
∑

k=1

ckek,

n
∑

j=1

dkek >=

n
∑

k=1

n
∑

j=1

ckdk < ek, ej >

=
n
∑

k=1

ckdk

��_QLOPW_

< u, em >=<
n
∑

k=1

ckek, em >=
n
∑

k=1

ck < ek, em >= cm < em, em >= cm

�

∀u ∈ W, ‖u‖2 =< u, u >=
∑n

n=1 | < u, ek > |2 Êc¸"»Äµ ´
W = sp{{ek}n

k=1}
Xpm�K¡� ��P

(n < ∞), {ek}n
k=1

UY[�S�t�RdH Gj[�K3bg{ b�SILOUVN�NTL��J[eNTLOb�UVij[eSJUVUY��NT]-��LOb�SIZcx�Ø ½�Î$À
UV )K

∀u ∈ V \W, min
ck∈C

‖u−
n
∑

k=1

ckek‖2 = ‖u−
n
∑

k=1

< u, ek > ek‖2 = ‖u‖2 −
n
∑

k=1

| < u, ek > |2

Êc¿"Õ�µ Ê

‖u−
n
∑

k=1

ckek‖2 = < u −
n
∑

k=1

ckek, u −
n
∑

j=1

cjej >

= ‖u‖2− < u,

n
∑

k=1

ckek > −< u,

n
∑

k=1

ckek > +

n
∑

k=1

|ck|2

= ‖u‖2 −
n
∑

k=1

(ck < u, ek > +ck< u, ek >) +

n
∑

k=1

|ck|2

= ‖u‖2 +

(

n
∑

k=1

|ck|2 −
n
∑

k=1

2Reck < u, ek >

)

= ‖u‖2 +

n
∑

k=1

(

|ck|2 − 2Reck < u, ek > +| < u, ek > |2
)

−
n
∑

k=1

| < u, ek > |2

= ‖u‖2 −
n
∑

k=1

| < u, ek > |2 +

n
∑

k=1

|ck− < u, ek > |2

⇒ min
ck∈C

‖u−
n
∑

k=1

ckek‖2 = ‖u−
n
∑

k=1

< u, ek > ek‖2 = ‖u‖2 −
n
∑

k=1

| < u, ek > |2

�

∀u ∈ W, ‖u‖2 =< u, u >=
∑n

k=1 | < u, ek > |2 Êc¸"»Äµ ´
∀k, j ∈ N , < u − U�_

u −∑n

k=1 < u, ek > ek ⊥ W = sp({ek}n
k=1)

�JZ��yPW[Ë]<�¢�jUVX�LOSJX)P Êc¸"»Äµ ´
∑n

k=1 < u, ek > ek, ej >=< u, ej > − < u, ej >= 0

�



ÎâÉ�ÃDõ�¶Vº�Ê"´ Á�ÂvÒBÂVÁ
sp{ek}n

k=1 =
�ö�^_ {ek}n

k=1
XpmVKîSM_Fb���PîSILOX)NQ]~�OSIUVX:UY )Kî]�H SIH Nî� NTi

(n < ∞), {vk}n
k=1

UY[�S�Ø ½�Î$À
sp{vk}n

k=1

t
v1 6= 0

 )K~]�H SIH N`� NQij[Ix
e1 = v1

‖v1‖
H R

tv]�H S+H N
v2, v1

U�_lH ]�H SIH N
v2, e1

U�_
u2 6= 0

x
u2 = v2 −

∑1
k=1 < v2, ek > ek, e2 = u2

‖u2‖
H G

SIUVij]^aÏXpm�Ku� ��P��yUM fK|�+Ufn���h
j − 1

b�acK3]ltv[�UVh�i�L�n�X)UVK3[`n���h�x�H q

sp{e1, ..., ej−1} = sp{v1, ..., vj−1} ⊥ sp{uj , ..., un}
 )K3L

uj = vj −
j−1
∑

k=1

< v2, ek > ek, ej =
uj

‖uj‖

tv]�H SIH N {v1, ..., vj−1, vj} U�_lH ]�H SIH N {e1, ..., ej−1, vj} U�_
uj 6= 0

x
�JZ��yPW[}�+UYUVijSJP�[�UVh�i�L�n�X)UVK3N
�^_

�

­3ékékëJ±W«&é�§yé�©J­3÷øí�§2é�±W¨ å ë�í�§yék¨ «3ékëÌù ¨ ç ª æwç §yé�®&±Wó+© ²=³�ú
]<_F]�UY )K

V
Z�mVPWP�NeSJUVZ�LOz��OUVK~SJUY]^PWb�LOX�LOSJb�LOKßSM_Fb���P {ek}∞k=1

UY[�S�Ø ½�Î$À

∀n ∈ N,
n
∑

k=1

| < u, ek > |2 ≤ ‖u‖2

´"µp¸"»Äµ ´
∀u ∈ V,

∑n

k=1 | < u, ek > |2 < ‖u‖2 < ∞ ]^zyN
��LOUYL�L��$�)UYKñH R
∀u ∈ V, limk→∞ < u, ek >= 0

opNT]����OPWUYb�]<��[�PW]^['H G
Êc·�ÔcÊ

T : V 7→ `2 = {{cn}∞n=1|∀n ∈ N, cn ∈ C ∨
∞
∑

n=1

|cn|2 < ∞}, u ∈ V, t(u) = {< u, ek >}∞k=1

�jK¡H
V

ZFm�P`NTaÄb�P�N Êc·�µ�ÃdÚ {ek}∞k=1
SJUV]^P�b�LOX)LOSIb�LOKßSM_Fb���P���b�PWK3X Êc·�ÅFÃ�Ê

∀u ∈ V, lim
n→∞

‖u−
n
∑

k=1

< u, ek > ek‖ = 0

t
0 < k ≤ ∞, ‖‖k

SILOPWb�LOXjb�LONQ�cx
��mV�+K¡[�b�LOopz�K&UY[ {ek}∞k=1

SIUV]^P�b�LOX�LOSJb�LOKßSM_Fb���P º�µ�µ�ÚF·�½�´�µ ÊÄÛ Ø ½�Î$À

∀u ∈ V, ‖u‖2 =

∞
∑

k=1

| < u, ek > |2

�



��RdH q N
LOX)UVK3b�[ Êc¿"Õ�µ Ê

‖u −
n
∑

k=1

< u, ek > ek‖2 = ‖u‖2 −
n
∑

k=1

| < u, ek > |2

�jUVUYi+SIP���_F]

lim
n→∞

‖u −
n
∑

k=1

< u, ek > ek‖2 = lim
n→∞

‖u‖2 −
n
∑

k=1

| < u, ek > |2

�

t ‖{ck}‖`2 =
∑∞

k=1 |ck|2 b��yK&_Wx ‖u‖2 = ‖T (u)‖2
`2

�jUVUVijSJP} )K Êc¸"»Äµ ´
��LOUYL�L��y[`�jK

V
�)N
[�P�]<�/SJK3b�ijX {ek}∞k=1

SJUY]^PWb�LOX�LOSJb�LOK¡SJ_Fb���P Êc·�ÅFÃ�Ê
∀k ∈ N, < u, ek >= 0 ⇔ v = 0

UV_l[�P�]<�î� ��P�K3UY[�[Wb�LOo zî� ��P}]<_ Êc¸"»Äµ ´

∀k ∈ N, < u, ek >= 0 ⇒ ‖u‖2 =

∞
∑

k=1

| < v, ek > |2 = 0 ⇔ v = 0

SILO[� )[`SJPWUYUVijSJP
u, v ∈ V

]<_F]�UY )K
V

Nl[Wb�LOo z {ek}∞k=1

�jK~SJ]�]<_QLOPW[~]�L�LOzyb�ZlSILO[� �Ø ½�Î$À

< u, v >=

∞
∑

k=1

< u, ek > < v, ek >

UV )K
V

Nl[�b�LOopz {ek}∞k=1

�+K Êc¿"Õ�µ Ê

⇒< u −
n
∑

k=1

ckek, u −
n
∑

j=1

cjej > =

∞
∑

k=1

| < u, ek > |2

∀u ∈ V, lim
n→∞

‖u−
n
∑

k=1

< u, ek > ek‖ = ‖u−
∞
∑

k=1

< u, ek > ek‖ = 0

��mV�jK~[� �L

∀u ∈ V, u −
∞
∑

k=1

< u, ek > ek = 0

⇔ ∀u ∈ V, u =

∞
∑

k=1

< u, ek > ek

⇒ ∀u, v ∈ V, < u, v > = <
∞
∑

k=1

< u, ek > ek,
∞
∑

k=1

< u, ej > ej >

U)m���UYi+]^a��jL�_Fz��OPWzyX

u(sn) =

n
∑

k=1

< u, ek > ek

8



UfmV�\b�L��J[�NTX) MSJK¡�OP�zyX)L

u(rn) =

∞
∑

k=n+1

< u, ek > ek

UV )K
{

∀u, v ∈ V
∀n ∈ N

, C 3< u, v > = < u(sn) + u(rn), v(sn) + v(rn) >

= < u(sn), v(sn) > + < u(sn), v(rn) >

+ < u(rn), v(sn) > + < u(rn), v(rn) >

=

n
∑

k=1

< u, ek > < v, ek >

+ < u(sn), v(rn) > + < u(rn), v(sn) > + < u(rn), v(rn) >

��_F]gzyXY_FSIP`b�L��J[�H �jLOzya�UYL��JUVNT[���_F]�LWNQ_Fb�LOP`b�Z�zyP`K3UV[�ZFm�P�[
lim

n→∞
u(rn) = 0

lim
n→∞

v(rn) = 0

⇒< u, v > = lim
n→∞

< u, v >

= lim
n→∞

[

n
∑

k=1

< u, ek > < v, ek >+ < u(sn), v(rn) >

+ < u(rn), v(sn) > + < u(rn), v(rn) >]

= lim
n→∞

[

n
∑

k=1

< u, ek > < v, ek >

]

+ < u, 0 >

+ < 0, v > + < 0, 0 >

= lim
n→∞

[

n
∑

k=1

< u, ek > < v, ek >

]

=

∞
∑

k=1

< u, ek > < v, ek >

�

t
f

]g�+UYK3SJPW[`LOKyx
f

]^�/]^]<_QLOP|[�UVb�LOZ�b�L��ß[� 
f ∼∑∞

k=1 ckek, ck =< f, ek >
U�_lb�PWK3X Êc·�ÅFÃ�Ê

û�9�üDC�ýÓ9^üDC�þ ÿ
�M¨�±��ì©+ékª�é å ¨�±��-¬ ¬I¨�±�éd«Ë¨�±Wé�� ðQ³�²

b��yK�_�{
[−π, π]

���JijN��OUY���ILOijPW]ìSILOZ�UVh�b�[WLTSILONQ_Fb�LOP�[eSILOUVh�ijX�LOZ�[eNTaÄb�PeSJK
E = E[−π, π]

N��OP�zyX Êc·�ÅQÃ�Ê
LOK�[�i+UY]^z�o LOzyP~SILOZ�UVh�blUVKu� ijXI]^��UYZ�LOz�b�Z�zyP

I
���Ji+Ne�yUM�jK

I
]^�l�OUV���ILOi+P�]�[�Z�UVh�b

f : I 7→ Ct0��L��yK3b�[`o LOzy[IxW[�h�UVZ�i
¸cÀÄÃdµ�Å

f(x) =
x

π
−
[x

π

]

=







x
π

+ 1 −π ≤ x < 0
x
π

0 ≤ x < π
0 x = π

9



U)m�� ½FÉVÀ�Êc·�ÅFÃ�Ê

∀f, g ∈ E, c ∈ R+, < f, g >= c

∫ π

−π

f(x)g(x)dx

�u�yb�n�X�H R
< f, f >= 0 ⇔ f ≡ 0

⇒
∫ π

−π

|f(x)|2 dx = 0 ⇔ f ≡ 0

]^NQijXM�+o
f(x) 6= 0

�j[�NF��� ijXM]<��UYZ�LOzub�Z�zyPW]��Jb�Z
[−π, π]

���Ji+[�]<_FN
f(x) = 0

�+K¡]^NQK
∫ π

−π

|f(x)|2 dx = 0

� i+X+]<��UYZ�LOz�b�Z�zyPWN�i+b
f(x) 6= g(x)

�ym��jK
E

N
S+LO]�LOiI��_�[WXfNQ�yaÄSÌS+LOUVh�ijX)LOZeUYSM����b�PWK3X���_F] Êc·�ÅFÃ�Ê
H LOXfPW�yb���SILO]^UYiI�y[}]<��LO]�L�nFLOP�]\zyacUVNeLO]^]^[`SILO]^UYiI�y[`SILOij]^acP`]<��L�m�P�[}SJK~�2n�acP~b�UYnFopXM )K

Æ SJUV��P�P�L&SJNQ_Fb�LOP`o�m�KÌ� ��P`UVSM��SILOPWUYUVi
E

�)N Êc·�ÅFÃ�Ê
b��yK&_ {ϕk}∞k=−∞

[Wb�nFzy[ H R
∀k ∈ N, ϕk = eikx = cos(kx) + i sin(kx)

b��yK&_ {ek}∞k=0

[Wb�nFzy[ H G
e0(x) = d0

e2k(x) = cos(kx), k ≥ 1

e2k+1(x) = sin(kx), k ≥ 1

SIL�_Fb���P�[`]<� ¹ ÉY¸cµ+Ã�ÉY¸�´W¿"Õ�µ Ê
Æ SILOX�L�_FSÌSJUV��K3beH{ϕk}∞k=−∞

UVNTop]�[WaT_QLO[ H R
[�UVb��JPWUYz tvKyx

∀k ∈ N, ϕk(x) = eikx = e−ikx = ϕ−k(x) = ϕk(−x)

ϕk(x)ϕm(x) = ei(k+m)x = ϕk+m(x)
SILOUYb�K3X)]�tvN�x

ϕk(x + 2π) = eikxeik2π = ϕk(x)
SILOUVb�LO )acP tvo�x

ϕ′
k(x) = ikϕk(x)

SJb� )opXet0n�x
�+["��]<_

k 6= m
b�LONQ�

< ϕk, ϕm > = c

∫ π

−π

ϕk(x)ϕm(x)dx

= c

∫ π

−π

ϕk(x)ϕ−m(x)dx

= c

∫ π

−π

ϕk−m(x)dx

= c
ϕk−m(x)

i(k − m)

∣

∣

∣

∣

π

−π

= 0

10



Æ Xpm�K¡[�UV[WS/� ��PW["��UYn�_lSILOUV[�]\��UVb�h
c

[W fUYK~[�K3b�XIã�z2LOX)N

< ϕk, ϕk > = c

∫ π

−π

ϕ0(x)dx

= c

∫ π

−π

1dx = 2πc = 1

⇒ c =
1

2π

< f, g > =
1

2π

∫ π

−π

f(x)g(x)dx

]�mVheUV )K~owmVK~[�K3b�X�H G

k ≥ 1, < e0, e2k > = 0 (1)

k ≥ 1, < e0, e2k−1 > = 0 (2)

k ≥ 1, m ≥ 1, < e2k, e2m−1 > = 0 (3)

k ≥ 1, m ≥ 1, < e2k, e2m > = 0 (4)

k ≥ 1, m ≥ 1, < e2k−1, e2m−1 > = 0 (5)

UV )K
f(x) = −f(−x)

SIUVo LO p�)UYK
f(x)

b��yK&_

∫ π

−π

f(x)dx = 0 ⇒< e0, e2k−1 >= 0 ⇒ (1), (2), (3)

SILOUYb��JP&LOX�LOopUVb��ßSILOUYLO[� +ZFm��

2 cos(α) cos(β) = cos(α − β) + cos(α + β) (6)

2 sin(α) sin(β) = cos(α − β) − cos(α + β) (7)

�jUVUYi+SJP�UV )K

< e2k, e2m > = c

∫ π

−π

cos(kx) cos(km)dx

(6) ⇒ =
c

2

∫ π

−π

[cos(k − m)x + cos(k − m)x] dx

=
c

2

[

sin(k − m)x

k − m
+

sin(k + m)x

k + m

]∣

∣

∣

∣

π

x=−π

= 0 ⇒ (4)

(5)
SJK|acU�_QLO[W]\�OSJUVX

(7)
�+K¡�OZ�LOK�LOSILOK3N

11



�+UfLOzyP
c

b�LONQ��X�mVK~[�K3b�X
< e2k, e2k >=< e2k−1, e2k−1 > = 1

=
c

2

∫ π

−π

[1 ± cos 2kx] dx =
c

2
2π = πc

⇒ c =
1

π
< e0, e0 > = 1

=
1

π

∫ π

−π

d2
0dx = 2d2

0 = 1

⇒ d0 =
1√
2

� ��PW[}��_F]
{

1√
2
, coskx, sin kx

}

ZFm�P�]�zyacUYN

< f, g > =
1

π

∫ π

−π

f(x)g(x)dx

�

f
]<�/[WUVb�LOZ�UYP�n�ijP}]<�/SILOb�n�z�UYSM�uSILOb�n�o LOP|UV["�y]<_

f ∈ E
b�LONT� Êc·�ÅFÃ�Ê

�+[}�jUVP�nFi+P�[ {ϕk}∞k=−∞
� ��P�[}UVNQo ]:[�X�L��yK3b�[ H R

ck =
1

2π

∫ π

−π

f(x)e−ikxdx

K3LO[}[�UYb�LOZ�b�L��IL

f ∼
∞
∑

k=−∞
ckeikx

XpmVK~SJU��yP�PW[�� ��PW]gzyacUVNe[�UYUVXf�y[�H G
{

1√
2
, cos kx, sin kx

}

�jUVP&n�i+P�[�b��yK&_

ak =
1

π

∫ π

−π

f(x) cos kxdx

bk =
1

π

∫ π

−π

f(x) sin kxdx

a0 =
1

π

∫ π

−π

f(x)dx

tvXpmVK|K3]Qx���LOi+UYSJ]�zyacUYN
{

1

2
, coskx, sin kx

}

12



SJUV��P�PW[�� ��P�]�zyacUYN
f(x)

]<��[�UVUYb�LOZ�b�L��¡ )KML

f(x) ∼ a0

2
+

∞
∑

k=1

[ak cos kx + bk sin kx]

�jUVK&�JNQPË�jUVUYo LO p�)UVK3[Ì�jUVb�NQUYK3[Ì]<_QLySJUYo LO â[�UVh�ijX�LOZ��jUVK&�JNTPË�+UYUVo LO )[Ì�jUVb�NQUYK3[Ì]<_~SJU��yP�PW[�� ��PWN Êc·�ÔcÊ
SJUYo LO p�)UVKML�SJUVo LO +[�UVh�ijX�LOZ\]<��[Wn�UVacUM[�o h�[�]gi+b�Z�]��OSIUVXJ[�UYh�i+X�LOZ\]^_lUYb�[�LWSJUYo LO p�)UVK¡[�UVh�ijX�LOZ

f(x) =
f(x) + f(−x)

2
+

f(x) − f(−x)

2

P�NQ_Fb�LOP`UVo LO )[�i+]^ac[
k ∈ N ∪ {0}, ak =< f, e2k >=< f, coskx > ∧ < f, a0 >

UVo LO p�)UYK~i+]�aÄP&L
k ∈ N, bk < f, e2k−1 >=< f, sin kx >

t m�UV�yPWP&mV[Ix
f(x)

]<��[�UVb�LOZ�b�L��ßSJK¡aÄSIZ�X −π ≤ x ≤ π, f(x) = x
π
−
[

x
π

] ¸cÀÄÃdµ�Å
UYo LO )[�ij]^ac[}SJK|NQ��acX\H R

f(−x) =







0 x = −π
− x

π
−π < x ≤ 0

− x
π

+ 1 0 < x ≤ π

f(x) =







x
π

+ 1 −π ≤ x < 0
x
π

0 ≤ x < π
0 x = π

⇒ f2(x) =
f(x) + f(−x)

2
=























0 x = −π
1
2 −π < x < 0
0 x = 0
1
2 0 < x < π
0 x = π

a0 = 1, ∀n > 1, an = 0
UVowLO f[}[�UYb�LOZ�b�L�����_F]

f2 ≡ mod 1
2

���ONQU�_e��_F]
UVo LO p�)UYK3[�ij]^ac[}SJK|NQ��acX\H G

f1(x) =
f(x) − f(−x)

2
= f(x) − 1

2
, (x 6= 0,±π)

bk =
1

π

∫ π

−π

f1(x) sin(kx)dx

=
2

π

∫ π

0

f1(x) sin(kx)dx

=
2

π

∫ π

0

(
x

π
− 1

2
) sin(kx)dx

=
2

π

[(

−
(

x

π
− 1

2

)

cos(kx)

k

)∣

∣

∣

∣

π

0

− 1

kπ

∫ π

0

[cos(kx)] dx

]

=
2

π

[

−1

2

(−1)k + 1

k

]

= −1 + (−1)k

πk

13



[�UYb�LOZ�b�L��ß��_F] k = 2m − 1, b2m−1 = 0
k = 2m, b2m = − 1

πm

�+UYP�n�ijPW[}��_F]

f(x) ∼ 1

2
−

∞
∑

m=1

sin(2mx)

πm

f(±π
2 ) = 1

2
fourer = 1

2

[�Z�UYh�b�� ijXfNâi�L�n�NQX f(±π) = 0
fourer = 1

2

��_QLOPW_ f(0) = 0
fourer = 1

2

SILOP�LOijP�b�Z�zyPWN:ijL�n�NTX\H q
��_QLOPW_

f(
π

4
) =

1

4

fourer =
1

2
−

∞
∑

m=1

sin(mπ
2 )

πm

=
1

2
−

∞
∑

l=1

(−1)l−1

π(2l − 1)

arctanx =

∫ x

0

1

1 + t2
dt

=

∫ x

0

∞
∑

l=1

(−1)l−1t2l−2dt =

∞
∑

l=1

(−1)l−1 x2l−1

2l − 1

⇒ fourer =
1

2
− arctan 1 =

1

4
= f(

π

4
)

´"¶fÎ$ÀÄÀcÊ}ÊÄ¶Y¶Y·�µ�½ à ÔQÀTº�º�ÚF¾ÏÞ�µ�¶Yµ�µpÎ�¶Y¸
|a0|2

2
+

∞
∑

k=1

(

|ak|2 + |bk|2
)

≤ 1

π

∫ π

−π

|f(x)|2dx

¸cÀÄÃdµ�ÅQ¾
1

2
+

1

π2

∞
∑

m=1

1

m2
≤ 1

π

∫ π

−π

(x

π
−
[x

π

])2

dx

=
2

π

∫ π

0

(
x

π
)2dx =

2

3
∞
∑

m=1

1

m2
≤ π2

6

�F¶YÚ�¶VÚF¾"Ê�¶V¹pÎ�Þ�¶f¾Ï·�Î-¼�Ê Ç ÂVÁ�ÂVÁ
NF_Fb�LOPW[}zyUVzyNT]�UV�yPWPW[}zyUYzyNQ[�P'H R

ck =
1

2π

∫ π

−π

f(x)e−ikxdx

=
1

2π

∫ π

−π

f(x) (cos kx − i sin kx) dx

ck =







1
2 (ak − ibk) k ≥ 1

1
2a0 k = 0

1
2 (a−k + ib−k) k ≤ −1

14



U��yPWP�[�zyUYzyNQ]�NF_Fb�LOPW[}zyUYzyNQ[�P'H G

∀k ∈ N, {ak, bk} ∈ C, ck =
1

2
(ak − ibk)

c−k =
1

2
(a−k + ib−k)

ak = ck + c−k

bk =
c−k − ck

i
= i(ck − c−k)

·�¶VÀÄ¹
k=∞
∑

k=−∞
ckeikx = c0 +

∞
∑

k=1

(ckeikx + c−ke−ikx)

= a0 +

∞
∑

k=1

[(ck + c−k) cos kx + i (ck − c−k) sin kx]

= a0 +

∞
∑

k=1

[ak cos kx + bk sin kx]

H [�UYUVXf�y[}�+oj[�b�LOopz�SJacKË� ��P}�jK| )K~SILOZ�Z�LOa�� ��PW[�UVXf�/��_F]
SJUYzyi+]�Z�P&LOi+[¡� ��P�]�zyacUYNlNQ�yaÄX

a 6= 0, f(x) = eax ¸cÀÄÃdµ�Å

ck =
1

2π

∫ π

−π

e(a−ik)xdx

=
e(a−ik)x

2π(a − ik

∣

∣

∣

∣

(
eα − e−α

2
= sinh α) ⇒ =

(−1)k(eaπ − e−aπ)

2π(a − ik)

= (−1)k sinh(aπ)

π

a + ik

a2 + k2

ak = ck − c−k = (−1)k sinh(aπ)

π

2a

a2 + k2

bk = i(ck − c−k) = (−1)k sinh(απ)

π

2k

a2 + k2

a0 = 2co =
2 sinh(aπ)

aπ

eax ∼ sinh(aπ)

aπ
+

sinh(απ)

π

∞
∑

k=1

(−1)k(a cos kx − b sin kx)

a2 + k2

⇒ π

sinh(aπ)
=

1

a
+ 2

∞
∑

k=1

(−1)ka

a2 + k2

§2ékëMªk®J§ì¬�¨ å ékë ðQ³�ð

f(x) ∼
∞
∑

R=−∞
ckeikx =

a0

2
+

∞
∑

k=1

[an cos kx + bn sin kx]

15



E′ ⊆ E
NTaÄb�P3�)SJSJN
SJP�UVUYi � ijX)[�SILOzyXf_FSJ[

{

∀x ∈ I
∨∀ε > 0

}

, ∃N(x, ε), ∀m ≥ N,

∣

∣

∣

∣

∣

m
∑

k=0

uk(x) − f(x)

∣

∣

∣

∣

∣

E′ ]<�/[�hFLONTi���SJSßSJPWUYi �2mVPWNeSILOzyXf_FSJ[

E
]<_FNeSJPWUYi [�P�b�LOXfNeSILOzyXf_FSJ[

ÊTº�Õ�¶f·�¶YÅ Ø ½�ÎDÀ Ç Â Ç ÂVÁ
Æ �jUVK3NQ[}SILO]�LONQop[}UVXf�u�jUVP�UVUYiß�Ob�LONT����{

E
�)NeSILOUVh�ijX�LOZ�[}]<_eã�z2LOK|SJK

E′ �)N
�OPWzyX Êc·�ÅFÃ�Ê

∀x ∈ (−π, π), lim
t→0+

f(x + t) − f(x+)

t
= f

′

+(x)

lim
t→0−

f(x + t) − f(x−)

t
= f

′

−(x)

f(x+) = lim
t→x+

f(t)

f(x−) = lim
t→x−

f(t)

���JijNe�+Ufn�UVacUY[��jUYnFnFh�n�ac[`SILO]�LONTop[`LOUV[�UV�u�yb�n�X ±π
� ijX)Nl��_QL

x = ±π, lim
t→0±

f(∓π + t) − f(∓π±)

t
= f ′

±(∓π)

f(x±) = lim
t→x±

f(t)

�)]
x ∈ (−π, π)

� i+XM]<_FN�� i+XIzyXY_FSIP�[W]<��[WUVUVb�LOZ\b�L��Ë{
f ∈ E′ [WUVh�ijX)LOZ�]<_lb�LONT�ÌØ ½�Î$À

f(x+) + f(x−)

2

�)]gzyXf_FSJP`b�L��J[
x = ±π

� i+X)N

f(−π+) + f(π−)

2

��L�_Fzy[/H mVacLOXpm��OZ�LOK
E

�)N�[�X�LOSJX
f(x)

]<��[�UYb�Zlb�L��Ë]<���jUVij]^ac[~�jUVP&L�_Fzy[|SJKßK&�JNQ]��+UV_FUVb�h ÊÄÀTº
[WUVb�LOZ�b�L��ß]<�

m
�)[}UVij]^ac[

f(x) ∼
∞
∑

R=−∞
ckeikx, ck =

1

2π

∫ π

−π

f(t)e−iktdt

16



KMLO[

sm(x) =

m
∑

k=−m

ckeikx

=
1

2π

m
∑

k=−m

eikx

∫ π

−π

f(t)e−iktdt

=
1

2π

∫ π

−π

f(t)

(

m
∑

k=−m

eik(x−t)

)

dt

m
∑

k=−m

eiku = e−imu

m
∑

k=−m

ei(k+m)u

(k + m = l) → = e−imu

2m
∑

l=0

eilu = e−imu ei(2m+1)u − 1

eiu − 1

=
ei(m+1)u − e−imu

eiu − 1

(

×e−i u

2

)

→ =
ei(m+ 1

2
)u − e−i(m+ 1

2
)u

ei m

2 − e−i u

2

=
sin
(

m + 1
2

)

u

sin
(

1
2u
) = 2Dm(u)

⇒ sm(x) =
1

π

∫ π

−π

f(t)Dm(x − t)dt

��_F]�L�UVo LO I[�]<_FUVb�Ufn���L�_Fz

sm(x) =
1

π

∫ π

−π

f(t)Dm(t − x)dt

(t − x = s) ⇒ =
1

π

∫ π−x

−π−x

f(x + s)Dm(s)ds

]g]�LONTop[�SIK|NQUYacb�X�L�[� ) )[���h�NQX

sm(x) =

∫ π

−π

f(x + s)Dm(s)ds

]�mVh Êc¿"Õ�µ Ê
1

π

∫ π

−π

f(x + t)Dm(t)dt → f(x+) + f(x−)

2

�f��acU�_QLOX
1

π

∫ π

0

f(x + t)Dm(t)dt → f(x+)

2

�jo L
1

π

∫ 0

−π

f(x + t)Dm(t)dt → f(x−)

2

17



ÊÄÀTº
∫ π

0

Dm(t)dt =
1

2

∫ π

0

π
∑

k=−m

du

=

∫ π

0

[

1

2
+

m
∑

k=1

cos ku

]

du

=
π

2 �jo L
∫ 0

−π

Dm(t)dt =
1

2

∫ 0

−π

π
∑

k=−m

du

=

∫ 0

−π

[

1

2
+

m
∑

k=1

cos ku

]

du

=
π

2

��L���K3b�[`ij]^ac[�SJK¡acU�_QLOX�H R
f(x+)

2
=

f(x+)

π

π

2
=

f(x+)

π

∫ π

0

Dm(t)dt =
1

π

∫ π

0

f(x+)Dm(t)dt

acU�_QLO[�]gijUVZ�zyP`��_F]�L
1

π

∫ π

0

[

f(x + t) − f(x+)
]

Dm(t)dt → 0

�jL��yb�]\�OSJUVXI]^NQK
∫ π

0

f(x + t) − f(x+)

2 sin
(

1
2 t
) sin

(

(m +
1

2
)t

)

dt → 0

�jo LW�OUY���ILOijPW]�[�Z�UVh�b
g(t) = f(x+t)−f(x+)

2 sin( 1
2
t)

[�UVh�ijX�LOZ�[
0 < t ≤ π

���Ji+N

lim
t→0+

g(t) = lim
t→0+

f(x + t) − f(x+)

t

t

2 sin
(

1
2 t
) = f

′

+(x)

∫ π

0

f(x + t) − f(x+)

2 sin
(

1
2 t
)

(

sin
1

2
t cosmt + cos

1

2
t sinmt

)

dt =

∫ π

0

(

g(t) sin

(

1

2
t

))

cosmtdt

+

∫ π

0

(

g(t) cos

(

1

2
t

))

sin mtdt

�OPWzyX

h1(t) =

{

g(t) sin
(

1
2 t
)

0 ≤ t ≤ π
0 −π ≤ t < 0

h2(t) =

{

g(t) cos
(

1
2 t
)

0 ≤ t ≤ π
0 −π ≤ t < 0

 )KML

=

∫ π

−π

h1(t) cos mtdt +

∫ π

−π

h2(t) sin mtdt

R��



��LOXfaÄ_QLO[~H
m → 0

b��yK&_e�B�)]g�+UYzyXf_FSJP}Z�mVP~LOK|�jUV]�b�op�JXfUYK3[�UYXY�/opNQ]��p�OPWUVb�Z�mV��L
1

π

∫ π

0

f(x + t)Dm(t)dt → f(x+)

2

H UYXY�y[}ij]^ac[�SJK¡acU�_QLOX�H G

f(x−)

2
=

f(x−)

π

π

2
=

f(x−)

π

∫ 0

−π

Dm(t)dt =
1

π

∫ 0

−π

f(x−)Dm(t)dt

acU�_QLO[�]gijUVZ�zyP`��_F]�L

1

π

∫ 0

−π

[

f(x + t) − f(x−)
]

Dm(t)dt → 0

�jL��yb�]\�OSJUVXI]^NQK
∫ 0

−π

f(x + t) − f(x−)

2 sin
(

1
2 t
) sin

(

(m +
1

2
)t

)

dt → 0

�jo L&�OUV���ILOi+P�]�[WZ�UYh�b
g(t) = f(x+t)−f(x−)

2 sin( 1
2
t)

[�UVh�ijX�LOZ�[
0 < t ≤ π

���Ji+N

lim
t→0+

g(t) = lim
t→0+

f(x + t) − f(x−)

t

t

2 sin
(

1
2 t
) = f

′

+(x)

∫ 0

−π

f(x + t) − f(x−)

2 sin
(

1
2 t
)

(

sin
1

2
t cosmt + cos

1

2
t sinmt

)

dt =

∫ 0

−π

(

g(t) sin

(

1

2
t

))

cosmtdt

+

∫ 0

−π

(

g(t) cos

(

1

2
t

))

sin mtdt

�OPWzyX

h1(t) =

{

0 0 < t ≤ π
g(t) sin

(

1
2 t
)

−π ≤ t ≤ 0

h2(t) =

{

0 0 < t ≤ π
g(t) cos

(

1
2 t
)

−π ≤ t ≤ 0

 )KML

=

∫ π

−π

h1(t) cos mtdt +

∫ π

−π

h2(t) sin mtdt

��LOXfaÄ_QLO[~H
m → 0

b��yK&_e�B�)]g�+UYzyXf_FSJP}Z�mVP~LOK|�jUV]�b�op�JXfUYK3[�UYXY�/opNQ]��p�OPWUVb�Z�mV��L

1

π

∫ 0

−π

f(x + t)Dm(t)dt → f(x−)

2

t�R<x"[�P�]^[`UVZ�]��+UYUVijSJP`��_F]¡H q

sm(x) =
1

π

∫ π

−π

f(x + t)Dm(t)dt → f(x+) + f(x−)

2

�

19



ÎìÉVÀc¾�´"µ�Ú�¹�ÕF´�Ê Ç Â Ç Â Ç
f(x)

UY[�SñØ ½�ÎDÀ
[−π, π]

���JijNe[�Z�UVh�bËH R
f

′ ∈ E
H G

f(−π) = f(π)
H q
UV )K

f(x) =

∞
∑

k=−∞
ckeikx =

a0

2
+

∞
∑

k=1

[ak cos kx + bk sin kx]

f
′

(x) ∼
∞
∑

k=−∞,k 6=0

γkeikx =
∞
∑

k=1

[αk cos kx + βk sin kx]

b���K&_
γk = ikck

αk = kbk

βk = −kak

Êc¿"Õ�µ Ê

γk =
1

2π

∫ π

−π

f ′(x)e−ikxdx

=
1

2π

[

f(x)e−ikx
∣

∣

π

−π
+ ik

∫ π

−π

f(x)eikxdx

]

= ikck

f(x)e−ikx
∣

∣

π

−π
= 0

����_F]g�+b�LOo�U��yUV]^��[}UYK&X)SJNeb��yK&_
U��yP�PW[�b�L��J[}UYP�n�ijP}SJK|[�K3b�X

ak =
1

π

∫ π

−π

f(x) cos kxdx

bk =
1

π

∫ π

−π

f(x) sin kxdx

αk =
1

π

∫ π

−π

f
′

(x) sin kxdx

=
1

2π

[

f(x) sin kx|π−π − k

∫ π

−π

f(x) cos kx

]

= −kbk

βk =
1

π

∫ π

−π

f
′

(x) cos kxdx

=
1

2π

[

f(x) cos kx|π−π + k

∫ π

−π

f(x) sin kx

]

= kak

�

[�UYb�LOZ�b�L��`UV )K}{ mVb�NQUVKJ�)b�NTUVKJmc[�b�UV )o3�JZ��yPWNetvo�x���tvKyxT�+UYK3XfSI[
SJK�SIPWUVUYi+P
f(x)

�jK ÎâÉ�Àc¾�´�µ�Ú�¹�Õ�´�Ê Ø ½�ÎDÀ
H
[−π, π]

]^�\�2mVPWN
f(x)

�)]gSJzyXf_FSJP
f(x)

]<�

Gw�



I
���Jij[Ì]^���J]�aÄ[WNTLj�$m�P�N|zyXf_FSJP ∑∞

k=0 uk(x)
b�L��J[ ÚF· Ø ÎD·�¶Yµ+º�ÎîÊ Ø ¹p·�µ�¶YÀcÊ�Þ�µ�¶Y· Ø ¶f·Q¼�´W·�µ�Õ�Û�´

SIL��yUVb�neUYSM�/SJP�UVUYi+PW�
Mk > 0

�+UYb�Z�zyP}SJb�n�z�SJP�UVUViÌ�jK
∀x ∈ I, |uk| ≤ Mk

H R
zyXf_FSJP ∑∞

k=0 Mk
H G

]^zyNß�OUYL�LOUV�2��UVK�UYZ�]�L
f ′(x) ∼ ∑∞

k=−∞ γkeikx H [�UYb�LOZ|b�L�� �+UYK3SJP
f ′ �)]<����NÄLOX-�+UYX�LOSJX)[�P Êc¿"Õ�µ Ê

]^NTi+X
∞
∑

k=−∞
|γk|2 ≤ ‖f ′‖2 =

1

2π

∫ π

−π

|f ′(x)|2 dx

mVb�NTUVKJ�)b�NQUYKJm&[�b�UV )op[��JZ��yP}UVZ�]gSJ��_

f ′(x) =

∞
∑

k = −∞
k 6= 0

ckeikx + c0

��_F]�L
k 6= 0, ck = γk

ik

b��yK&_

f(x) =
∞
∑

k = −∞
k 6= 0

γk

ik
eikx + c0

uk(x) =
γk

ik
eikx

|uk(x)| =
∣

∣

∣

γk

ik
eikx

∣

∣

∣ =
∣

∣

∣

γk

k

∣

∣

∣ = Mk

�2mViu��LOUfL�L��2��UVK|]�NQK¡H zyXf_FSJP ∑∞
k = −∞
k 6= 0

∣

∣

γk

k

∣

∣

b�L��J[���ijb\]�mVh

∣

∣

∣

∣

∣

∞
∑

k=−∞
akbk

∣

∣

∣

∣

∣

≤

√

√

√

√

∞
∑

k=−∞
|ak|2

√

√

√

√

∞
∑

k=−∞
|bk|2

U�_
LOX)PWUVUYz2L
ak = |γk| , bk = 1

|k|
aÄijUVX

∞
∑

k = −∞
k 6= 0

∣

∣

∣

γk

k

∣

∣

∣
≤

√

√

√

√

√

√

√

∞
∑

k = −∞
k 6= 0

|γk|2
√

√

√

√

√

√

√

∞
∑

k = −∞
k 6= 0

∣

∣

∣

∣

1

k

∣

∣

∣

∣

2

< ∞

H ]^zyNl��LOUYL�L��$�)UVK|UVZ�] ∑∞
k = −∞
k 6= 0

|γk|2 { UVZ�X)UVK�UVZ�] ∑∞
k = −∞
k 6= 0

∣

∣

1
k

∣

∣

2 { �+UYzyXY_FSIP��jUVb�L��J[ÏUVXf�

H �$mVPWN
zyXf_FSJP`b�L��J[`��_F]�LWzyb��M�yb�UYL�]<��["�JX)b�LOUYPW[��+UYUVijSJP`��_F]
Êc·�µ�ÃdÚ à ÔQÀÄµ�ÊÄÀc·�µ�¹p¾�´"µ�Ú�¹�ÕF´�Ê Ç Â Ç ÂvÒ

∀f ∈ E, limm→∞ ‖f(x) − sm(x)‖ = 0
tv[�b�LOopz�� ��Pjx ÊÄÀÄ·�µ�¹p¾�´�µ�Ú�¹�ÕF´WÊ�´�·�µ�Õ�Û�´

[�UYh�i+X�LOZ�]<_F]
b�P�LO]<_ H [�b�LOopz�� ��PËK3UV[�tvSJUV�yPWPW[�� ��PW[ËLOKyx {
eikx

} X�H K&[�� ��PW[ ÊÄÀÄ·�µ�¹p¾�´�µ�Ú�¹�ÕF´WÊ"Ê Ø ½�Î$À
]�L�LOzyb�Z��jUVUYi+SJP

f ∈ E

∞
∑

k=−∞
|ck|2 =

1

2π

∫ π

−π

|f(x)|2 dx

|a0|
2

+

∞
∑

k=1

(

|ak|2 + |bk|2
)

=
1

π

∫ π

−π

|f(x)|2 dx

GdR



Êc¿"Õ�µ Ê
zyXf_FSJPîKMLO[�UV )K

f(x)
]~�2mVPWN/zyXf_FSJPî[�UYb�LOZ�b�L��M�ö[�b�ijPî]<_FNQ� acUV_QLOXg��L��yK3bÌNQ]^��N�H R

H
f(x)

�)]g[�P�b�LOX)N
["�2LOb�Z

sm(x) � f(x)
��[�acX)[�[�P

∀ε > 0, ∃N(ε),

{

∀x ∈ [−π, π]
∨∀m > n

, |sm(x) − f(x)| < ε

⇒ ‖sm(x) − f(x)‖2 =
1

2π

∫ π

−π

|sm(x) − f(x)|2 dx

<
ε2

2π

∫ π

−π

1dx = ε2

[�b�UV )oâU��JZ��yPWPîtvo�x���tvKyxI�jUVK3X)SJ[ÌSJK�SJP�UVUYi+PW�
g ∈ E

SJPWUYUVi
ε > 0

]<_F]�L
f ∈ E

]<_F]ßH G
��_F]�L&�OPWUYb�UVZ�]�SIUV]^UYNQb�o��JX)UVK}[�UYh�i+X�LOZ�[Ix ‖f − g‖ < ε

2

����_e{ �$m�P�NÄ�ISILOzyXf_FSJ[WL&b�NQUYKM��b�NTUVK
�jUVUVijSJP&L+LOX)X�LOh�b�_|���Ji��yb�Z�[�[����^_�{ NÄLOb�UYi+[ßSJK�ijUV]^ac[�]�LyLONQb�n}UVZ�]
NTLOb�UYi�SJaci+]��OSJUVX
SILOzyXf_FSJ[��JZ��yP�UVZ�]öH t�Rl�jUVUVijSJP���_F]�L$�2mVPWNÌSIzyXY_FSIP�["�2n�ac[�[�UVh�ijX�LOZ�[���_F]¡tvo�x���tvKyx
Tm(x)

H
g

]<��[�UYb�LOZ|b�L�� ]<�ñU)�
m

�)[/UYi+]�aÄ[�i�LOb�UYZ�["�ñ��_¡]�L�n�o�ijUVZ�zyP
m

�jUVUYiî�$mVPWN
�y]�L��yPW[|��LOUfL�L��/UYK~UVZ�]�L ‖g − Tm‖ < ε

2

�+UYUVijP
‖f − Tm‖ ≤ ‖f − g‖ + ‖g − Tm‖ < ε

LOUV]�Kî��UYU��
Tm

�f� {

eikx
} UfmV�}�yb�Z�X)[�P&mVS']^�

f(x)
]^��owmVK�]<�JUV[�KMLO[

Sm(x)
��b�L�_F )X

�îtvb�SILOUYNlNÄL��J[}NTLOb�UVij[�UYZ�]Qx�LOX�n�PW]�L
‖f − Sm‖ ≤ ‖f − Tm‖ ≤ ε

�

]�L�LOzyb�ZlSILO[� +SJPWUYUVi ∀f ∈ E
ÊÄ¹�¼�Ú�À

∞
∑

k=−∞
|ck|2 =

1

2π

∫ π

−π

|f(x)|2 dx

ck =
1

2π

∫ π

−π

f(x)e−ikxdx

SJ]^]<_QLOP�[`]�L�LOzyb�Z�S+LO[� ISJP�UVUYi+SJP
g ∈ E

�+oj�+KML
∞
∑

k=−∞
ckdk =

1

2π

∫ π

−π

f(x)g(x)dx

dk =
1

2π

∫ π

−π

f(x)e−ikxdx

UV )K�H
f(x) ∈ c [a, b]

�+o L
[a, b] ⊆ [−π, π]

�jK
f ′(x) ∈ E

�jo L
f(x) ∈ E

UV[�S�tv[�aÄ_QLO[¡K&]�]\[�]^]<_F[+x�Ø ½�ÎDÀ
H
[a, b]

���Jij[}]^���$m�P�N
f(x)

]gzyXf_FSJP
f(x)

]<�/[�UYb�LOZ�b�L��
H∀ [a, b] ⊆ (−π, π)

]��$�$mVPWN:S+LOZ�UYh�bâSILOK3b�[W]D�OSJUYXÄ��_F]�L�S+L�LOh�i+[�[�UV��N-�yUF )K
f(x) = x,−π ≤ x ≤ π

¸cÀÄÃdµ�Å
m�SIU��yPWP3m�[ß� ��P�]�zyacUYN

f(x)
]<��[�UVb�LOZ�UYP�n�ijP}SJK|NQ�yaÄX

f(x) ∼
∞
∑

k=1

bn sin(nx) = 2

∞
∑

k=1

(−1)
k+1

k
sin(nx)

f(x)
−π < x < π

∼= 2

∞
∑

k=1

(−1)
k+1

k
sin(nx)

G�G



Sm(x) = 2
∑M

k=1
(−1)k+1

k
sin(nx)

H
f

]gb�L��J[}]<�u�$mVPWN
SILOzyXf_FSJ[`[WK&b�X
[−c, c] ⊆ (−π, π)

UV[�U
SJUYX)L��ILOX�LOP�[�b�n�z {ak} �jK

I
���Ji+N~�2mVPWN¡zyXf_FSJP ∑∞

k=1 akuk(x)
b�L��J[ º�¾c¸�Ê�Þ�µ�¶Y· Ø ¶f·Q¼�´W·�µ�Õ�Û�´

�jUVP�UVUVijP ∑∞
k=1 uk(x)

��L3�=�)]gSIn�b�LOU
∣

∣

∣

∣

∣

m
∑

k=1

uk(x)

∣

∣

∣

∣

∣

≤ M

b�LO )acX

Sm = 2
m
∑

k=1

(−1)
k+1

k
sin (nx)

∣

∣

∣

∣

∣

m
∑

k=1

uk(x)

∣

∣

∣

∣

∣

=

∣

∣

∣

∣

∣

∞
∑

k=1

(−1)
k−1

sin (kx)

∣

∣

∣

∣

∣

=

∣

∣

∣

∑∞
k=1 (−1)

k−1
sin (kx)

∣

∣

∣

∣

∣2 cos
(

x
2

)∣

∣

≤

∣

∣

∣

∑∞
k=1 (−1)k−1 (sin

(

k + 1
2

)

x + sin
(

k − 1
2

)

x
)

∣

∣

∣

2α

=

∣

∣sin
(

x
2

)

± sin
(

m + 1
2

)

x
∣

∣

2α
≤ 1

α

�
�$mVPWN
SILOzyXf_FSJ[`b�b�LOo+]�NQK3[}]<����LOUYb��JUYb�i+[� )K3L

ÚF¾Ä¶VÃâ´"ÔQ½�µ ´ Ç Â Ç Â×Ö
K3UV[��$mVPWN
SILOzyXf_FSJ[`]<��[�]^UY]<�y[

∃ε0 > 0, ∀m(ε0),

{

∃n > m
∨∃xm ∈ I

, |sm(xm) − f(xm)| ≥ ε0

acijUVXJUY��NQ�
m

]<_F]� )K
f(x) ∼ 2

∑∞
k=1

(−1)k−1

k
sin kx

[�UYUVb�LOZ�[�b�L�� −π ≤ x ≤ π, f(x) = x
ÊÄÀTÃdµ�Å

xm = π − π

m
∈ [−π, π]

 )K3L

sm(xm) = 2

∞
∑

k=1

(−1)k−1

k
sin kxm

sin(kxm) = sin

(

kπ − kπ

x

)

= (−1)k−1 sin

(

kπ

m

)

⇒ sm(xm) = 2
∞
∑

k=1

1

k
sin

(

kπ

m

)

= 2

∞
∑

k=1

sin
(

kπ
m

)

kπ
m

π

x
→m→∞ 2

∫ π

0

sin x

x
dx ≈ 1.18π

UV_
x = π

Ne[�UVh�ijX�LOZ�]�zyXf_FSJP`K3]gb�L��J[`��_F]�H SJUYb�P�LOX+��UVb���[�]\�OSJUYXY���OPWUVb�UVZ�]�]�b�op�JXfUYK|LOX)]^NQUYi
sm(xm) − f(xm) ≥ 0.179 = ε0

23



sm(xm)−f(xm)
f(π−)−f(π+) ≈ 0.09

]�NQijXT )K`H SIL�LOh�ijN�[�h�UYZ�i+[�UYi+]^a��yb�Z�[�[\]^�âb�P�LO]<_ sm(xm)−f(xm)
f(π−)−f(π+)

]^�â]<_FSJzyX Êc·�ÔcÊ
[�b�n�UYz|SJP�UVUVi}UY fK

f(x)
]<��[�h�UVZ�i�� ijX

d
UV[WSIL

E′ ��]D�jU�_FUYU��~[�SJb� )opUYX)LQK3UV["�
f(x)

UV[WS ÚF¾Ä¶VÃâ´"ÔT½�µ ´ Ø ½�ÎDÀ
����_

xm < d, {xm} � i+XJ]^�
sm(xm) − f(xm)

f(d−) − f(d+)
≈ 0.09

�/��_
xm > d, {xm} [�PWK3SJ[WNÏLOK

sm(xm) − f(xm)

f(d+) − f(d−)
≈ 0.09

tv[�h�UYZ�ij[`��L�LOU�_F]�n�o LOX)P`��L�LOU�_FN
S+LO���J[}b�P�LO]<_Wx
·�¾Ä¶Y¸��)·�¾T¶f¸�ÊÄ¶f»Ä·�Ã Ø ¹�¶f¸�Ê Ç Â Ç Â��

 )K|H
f(x) ∼ a0

2 +
∑∞

k=1 (ak cos kx + bk sin kx)
[�]<��[�UVb�LOZ�b�L��M�

f ∈ E
]^_F]¡Ø ½�ÎDÀ

∫ x

−π

f(t)dt =
a0(x + π)

2
+

∞
∑

k=1

(

bk

k

(

cos kx − (−1)
k
)

− ak

k
sin kx

)

t a0(x−π)
2

�yUMU�_lb�L��J[}]<��[�UVb�LOZ�b�L��ßK3]g[� dx�H
[−π, π]

]^���$mVPWN
zyXf_FSJP`]�mVXJb�L��J[WL
�$m�P�N�SJzyXf_FSJP�K3UV[|��_F]�H

g(−π) = g(π)
�jo L3[�Z�UVh�bF{

g
′ ∈ E

{
g ∈ E′  )K

g(x) =
∫ π

−π
f(t)dt − a0

2 x
Þ�µ�¶YÔT·

H
f(x)

SJK¡SJX)SILOXIb�NTUVKJ�)b�NQUYK~[�b�UV )oI�jo L

[−π, π]
�F¹�¶f¸"Î	�F¶YÔ Ø ¼�¾�ÊÄ¶Y·�µ�½\¶f·�µ Ø Ç Â Ç Â�


H
g(t) = f( `

π
t) ∈ E

b�UYn�opX-H
t = π

`
x

[�X)SM�yPßUYLOX)UV��U)m��e���Ji+[`SJKËá�L�L�_FXy[� �[�b�ijPWN µ ÊcÎ$º�Õ
[−`, `]

Ô Ø ¼�¾
�+UYK&SIP`[�UVb�LOZ�b�L��ß[�]��yU& )K

g(t) ∼
∞
∑

k=−∞
ckeikt

ck =
1

2π

∫ π

−π

g(t)e−iktdt

UV�yPWP}a"LOSJUVZ�NÏLOK

g(t) ∼ a0

2
+

∞
∑

n=1

an cos (nt) + bn sin (nt)

a0 =
1

π

∫ π

−π

g(t)dt

an =
1

π

∫ π

−π

g(t) cos (nt) dt

bn =
1

π

∫ π

−π

g(t) sin (nt) dt

 )KML

f(x) = g(
π

`
x) ∼

∞
∑

k=−∞
ckei kπ

`
x

ck =
1

2π

∫ `

−`

f(x)e−i kπ

`
x π

`
dx

=
1

2`

∫ `

−`

f(x)e−i kπ

`
xdx

24



UV�yPWPW[}a"LOSJUYZ�NÄL

f(x) = g(
π

`
x) ∼ a0

2
+

∞
∑

n=1

(

an cos
(nπ

`
x
)

+ bn sin
(nπ

`
x
))

a0 =
1

π

∫ `

−`

f(x)
π

`
dx =

1

`

∫ `

−`

f(x)dx

an =
1

`

∫ `

−`

f(x) cos
(nπ

`
x
)

dx

bn =
1

`

∫ `

−`

f(x) sin
(nπ

`
x
)

dx

2` = b− a
b�LO facP`��b�LOK3N

R
]<_F]�UVb�LO )acP`�OZ�LOK3N

f(x)
SIK|NQUYacb�XJH

f(x) ∈ E [a, b]
UY[�S µ ÊcÎ$º�Õ

[a, b]
Ô Ø ¼�¾
[Wb�LOh�N

f̃(x) =











f(x) a ≤ x < b

f̃(x + 2k`) ∀k ∈ Z,
∀x ∈ R

∨x /∈ [a, b)

���Ji+Ne[�UYb�LOZ�b�L���acSJZ�X
f̃ ∈ E [−`, `]

��LOX)]^NTUVi

f̃(x) ∼
∞
∑

k=−∞
ckei kπ

`
x

ck =
1

2`

∫ `

−`

f̃(x)e−i kπ

`
xdx

�jUVU��yP�PW[�]^��P&L

f̃(x) ∼ a0

2
+

∞
∑

n=1

(

an cos
(nπ

`
x
)

+ bn sin
(nπ

`
x
))

a0 =
1

`

∫ `

−`

f(x)dx

an =
1

`

∫ `

−`

f(x) cos
(nπ

`
x
)

dx

bn =
1

`

∫ `

−`

f(x) sin
(nπ

`
x
)

dx

��_F]
x ∈ R

]^_F]g��L�_FX+SJUVb�LO )acP`[�NQacb�[�N
LOX)]^NQUYiI�/b�L��J[

x ∈ [a, b] , f(x) ∼
∞
∑

k=−∞
ckei kπ

`
x

ck =
1

2`

∫ `

−`

f̃(x)e−i kπ

`
xdx

(

f̃(x + 2π) − f̃(x)
)

⇒ =
1

(b − a)

∫ b

a

f(x)e−i kπ

`
xdx
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�jUVU��yP�PW[�]^��P&L

x ∈ [a, b] , f(x) ∼ a0

2
+

∞
∑

n=1

(

an cos

(

2nπ

(b − a)
x

)

+ bn sin

(

2nπ

(b − a)
x

))

a0 =
2

(b − a)

∫ b

a

f(x)dx

an =
2

(b − a)

∫ b

a

f(x) cos

(

2nπ

(b − a)
x

)

dx

bn =
2

(b − a)

∫ b

a

f(x) sin

(

2nπ

(b − a)
x

)

dx

f ∈ E [0, π]
·�µp¾ÄÔ�ÊÄ¶Y·�µ�½\¶f¿"µ ´"¶Y½ Ç Â Ç Â��

H [�UVUYb�LOZ�UVb�L��J]��+UYX�L��/�jUVa"LOSJUVZ�["�2LO]<���+UYPWUVUYi
b�L��J[

[a, b]
Ô Ø ¼�¾�·�µ Ø

f(x) =
∞
∑

k=−∞
ckei2kx

ck =
1

π

∫ π

0

f(x)e−i2kxdx

U��yP�PW[}zyUVzyNTN��jo L

f(x) ∼ a0

2
+

∞
∑

n=1

(an cos (2nx) + bn sin (2nx))

a0 =
2

π

∫ π

0

f(x)dx

an =
2

π

∫ π

0

f(x) cos (2nx) dx

bn =
2

π

∫ π

0

f(x) sin (2nx) dx

H ��nFLOi+[}ã�UV��zy[�P`SILOb�U��yUM��NTLOX

]^NQijSJPW[}b�L��J[
f̃(x) ∈ E [−π, π]

 )KML
f̃(x) =

{

f(x) 0 ≤ x ≤ π

f(−x) −π ≤ x < 0

NQUYaÄb�X ´"¶VÃdµ�Û2Êc¾c¿�·�Ê

f(x) ∼ a0

2
+

∞
∑

k=1

ak cos kx

ak =
2

π

∫ π

0

f(x) cos (kx) dx

H b�NTUVKJ�)b�NQUYK~[�b�UV )o L�H �$m�P�N
SILOzyXf_FSJ[~LOX)]^NQUYiËLO]^UVZ�KML

]^NQijSJPW[�b�L��J[
f̃(x) ∈ E [−π, π]

 )KML
f̃(x) =

{

f(x) 0 ≤ x ≤ π

−f(−x) −π ≤ x < 0

NQUVacb�X ´�¶VÃdµ�Û
�Y¶f¸�Êc¾c¿�·�Ê

f(x) ∼
∞
∑

k=1

bk sin kx

bk =
2

π

∫ π

0

f(x) sin (kx) dx

G��



H
f(π) = 0

b�LONT���$m�P�N
SILOzyXf_FSJ[WL
π
�)P`��LOzya����Ji+Nl�$mVPWNeSILOzyXf_FSJ[~LOX)]^NQUYiÌ[� J[�b�ijPWN

ûg9=9�üDC�ý EeüD¥�E
û �
¬j±�� å ¬ ôF³�²

�OPWzyXI�+K
ωn =

nπ

`
,

δω =
π

`

F` (ω) =
1

2π

∫ `

−`

f (x) e−iωxdx

F∞ (ω) =
1

2π

∫ ∞

−∞
f (x) e−iωxdx

 )K3L
cn = F` (wn) δω

f (x) ∼
∞
∑

k=−∞
F` (ωn) eiωnxδω

tv�jUVUVSIXfUYN�[Wijn�h�[}K3]^]QxW]^NQijX
` → ∞ SJK|ã�UVK&�yXf�/ )K|�OP�UVb\��L�_Fz�LOPW_l[W JUV )K

→`→∞

∫ ∞

−∞
F∞ (ω) eiωxdω

b�P�LO]<_WxOH
R

]����OUV���ILOijPW]�SILOZ�UVh�bÏ�O[��
f : R → C

SILONQ_Fb�LOP�[|SILOUYh�i+X�LOZ�[~NTaÄb�P~SIK
G (R)

N��OPWzyX Êc·�ÅFÃ�Ê
b�P�LO]^_Ï{

R
]^���J]^ac[�N
SILOUY]^UVNTb�o��JX)UVK~�O["�2LIt�� ijXJ]<��UVZ�LOz/b�Z�zyP��yUMUVZ�LOzu���JiÌ]<_FN

∫ ∞

−∞
|f (x)| dx < ∞

lim
L → ∞
M → ∞

∫ L

−M

|f (x)| dx ∈ R

U)m���[�]<�/[WUVUVb�LOZ�SJb�PWSJ[}SJK�b�UYn�opX
f ∈ G (R)

]^_F]

F [f ] (ω) =
1

2π

∫ ∞

−∞
f (x) e−iωxdx

�jUVUYi+SIP
f ∈ G (R)

]^_F]�UY )K ∣
∣f (x) e−iωx

∣

∣ = |f (x)| ����L�LOUV_FP Êc·�ÔcÊ
∫ ∞

−∞

∣

∣f (x) e−iωx
∣

∣ dx =

∫ ∞

−∞
|f (x)|

ω ∈ R
]<_F]gSJb�n�o LOP F [f ] (ω)

��_F]�LWzyXf_FSJP ∫∞
−∞ f(x)e−iωxdx

]�b�op�JXfUYK3[
ω ∈ R

]<_F]���_F]
�jo L

R
]<_FN
[�Z�UYh�b F [f ] (ω)

[�]<��[�UYb�LOZ�SJb�PWSJ[
f ∈ G (R)

]<_eb�LONT�ÌØ ½�Î$À
lim

ω→±∞
F [f ] (ω) = 0

F :
UY fK ±∞ �)N}zyZ�K3]
SILOZ�KML��y[WL

R
]��ÏSILOZ�UVh�b�[ÌSILOUYh�i+X�LOZ�[Ì]<_}SJK

C0 (R)
�)N`�OPWzyXD�+Kub�P&LO]<_

G (R) → C0 (R)
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H
[a, b]

���Ji+[}]<��SJUVX)UVUYZ�LOK&[�[�UYh�i+X�LOZ�[
f[a,b] (x) =

{

1 a ≤ x ≤ b

0 x /∈ [a, b]

H R

F
[

f[a,b]

]

(ω) =
1

2π

∫ ∞

−∞
f[a,b] (x) e−iωxdx

=
1

2π

∫ b

−a

e−iωxdx =
e−iωx

2π (−iω)

∣

∣

∣

∣

b

a

=
e−iωa − e−iωb

2πiω
(ω 6= 0)

]^NTi+X
[−b, b]

N��Jb�Z�N

F
[

f[a,b]

]

(ω) =
eiωb − e−iωb

2iπω

=
sin (ωb)

πω
(ω 6= 0)

ω = 0
b�LONT�

F
[

f[a,b]

]

(0) =
1

2π

∫ b

a

dx =
b − a

2π

F
[

f[−b,b]

]

(0) =
1

2π

∫ b

−b

dx =
b − b

2π
= 0

H SIUVo LO �L�SJU��yPWP`[WUVh�ijX)LOZ�SJX)SILOX+[Wb�P�SJ[�[WL&SJUYo LO 
[−b, b]

��Nl[WUVh�ijX)LOZ�[�U�_lNQ]g�+UV�yX

NQ��acX
a > 0, ga (x) =

{

1 − |x|
a

|x| ≤ a

0 |x| > a

tvKyx

F [ga] (ω) =
1

2π

∫ a

−a

(

1 − |x|
a

)

e−iωxdx

=
1

2π

[∫ 0

−a

(

1 +
x

a

)

e−iωxdx +

∫ a

0

(

1 − x

a

)

e−iωxdx

]

=
1

2π





(

1 + x
a

)

e−iωx

−iω

∣

∣

∣

∣

∣

0

−a

+
1

a

∫ 0

−a

e−iωx

iω
dx +

(

1 − x
a

)

e−iωx

−iω

∣

∣

∣

∣

∣

a

0

− 1

a

∫ a

0

e−iωx

iω
dx





=
1

2π

[

− 1

iω
+

1 − eiωa

aiω (−iω)
+

1

iω
− e−iwa − 1

aiω (−iω)

]

=
2 −

(

eiωa − e−iωa
)

2πaω2
=

1 − cos (ωa)

πaω2
=

2 sin2
(

ωa
2

)

πaω2

F [ga] (0) =
1

2π

∫ a

−a

(

1 − |x|
a

)

dx =
a

2πH SJUYo LO I[�UYh�i+X�LOZ\SIXfS+LOXI[�b�PWSI[�[WL&SJUVowLO I[�UYh�i+X�LOZ�[

F : G (R) → C0 (R)
��[� )N`b� )��X

ha (x) =











1 0 ≤ x ≤ a

−1 −a ≤ x < 0

0 |x| > a

= f[0,a] (x) − f[−a,0] (x)
tvN�x

[�UYb�NTK&��� NQijN`]�LONTop[ËSILOUYb�K3X)UV]�L2�OPWUYb�UYZ�]�]^b�o��JX)UVK3[ÌSILOUVb�K3UVX)UY]Ï]^]^opN¡SJUVb�K3UVX)UY]
[�i+SI��[/K&UY[
H UYZ�LOz/��L�_Fzy]g�+UYzyXY_FSIP

F [ha] (ω) = F
[

f[0,a]

]

(ω) −F
[

f[−a,0]

]

(ω)

=

(

1 − e−iωa
)

−
(

eiωa − 1
)

2πiω
=

1 − cos (ωa)

πiω
=

2 sin2
(

ωa
2

)

πiω

Gd�



UVX�LOUYP�nl�+owL�SIUVo LO p�)UYK¡[�UYh�i+X�LOZ�[�X)SJX+[Wb�P�SJ[�[WL3SIUVo LO p�)UYK¡[�UYh�i+X�LOZ�[WH− 1
a
ha = g

′

a(x)
U�_
NQ]g�jU��yX

H b�LO["�
[�b�PWSJ[�[`SIK|NF�yacX

f (x) = e−|x| ∈ G (R)
tvo�x

F
[

e−|x|
]

(ω) =
1

2π

[∫ 0

−∞
ex(1−iω)dx +

∫ ∞

0

e−x(1+iω)dx

]

=
1

2π

[

ex(1−iω)

1 − iω

∣

∣

∣

∣

0

−∞
+

e−x(1+iω)

1 + iω

∣

∣

∣

∣

∞

0

]

=
1

2π

[

1

1 − iω
+

1

1 + iω

]

=
1

π(1 + ω2)

H SJUVo LO +[�b�PWSJ[�L�SIUVo LO J[WUVh�ijX)LOZ�LOXf]�NQUVi
[�b�PWSI[�[`SJK|NQ�yaÄX

f (x) = e−x2 ∈ G (R)
t0n�x

∫ ∞

−∞
e−x2

dx =
√

π

F [f ] (ω) =
1

2π

∫ ∞

−∞
e−x2−iωxdx

=
e−

ω
2

4

2π

∫ ∞

−∞
e
−

“

x2+iωx−ω
2

4

”

dx

=
e−

ω
2

4

2π

∫ ∞

−∞
e−(x+ iω

2 )2

dx

=
e−

ω
2

4

2π

∫ ∞

−∞
e−z2

dz

(

z = x +
iω

2

)

(coshy) ⇒ =
e−

ω
2

4

2π

∫ ∞

−∞
e−x2

dx =
e−

ω
2

4

2
√

π

H SJUVowLO I[�UYh�i+X�LOZ\SJX)SILOXf��[�b�PWSJ[�L�SIUVo LO J[WUVh�ijX)LOZ�NTL��
¬I¨ ¨�±Wéd«�§2±�©y§ì¬ §yékª�ék®M§ ôF³Vô

[�UYb��JPWUVzy[�SILOX�L�_FSöH R
F [g] (ω) = F [f ] (−ω)

UV )K
g(x) = f(−x)

�OPWzyXJ�jK tvKyx
F [g] (ω) = F [f ] (ω)

UV )K
f : R → R

�+K tvN&x
F [f ] (ω) = F [g] (ω) = F [f ] (−ω) = F [f ] (ω)

UV )K
f(−x) = f(x)

{
f : R → R

�jK tvo�x
F [g] (ω) = −F [f ] (ω) = F [f ] (ω)

UV )K
f(−x) = −f(x)

{
f : R → R

�+K t0n�x
Êc¿"Õ�µ Ê

acU�_QLOX
tvKyx

F [g] (ω) =
1

2π

∫ ∞

−∞
f(−x)e−iωxdx

(−x = t) ⇒ =
1

2π

∫ ∞

−∞
f(t)eiωtdt

=
1

2π

∫ ∞

−∞
f(t)e−i(−ω)tdt

= F [f ] (−ω) (8)
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acU�_QLOX
tvN&x

F [g] (ω) =
1

2π

∫ ∞

−∞
f(t)eiωtdt

=
1

2π

∫ ∞

−∞
f(t)e−iωtdt

=
1

2π

∫ ∞

−∞
f(t)eiωtdt

= F [f ] (ω) (9)

Æ ��LOSJX)[�P|{ acU�_QLOX
tvo�x
f(x) = f(−x) ⇒ F [f ] (ω) = F [g] (ω)

 )KML
(8) ⇒ F [g] (ω) = F [f ] (−ω)

(9) ⇒ F [g] (ω) = F [f ] (ω)

⇒ F [f ] (ω) = F [g] (ω) = F [f ] (−ω) = F [f ] (ω)

Æ ��LOSJX
t0n�x
f(−x) = −f(x) ⇒ −F [f ] (ω) = F [g] (ω)

 )KML
(9) ⇒ F [g] (ω) = F [f ] (ω)

⇒ F [g] (ω) = −F [f ] (ω) = F [f ] (ω)

NÄLONQUVz$��[� ) f[�SILOX�L�_FSöH G
H �jUVUV��P�P

b
L
a 6= 0

b��yK�_
g(x) = f(ax + b)

�OPWzyX
f ∈ G (R)

b�LONQ�

F [g] (ω) = 1
|a|e

i b

a
ωF [f ]

(

ω
a

) tvKyx
F [g] (ω) = 1

|a|F [f ]
(

ω
a

) UV )K
g(x) = f(ax) b = 0

�jKÌtvb�n�SÌUYLOX)UV�-x-H
i

F [g] (ω) = eibωF [f ] (ω)
UY fK

g(x) = f(x + b)
�jKÌtvb�n�SJN
NÄLONQUVz/SJb�b�LOo��OP� )Nl[W f )[Ix-H

ii

F
[

eicxf
]

(ω) = F [f ] (ω − c)
tvN�x

Êc¿"Õ�µ Ê
[WaT_QLO[�tvKyx

F [g] (ω) =
1

2π

∫ ∞

−∞
f(ax + b)e−iωxdx

(t = ax + b, x =
t − b

a
) ⇒ =

{

1
2π

∫∞
−∞ f(t)e−iω t−b

a
dt
a

a > 0
1
2π

∫ −∞
∞ f(t)e−iω t−b

a
−dt
a

a < 0

=
1

|a|e
i b

a
ω 1

2π

∫ ∞

−∞
f(t)e−i wt

a dt
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[WaT_QLO[�tvN&x

F
[

eicxf
]

(ω) =
1

2π

∫ ∞

−∞
f(x)eicxe−iωxdx

=
1

2π

∫ ∞

−∞
f(x)e−i(ω−c)xdx

= F [f ] (ω − c)

SIb� )opX)[}SILOX�L�_FSöH q

F [f ′] (ω) =
UY )K

lim|x|→∞ f(x) = 0
��L

f
′ ∈ G (R)

SJb� )opX-SJ]^��NTL$[�Z�UVh�b
f ∈ G (R)

�jK tvK�x
iωF [f ] (ω)

F
[

f (n)
]

(ω) = (iω)
n F [f ] (ω)

H
i

F [xf (x)] (ω) = i d
dω

F [f ] (ω)
UY )K

xf (x) , f ∈ G (R)
UY[�S tvN&x

F [xnf (x)] (ω) = in dn

dωnF [f ] (ω)
H
i

Êc¿"Õ�µ Ê
[WaT_QLO[�tvKyx

F
[

f
′
]

(ω) =
1

2π

∫ ∞

−∞
f

′

(x)e−iωxdx

=
1

2π
lim

M → ∞
R → ∞

∫ R

−M

f
′

(x)e−iωxdx

=
1

2π
lim

M → ∞
R → ∞

[

(

f(x)e−iωx
)∣

∣

R

−M
+ iω

∫ R

−M

f(x)e−iωxdx

]

(

(

f(x)e−iωx
)∣

∣

R

−M
→ 0

)

⇒ = iωF [f ] (ω)

[WaT_QLO[�tvN&x

F [xf ] (ω) =
1

2π

∫ ∞

−∞
xf(x)e−iωxdx

=
i

2π

∫ ∞

−∞
f(x)

(

−ixe−iωx
)

dx

=
i

2π

∫ ∞

−∞
f(x)

∂e−iωx

∂ω
dx

=
i

2π

d

dω

∫ ∞

−∞
f(x)e−iωxdx

= i
d

dω
F [f ] (ω)
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F
[

xe−x2+x
]

(ω)
SJK|NQ��a�H R

F
[

xe−x2+x
]

(ω) = i
d

dω
F
[

e−x2+x
]

(ω)

= i
d

dω
F
[

e−(x+ 1
2 )

2
+ 1

4

]

(ω)

= i
d

dω
F
[

4
√

ee−(x+ 1
2 )

2
]

(ω)

(a = 1, b = −1

2
) ⇒ = i 4

√
e

d

dω

[

e−i 1
2
ωF
[

e−
ω
2

4

2
√

π

]

(ω)

]

F [(x − |x|) ex] (ω)
SJK|NQ��a�H G

F [(x − |x|) ex] (ω) = F
[

(x − |x|) e−|x|
]

(ω)

= F
[

x

(

1 − |x|
x

)

e−|x|
]

(ω)

(

|x|
′

=
|x|
x

)

= F
[

x

(

e−|x| +
(

e−|x|
)

′)]

(ω)

= i
d

dω
F
[

e−|x| +
(

e−|x|
)

′]

(ω)

= i
d

dω

[

e−|x| +
iω

π (1 + ω2)

]

=
i

π

d

dω

(

1

1 − iω

)

SIUV]^K3UVh�X)b�Z�UYn�[�KML�L��yP�H q

y
′′

+ xy
′

+ y = 0

Y = F [y]

F
[

y
′′
]

= −ω2Y

F
[

xy
′
]

= i
d

dω
F
[

y
′
]

= − d

dω
(ωY ) = −ωY

′ − Y

⇒ −ω2Y − ωY
′ − Y + Y = 0

Y
′

= −ωY

Y (ω) = ce−
ω
2

2

H [�_QLOZ�[W[`[�UVb�LOZ�SIb�P�SJ[`UV[WP�[W]^K&��[`SI]^K&��X+ )K

a > 0,F
[

e−a2x2
]

=
1

a
F
[

e−x2
] (ω

a

)

=
1

a

e−
ω
2

4a2

2
√

π

⇒ a =
1√
2
,F
[

e−a2x2
]

=
e−

ω
2

2

√
2π
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 fK�{

x
[�nFLOi+X)NeSILOUfnFn�h
n�a�S+LOb� )opX+[�]��yU���{

f ∈ G (R)
UV[WSñØ ½�ÎDÀ

F−1 [F ] (x) = lim
M→∞

∫ M

−M

F [f ] (ω) eiωxdω =
f(x+) + f(x−)

2

 fKß{
R

�)N
�OUV���ILOijPW]�[�Z�UVh�b
f

′

(x)
�pL

R
]<_FN
[�Z�UVh�b

f ∈ G (R)
�jK Êc¸"»Äµ ´

lim
M→∞

∫ M

−M

F [f ] (ω) eiωxdω = f(x)

¸cÀÄÃdµ�Å

F (w) =
sin ω

ω

U�_ F (w) /∈ G (R)
 )K

∫ mπ

0

|sin ω|
ω

=
∞
∑

k=1

∫ kπ

(k−1)π

|sin ω|
ω

dω

≥
m
∑

k=1

1

kπ

∫ kπ

(k−1)π

|sin ω| dω

=
m
∑

k=1

2

kπ
→m→∞ ∞

F−1 [F ] (x)
SJK¡NF�yac]��jUVhFLOb

f[−a,a] =

{

1 −a ≤ x ≤ a

0 |x| > a

F
[

f[−a,a]

]

(ω) =
sin (aω)

πω

(a = 1) ⇒ F
[

πf[−a,a]

]

(ω) =
sin (ω)

ω

⇒ lim
M→∞

∫ M

−M

sin ω

ω
eixωdω =











π |x| < 1

0 |x| > 1
π
2 x = ±1
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º�Î�´"µ�ÀÄ¶Y¸
∫ M

−M

sin ω

ω
eixωdω =

∫ M

−M

sin ω cosxω

ω
dω + i

∫ M

−M

sinω sin xω

ω
dω

= 2

∫ M

0

sin ω cosxω

ω
dω + i0

=

∫ M

0

sin (x + 1) ω + sin (1 − x) ω

ω
dω (10)

∫ ∞

0

sin bω

ω
dω =











0 b = 0
∫∞
0

sin(t)
t

dt b > 0

−
∫∞
0

sin(t)
t

dt b < 0
∫ ∞

0

sin (t)

t
dt =

∫ a

0

sin (t)

t
dt +

∫ ∞

a

sin (t)

t
dt

∫ ∞

a

sin (t)

t
dt =

(− cos t

t

)∣

∣

∣

∣

∞

a

−
∫ ∞

a

cos

t2
dt

=
cosa

a
−
∫ ∞

a

cos t

t2
dt

⇒
∫ ∞

0

sin (t)

t
dt = ` ∈ R (< ∞)

[W]<_FUVb�nlZFm��
1

π

∫ π

0

f (x + t)
sin
(

m + 1
2

)

t

2 sin
(

t
2

) dt → f (x+)

2

f (t) =
2 sin

(

t
2

)

t
→t→0+ 1

⇒ 1

π

∫ π

0

sin
(

m + 1
2

)

t

t
dt → 1

2

1

π

∫ π

0

sin
(

m + 1
2

)

t

t
dt =

1

π

∫ π

0

sin
(

m + 1
2

)

t

t
(

m + 1
2

)

(

m +
1

2

)

dt

(

t

(

m +
1

2

)

= u

)

⇒ =
1

π

∫ (m+ 1
2 )π

0

sin (u)

u
du → 1

2

⇒
∫ ∞

0

sin t

t
dt → π

2 LOXf]�NQUViÌ )KML

(10) ⇒
∫ M

−M

sin ω

ω
eixωdω =











π |x| > 1

0 |x| < 1
π
2 x = ±1

¸cÀÄÃdµ�Å
F (w) =

1

1 + ω2

F
[

πe−|x|
]

(ω) =
1

1 + ω2

F−1

(

1

1 + ω2

)

= lim
M→∞

∫ M

−M

1

1 + ω2
eixωdω

= πe−|x|
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��_F]�L ∫∞
−∞

1
1+ω2 = π

�+oj]^NQK
∫ ∞

−∞

1

1 + x2
eiωxdx = πe−|ω|

⇒ 1

2π

∫ ∞

−∞

1

1 + x2
e−iωxdx =

e−|ω|

2

⇒ F
[

1

1 + x2

]

(ω) =
e−|ω|

2

UV )K F [f ] ∈ G (R)
��L

R
�)Ne[�Z�UVh�b�[�UVh�ijX�LOZ

f ∈ G (R)
�jK Êc¸"»Äµ ´

F [F [f ]] =
1

2π
f (−x)

­3±�÷Ïª�­�«�§yé ç °2ëMékª ôF³��
UV )K ∫∞

−∞ |g (x)|2 dx < ∞,
∫∞
−∞ |f (x)|2 dx < ∞ SILOP�UVUVijP�L

f, g ∈ G (R)
�+K

∞ >
∫∞
−∞ |F [f ] (ω)|2 dω = 1

2π

∫∞
−∞ |f (x)|2 dx

H R
∫∞
−∞ F [f ] (ω)F [g] (ω)dω = 1

2π

∫∞
−∞ f (x) g (x)dx

H G
UYXf��[�ij]^ac[�P`��NÄLOX+��L��yK3b�[�ij]^ac[~{ UVXf�y[�ij]^ac[�SJK¡acUV_QLOX Êc¿"Õ�µ Ê
Þ�µ�¶YÔT·

∫ ∞

−∞
F [f ] (ω)F [g] (ω)dω =

1

2π

∫ ∞

−∞

∫ ∞

−∞
F [f ] (ω) g (x)eiωxdxdω

tv[�P�U�_Fzub�n�z�UYLOX)UV�/��LOSDxW]�LOZ�_e]^]<_QLOP~]�b�op�JXfUYK~NF�yacXI[Wijn�h�[�K3]^]

=
1

2π

∫ ∞

−∞

(∫ ∞

−∞
F [f ] (ω) eiωxdω

)

g (x)dx

 )KML ∫∞
−∞ F [f ] (ω) eiωxdω = ` ∈ R

LOXf]�NQUViÌS+LOaÄX)[�[`ZFmV�\[�i�n�h�[�K&]�]
∫ ∞

−∞
F [f ] (ω) eiωxdω = F−1 [F [f ]] (x)

��_F]
1

2π

∫ ∞

−∞

(∫ ∞

−∞
F [f ] (ω) eiωxdω

)

g (x)dx =
1

2π

∫ ∞

−∞
F−1 [F [f ]] (x) g (x)dx

LO["�y]<_
b�LOo z/���Ji+NlSILOZ�UVh�bF�)UYK¡S+L�nFLOi+X+]<�/UYZ�LOz/b�Z�zyP`]<�/S+LO]^UVi+�y[�SIi+]^acP`ZFmV��L
F−1 [F [f ]] (x) ≡ f(x)

��_F]�L
1

2π

∫ ∞

−∞
F−1 [F [f ]] (x) g (x)dx =

1

2π

∫ ∞

−∞
f (x) g (x)dx

⇒
∫ ∞

−∞
F [f ] (ω)F [g] (ω)dω =

1

2π

∫ ∞

−∞
f (x) g (x)dx
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LOX)UVK3blLOXfK ∫∞
−∞

sin2(aω)
ω2 dω

¸cÀÄÃdµ�Å

sin (aω)

πω
= F

[

f[−a,a]

]

(ω)

⇒
∫ ∞

−∞

sin2 (aω)

ω2
dω = π2

∫ ∞

−∞

∣

∣F
[

f[−a,a]

]

(ω)
∣

∣

2
dω

]^b��yX)]^Z�ZFmV��L

=
π2

2π

∫ ∞

−∞

∣

∣f[−a,a] (x)
∣

∣

2
dx

=
π

2

∫ a

−a

1dx = πa

¬I¨�êjé�­&é�ékªkéBïM¬î§yªké�®M§ ôF³��
�/��_

h (x)
[�UVh�ijX�LOZ�[}UY[�P~{

F (x) = F [f ] (ω) , G (x) = F [g] (ω)
b��yK&_Ï{

F (ω) , G (ω)

F [h] (ω) = F (ω) G (ω)

UfmV�\SJb�n�o LOP~�O[�]^�/[�UYhFLO]�L�LOX�LOi+[
G (R)

�)NeSILOUVh�ijX�LOZ�UYSM�
f (x) , g (x)

[�X)UY[�S Êc·�ÅFÃ�Ê

(f ∗ g) (x) =

∫ ∞

−∞
f (t) g (x − t) dt

H zyXf_FSJP`]�mVXf[}]^b�o��JX)UYK&[��/UVK3X)SJN
f ∗ g ∈ G (R)

 )K
f, g ∈ G (R)

�+K ÊÄ¹�Ô Ø
∫ ∞

−∞
|(f ∗ g) (x)| dx =

∫ ∞

−∞

∣

∣

∣

∣

∫ ∞

−∞
f (t) g (x − t) dt

∣

∣

∣

∣

dx

≤
∫ ∞

−∞

∫ ∞

−∞
|f (t)| |g (x − t)| dtdx

=

∫ ∞

−∞
|f (t)|

(∫ ∞

−∞
|g (x − t)| dx

)

dt

(x − t) = s ⇒ =

∫ ∞

−∞
|f (t)|

(∫ ∞

−∞
|g (s)| ds

)

dt

=

∫ ∞

−∞
|g (s)| ds

∫ ∞

−∞
|f (t)| dt < ∞

UV )K
g, f ∈ G (R)

�jK ÊÄ¶Y»Äµ)º�µ�µ�¹�µ�¼�Ê Ø ½�ÎDÀ

F [f ∗ g] (ω) = 2πF [f ] (ω)F [g] (ω)

b�P�LO]<_

F−1 [F (ω) G (ω)] (x) =
1

2π

(

F−1 [F ] ∗ F−1 [G]
)

(x)

36



Êc¿"Õ�µ Ê

F [f ∗ g] (ω) =
1

2π

∫ ∞

−∞
(f ∗ g) (x) e−iωxdx

=
1

2π

∫ ∞

−∞

∫ ∞

−∞
f(t)e−iωtg(x − t)e−iω(x−t)dtdx

=
1

2π

∫ ∞

−∞
f(t)e−iωt

(∫ ∞

−∞
g(x − t)e−iω(x−t)dx

)

dt

(s = x − t) ⇒ =
1

2π

∫ ∞

−∞
f(t)e−iωt

(∫ ∞

−∞
g(s)e−iω(s)dx

)

dt

=
1

2π

∫ ∞

−∞
f(t)e−iωtdt

∫ ∞

−∞
g(s)e−iω(s)dx

=
1

2π
F [f ] (ω)F [g] (ω)

±�ék÷
¨�©�¨�ê�°2¯�¬J­3®W¨�±���§y¨ ¨ ó�¯�ù�é�±3§y«�­/¬I¨�±Wék«�§2±�©y§ì¬J­/÷Ïé�©I¨�÷ ôF³��
[�KML�L��yP~]<����LOb�SJZ�KMLOh�P�] ÊÄ¶YÔT¾"Ê

uxx + uyy = 0

[�UYh�i+X�LOZ
f (x)

b�LONQ�
u (x, 0) = f (x)

�jUVUVijPW[
D = {(x, y) | −∞ < x < ∞, y > 0} b�L���UYPW[`UYh�aÄN
H
R

]^�\�J]^ac[�N
SJUV]�UVNQb�o��JX)UYK3L
R

]^���OUY���ILOijPW]�[�Z�UVh�b
Þ�µp·�´�½

F [u (, y)] (ω) = U (w, y)

F [u (, 0)] (ω) = F [f ] (ω) = F (ω)

F [uxx] (ω) = −ω2F [u] (ω) = −ω2U (ω, y)

F [uyy] (ω) =
1

2π

∫ ∞

−∞
uyy (x, y) e−iωxdx

=
1

2π

∂2

∂y2

∫ ∞

−∞
u (x, y) e−iωxdx

= Uyy (ω, y)

⇒ Uyy (ω, y) = ω2U (ω, y)

U = A (ω) eωy + B (ω) e−ωy →y→∞ 0

U (y = 0) = A (ω) + B (ω) = F (ω)

��_F]�L
A (ω) = 0

 fK
y → ∞ Ne�=�)]gã�LOK&��]\��UVb�hlUYL��JUYNQ["�ub�acK3P

(ω > 0, A (ω) = 0) ⇒, B (ω) = F (ω)

(ω < 0, B (ω) = 0) ⇒, A (ω) = F (ω)

LOXf]�NQUVi

U (w, y) =

{

F (ω) e−ωy ω > 0

F (ω) eωy ω < 0

= F (ω) e−y|ω|
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F [h (, y)] (ω) = e−y|ω| ����_
h (x, y)

K&h�P�XI�jK~[�UYhFLO]�LONQX�LOij[�ZFmV�\ )KML

F−1 [U (w, y)] = F−1
[

F (ω) e−y|ω|
]

=
1

2π

(

F−1 [F (ω)] ∗ F−1
[

e−y|ω|
])

(x)

=
1

2π
(f (x) ∗ h (x, y)) (x)

=
1

2π

∫ ∞

−∞
f (t) h (x − t, y) dt

�/b�NF_eLOX)K&h�P

F
[

1

1 + x2

]

(ω) =
1

2
e−|ω|

a > 0,F
[

1

1 + a2x2

]

(ω) =
1

2a
e

|ω|
a , a =

1

y

F
[

2
y

1 + x2

y2

]

(ω) = e−y|ω|

h (x, y) =
2y

x2 + y2

u (x, y) =
1

2π

∫ ∞

−∞
f (t)

2y

(x − t)
2

+ y2
dt

���ìý�� EeüD¥�E
û �
¬j±�� å ¬ úT³�²

�OPWzyXI�OUY���ILOijPW]g[�Z�UYh�b
F : [0,∞] 7→ C

[�UYh�i+X�LOZ�b�LONT��zy]^Z�]�b�P�SJ[ Êc·�ÅQÃ�Ê

L [f ] (s) =

∫ ∞

0

e−stf (t) dt

´"µp¸cÀÄÃdµ�Å
 )K

f (t) = eat, a ∈ R
H R

L
[

eat
]

(s) =

∫ ∞

0

e−(s−a)tdt

= lim
M→∞

∫ ∞

0

e−(s−a)tdt

= lim
M→∞

(−e−(s−a)t

(s − a)

)∣

∣

∣

∣

∞

0

=
1

s − a
− lim

M→∞

−e−(s−a)M

(s − a)

s > a ⇒ =
1

s − a
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f (t) = eζt, ζ ∈ C, t ≥ 0
H G

L
[

eζt
]

(s) =

∫ ∞

0

e−(s−ζ)tdt

=
1

s − ζ
− lim

M→∞

−e−(s−ζ)M

s − ζ

ζ = a + ib ⇒ e−(s−ζ)M = e−(s−<ζ)Mei=ζM

(s > <ζ) ⇒ e−(s−ζ)M →M→∞ 0

(s > <ζ) ⇒ L
[

eζt
]

(s) =
1

s − ζ
=

s −<ζ + i=ζ

(s − a)
2

+ b2

L
[

e<ζt (cos (t=ζ) + i sin (t=ζ))
]

(s) =
s −<ζ + i=ζ

(s − a)
2

+ b2

[�K3hFLOSJ[`SIK¡LOX)]^NQUYiÌ )K3L

L
[

e<ζt cos (t=ζ)
]

(s) =
s −<ζ

(s − a)2 + b2

L
[

e<ζt sin (t=ζ)
]

(s) =
=ζ

(s − a)2 + b2

 fK
f̃ ∈ G (R)

�/acUVX)X
f̃ =

{

f (x) x ≥ 0

0 x < 0

b�UYnFopX
f : [0,∞] 7→ C

b�LONQ�ËH q

F
(

f̃
)

(ω) =
1

2π

∫ ∞

−∞
f̃ (x) e−iωxdx

=
1

2π

∫ ∞

0

f (x) e−iωxdx

=
1

2π
L (f) (iω)

ë&­�«�­�§2±�©y§ì¬ §yékª�ék®M§ úT³�ð
k > 0, a ∈ R

�+UYPWUVUYi`b�P�LO]<_l{
a

UV]^K3UVh�X)X�LOZ�zyi+K�z2LOZ�U��JP&L
[0,∞)

]^���OUY���ILOijPW]-[WZ�UYh�bgSJb�n�o LOP
f (x)

Ø ½�Î$À
���^_

∀t > 0, |f (t)| ≤ keat

UV )K

L [f ] (s) =

∫ ∞

0

e−stf (t) dt

L [f ] (s) →s→∞ 0
L
s > a

]<_F]gSJb�n�o LOP
Êc¿"Õ�µ Ê

∫ ∞

0

|f (t)| e−stdt ≤ k

∫ ∞

0

e−(s−a)tdt =
k

s − a
→s→∞ 0

q��



´W·�ÛwÃd¹ Ê�´�µ�¹�µ�ÕF´
SJb� )opX)[�]<�/[�b�P�SJ[�[ H R

L
[

f
′
]

(s) = sL [f ] (s) − f (0)

L
[

f (n)
]

(s) = snL [f ] (s) − f (0) sn−1 − f
′

(0) sn−2 − ... − f (n−1) (0)

Êc¿"Õ�µ Ê

L
[

f
′
]

(s) =

∫ ∞

0

e−stf
′

(t) dt

=

(

e−stf (t)
∣

∣

∞
0

+ s

∫ ∞

0

e−stf (t) dt

)

= −f (0) + L [f ] (s)

L
[

f
′′
]

(s) = −f
′

(0) + sL
[

f
′
]

(s)

= −f
′

(0) + sL [f ] (s) − sf (0)

L
[

f (n)
]

(s) = −f (n−1) (0) + sL
[

f (n−1)
]

(s)

= sL
[

f (n−1)
]

(s) − f (0) sn−1 − f
′

(0) sn−2 − ... − f (n−1) (0)

Æ
t
Nl]�Z�_�H G

L [tf (t)] (s) = − d

ds
L [f ] (s)

L [tnf (t)] (s) = (−1)
n dn

dsn
L [f ] (s)

Êc¿"Õ�µ Ê

− d

ds

∫ ∞

0

e−stf (t) dt = −
∫ ∞

0

e−sttf (t) dt

ÊÄÀTÃdµ�Å
(

f (t) = 1 = e0t
)

⇒ L [tn] (s) = (−1)n dn

dsn

(

1

s

)

(

dn

dsn

(

1

s

)

=
(−1)

n
n!

sn+1

)

⇒ =
n!

sn+1

[�UYXf����b�nFN

(tn)
(n)

= n!

f (t) = tn

f (0) = f
′

(0) = ... = f (n−1) (0) = 0

⇒ F [tn] (s) =
1

sn

n!

s
=

n!

sn+1
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ÊÄÛ Û�Ê�´�µ�¹�µ�ÕF´

L [ectf (t)] = L [f ] (s − c)
H R

Êc¿"Õ�µ Ê
∫ ∞

0

e−stectf (t) dt =

∫ ∞

0

e−(s−c)tf (t) dt = L [f ] (s − c)

f (t) = L′

[F ] (t) F (s) = L [f ] (s)

eζt 1
s−ζ

, s > <ζ

sin (at) a
s2+a2 , s > 0

cos (at) s
s2+a2 , s > 0

tn n!
sn+1 , s > 0

δa (t) , a > 0 e−as, s > 0

´"µp·�À"´WÊ}´cº�¾ Ø

ã�z2LOX)N
f

′

(t) sF (s) − f (0)

f (n)(t) snF (s) −∑n−1
k=0 f (k) (0) sn−k−1

tf (t) −F
′

(s)

tnf (t) (−1)
n

F (n) (s)
eζtf (t) F (s − ζ)

ua (t) f (t − a) e−asF (s)
(f ∗ g) (t) G (s) = L [g] (s) , F (s) G (s)

�F¶YÔQµp¾W¼��Q¶VÀÄÅc¼�À��T¸�´"¶Y¹�Ãdµ�ÀTµ Ê�� Ç ·�ÅFÚ�À�´�¶Y·�¸c¶V¹�¶Vº�·�É�ÅFÀ�Þ�µp·�´"½
H R

y = y (t) , a 6= 0, ay
′′

+ by
′

+ cy = 0

t ≥ 0, y (0) = α, y
′

(0) = β

a
(

s2L [y] − (αs + β)
)

+ b (sL [y] − α) + cL [y] = 0
(

as2 + bs + c
)

L [y] = a (αs + β) + bα

L [y] (s) =
a (αs + β) + bα

as2 + bs + c

L [y] (s) = α
s + b

as2 + bs + c
+ β

a

as2 + bs + c

�jUVNTh�P�b�Z�zyP`�jXY�yU

SILOUYh�i+X�LOZ�[~t
s1, s2

�jUVX�L��Ë�jU��yPWP��+UV��b�L��uUYXf���yU
as2 + bs + c

�jLOX)UY]�LOZ�]�b�P�LO]^_Wx
b2 − 4ac > 0

tvK�x
SIL�_QLOZ�[�[`zy]^Z�]�SILOb�P�SJ["� 1

s−s1
, 1

s−s2

]<��UVb�K3UVX)UV]�ã�LOb�h�_e��L���UYb�]�S+LOXfSIUVXI]�K&PW�yP~SILOUV]�X)LOUYh�b�[
es2t, es1t �O[

SILOX)SJUYXjS+LOUV]^X�LOUVh�b�[~S+LOUVh�ijX)LOZ�[Ìt
s1

]�LOZ�_�n�acKßU��yPWP`�yb�L����yUJ��LOXfUY]�LOZ�]�b�P�LO]^_Wx
b2 − 4ac = 0

tvN�x
es1t, tes1t SIL�_QLOZ�[�[~zy]^Z�]gSILOb�PWSJ[�� 1

s−s1
, 1

(s−s1)
2

]<�/UYb�K&UYX)UV]�ã�LOb�UVh�_e��L���UYb�]
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b2 − 4ac < 0
tvo�x

as2 + bs + c = a

[(

s2 +
b

a
s +

b2

4a2

)

+
c

a
− b2

4a2

]

= a

[

(

s +
b

2a

)2

+
5ac − b2

4a2

]

= a
[

(s − γ)
2
+ δ2

]

L [y] (s) = α
as + b

a
[

(s − γ)2 + δ2
] + β

a

a
[

(s − δ)2 + δ2
]

as + b

a
[

(s − γ)2 + δ2
] =

(s − γ)

(s − γ)
2
+ δ2

+
aγ + b

a
[

(s − γ)2 + δ2
]

L−1 [L [y]] (s) = eγt cos (δt) + ceγt sin (δt)

y
′′ − 4y

′

+ 5y = 0, y (0) = 0, y
′

(0) = 1
H G

s2L [y] − 1 − 4 (sL [y]) + 5L [y] = 0

L [y] =
1

s2 − 4s + 5

=
1

(s − 2)
2
+ 1

y (t) = F−1

[

1

(s − 2)2 + 1

]

(t)

= e2tL−1

[

1

s2 + 1

]

(t)

= e2t sin (t)

ï&±W¨��u­&÷
δ

§y¨ ¨�ê$ï�ª�éd«&é��3¨ ¨�ë3¨�¯2¬�§y¨ ¨�ê$ï�ªkéd« úT³Vô
ÊÄÛ Û�Ê"Ê�´�¹�µ�Õ�´�µ

Havy-side
ÅF¶V¶YÚ�¶Y¾"Ê�´�¶V¶f»�¼�¹�µ�½ ÖBÂ0Ò=ÂYÁ

a > 0, ua (t) =

{

1 t ≥ a

0 t < a

[�UVb�LOZ�SIb�P�SJ[` )KML
ua (t) f (t − a) =

{

f (t − a) t ≥ a

0 t < a

[�UYh�i+X�LOZ�[�]^�/[� ) )[}UV )K
y = f (t)

�OPWzyX

L [ua (t) f (t − a)] (s) =

∫ ∞

0

e−stua (t) f (t − a) dt

=

∫ ∞

a

e−stf (t − a) dt

(τ = t − a) ⇒ =

∫ ∞

0

e−s(τ+a)f (τ) dτ

= e−as

∫ ∞

0

e−stf (t) dt

= e−asL [f ] (s)

r^G



¸cÀÄÃdµ�Å

f (t) = [t]
2 H R

f (t) = [t]
2

= u1 (t) + 3u2 (t) + 5u3 (t) + ... + (2n − 1) un (t)

=

∞
∑

n=1

(2n− 1) un (t)

L [f ] (s) =

∞
∑

n=1

(2n− 1)
e−ns

s

=
1

s

∞
∑

n=1

(2n − 1)
(

e−s
)n

(

e−s = x2 < 1
)

⇒ =
1

s

∞
∑

n=1

(2n − 1)x2n

tvSJ��b��yP`UYLOX)U����+��z2LOX)UVz�x
f (t) = [t] sin (πt)

H G

[t] =

∞
∑

n=1

un (t)

f (t) =

∞
∑

n=1

un (t) sin (πt)

=

∞
∑

n=1

un (t) sin (π (t − n) + πn)

=

∞
∑

n=1

un (t) (−1)
n

sin (π (t − n))

=
∞
∑

n=1

(−1)n e−ns π

s2 + π2

=
π

s2 + π2

∞
∑

n=1

(−1)
n

e−ns

(

s > 0, e−s = x
)

⇒ =
π

ln2 (x−1) + π2

∞
∑

n=1

(−1)n xn

¼�·�¶VÅlº�Î
δ

ÉY´�¶V¶Y»W¼�¹�µ�½FÉ Ö<ÂvÒBÂ Ç
n�UVUYzyUVNT[�SILOUYh�i+X�LOZ�UYZ�]� )K

σa,c (t) =

{

1
2c

|a − t| ≤ c

0 |a − t| > 0

zy]�LOZ�P�UVK3[}SJUVUYh�i+X�LOZ\SIK|b�UYn�o XJSJU��yK3b

σa,c =
1

2c
ua (t + c) − 1

2c
ua (t − c)

=
ua (t + c) − ua (t − c)

2c
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�OPWzyX
∫ ∞

−∞
σa,c (t) f (t) dt =

(

lim
t→a

f (t) = f (a)
)

⇒ =
1

2c

∫ a+c

a−c

f (t) dt →c→0+ f (a)

UfmV�\SJb�n�o LOP`ijb�UYn�]<�
δa (t)

UV )K
∫ ∞

−∞
δa (t) f (t) dt = f (a)

Ú�º�µ�½�ÀÄ¶Y¸�Ê�´"¶Y¶Y»W¼�¹�µ�½e´"µ�¹�µ�ÕF´
∫∞
−∞ σa,c (t) dt = 1

H R
t ∈ R; σa,c (t) ≥ 0

H G
t 6= a, limc→0+ σa,c (t) = 0

H q
¼�·�¶YÅÏ´"¶V¶f»W¼�¹�µ�½�º�Î�Ú�º�½�º
´�·�Àc´�Ê

L [δa (t)] (s) =

∫ ∞

−∞
e−stδa (t) dt

= e−as

= s
e−as

s
− δa (0)

= sL [ua (t)] (s) − ua (0)

= L
[

u
′

a (t)
]

(s)

H
u

′

a

�jK
δa

SJKutvSJUVzyK3]^iËSIb� )opXIK&]Tx�SJ]^]^_QLOP~[�b�LOh�N
�+UY[� )P`LOXfK���_F]
ä ë&­�«�­/§$±�©y§ì¬j¯ è ¬I¨�êjé�­3é�¯jªkéBïM¬î§yªké�®M§ úT³�ú

b�Ufn�opXJ )K
f, g : [0,∞) 7→ C

��LOSIX

f̃ (x) =

{

f (t) t ≥ 0

0 t < 0

g̃ (x) =

{

g (t) t ≥ 0

0 t < 0

[�UVhFLO]�LONQX�LOi+[` )KML

f̃ ∗ g̃ (x) =

∫ ∞

−∞
f̃ (y) g̃ (t − y) dy

=

∫ ∞

−∞
f (y) g̃ (t − y) dy

=

∫ ∞

−∞
f (y) g (t − y) dy = (f ∗ g) (t)
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UY )K |g (t)| ≤ k2e
at L |f (t)| ≤ keat �+K ÊÄ¶f»Äµ)º�µp¾Ä¹�µ�¼�Ê Ø ½�Î$À

(f ∗ g) (s) =

∫ t

0

f (x) g (t − x) dx

SJP�UVUYi+P
|(f ∗ g) (t)| ≤ k1k2te

at

��_QL
L [(f ∗ g) (t)] (s) = L [f ] (s)L [g] (s)

Êc¿"Õ�µ Ê
∣

∣

∣

∣

∫ t

0

f (x) g (t − x) dx

∣

∣

∣

∣

≤
∫ t

0

|f (x)| |g (t − x)| dx

≤ k1k2

∫ t

0

eaxea(t−x)

= k1k2

∫ t

0

eatdx = k1k2te
at

�+UV�IL���Z��+UYP�LOacSß�+[~{ ]^]<_QLOP�[`]^b�o��JX)UVK3[�]<�/]�LONTopNe�+UYP�LOacSJ[}UVXf���/]�]^opN
��_QL
∫ ∞

0

e−st

(∫ t

0

f (x) g (t − x) dx

)

dt =

∫ t

0

f (x)

(∫ ∞

x

e−stg (t − x) dt

)

dx

=

∫ t

0

f (x)

(∫ ∞

x

e−s(t−x)e−sxg (t − x) dt

)

dx

=

∫ t

0

e−sxf (x)

(∫ ∞

x

e−s(t−x)g (t − x) dt

)

dx

(τ = t − x, dτ = dt) ⇒ =

∫ t

0

e−sxf (x)

(∫ ∞

x

e−s(τ)g (τ) dt

)

dx

=

∫ t

0

e−sxf (x)L [g] (s) dx

= L [g] (s)

∫ t

0

e−sxf (x) dx

= L [g] (s)L [f ] (s)

§2é ç © å é�� úT³��
´�¶�º�¸c¶Y»Ä¹p·�½�¶VÅÏÊc¸cµ�µpÎ$À

¸cÀÄÃdµ�Å

y
′′′ − y = uπ (t) − u2π (t)

y (0) = 1

y
′

(0) = 0

y
′′

(0) = −1
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zy]^Z�]gSJb�PWSI[`SJK|]^UY��Z�X
L [y] (s) = Y (s)

L
[

y
′′′
]

(s) = s3Y (s) − s2 + 1

(

s3 − 1
)

Y (s) −
(

s2 − 1
)

=
e−πs − e−2πs

s

Y (s) =
e−πs − e−2πs

s (s3 − 1)
+

(

s2 − 1
)

(s3 − 1)

=
e−πs − e−2πs

s (s − 1) (s2 + s + 1)
+

s + 1

s2 + s + 1

=
e−πs − e−2πs

s (s − 1) (s2 + s + 1)
+

(

s + 1
2

)

+ 1
2

(

s + 1
2

)2
+
(√

3
2

)2

=
e−πs − e−2πs

s (s − 1) (s2 + s + 1)
+

(

s + 1
2

)

(

s + 1
2

)2
+
(√

3
2

)2

+
1
2

(

s + 1
2

)2
+
(√

3
2

)2

=
e−πs − e−2πs

s (s − 1) (s2 + s + 1)
+

(

s + 1
2

)

(

s + 1
2

)2
+
(√

3
2

)2

+
1
2

(

s + 1
2

)2
+
(√

3
2

)2

L−1







(

s + 1
2

)

(

s + 1
2

)2
+
(√

3
2

)2 +

1
2

(

s + 1
2

)2
+
(√

3
2

)2






= e−

1
2
tL−1







(s)

(s)
2
+
(√

3
2

)2







+e−
1
2
t 1√

3
L−1







√
3

2

(s)
2

+
(√

3
2

)2







= e−
1
2
t

(

cos

(√
3

2
t

)

+
1√
3

sin

(√
3

2
t

))

F =
1

s (s − 1) (s2 + s + 1)
=

A

s
+

B

s + 1
+

Cs + D

s2 + s + 1
= A + Bet + ... = f

L−1
[

f
(

e−πs − e−2πs
)]

= uπ (t)L−1 [F (t − π)] − u2π (t)L−1 [F (t − 2π)]

= uπ (t) f (t − π) − u2π (t) f (t − 2π)

[WK3L�L��yP�[`]<��[WUVh�K3UVb�L�L
y

′′′ − y = δπ (t) − δ2π (t)
(

s3 − 1
)

Y (s) = e−πs − e−2πs

Y (s) =
e−πs − e−2πs

(s − 1) (s2 + s + 1)

r��



¸cÀÄÃdµ�Å

y(n) = f (t)

y (0) = y
′

(0) = ... = y(n−1) (0) = 0

L
[

y(n)
]

(s) = snL [y] (s) = L [f ] (s)

L [y] (s) =
L [f ] (s)

sn

= L [f ] (s)L
[

tn−1

(n − 1)!

]

(s)

=
1

(n − 1)!

∫ t

0

f (x) (t − x)
n−1

dx

¸cÀÄÃdµ�Å

ay
′′

+ by
′

+ cy = h (t)

y (0) = y
′

(0) = 0
(

as2 + bs + c
)

Y (s) = H (s)

Y (s) =
H (s)

(as2 + bs + c)

[WUVhFLO]�LONTX)LOij[}UfmV�

= L−1 [H (s)]L−1

[

1

(as2 + bs + c)

]

(

L−1

[

1

(as2 + bs + c)

]

= g

)

⇒ =

∫ t

0

h (x) g (t − x) dx

¸cÀÄÃdµ�Å

f
′′

(t) =

∫ t

0

uf (t − u) du = t ∗ f (t)

f (0) = −1

f
′′

(0) = 1

[�UVhFLO]�LONQX�LOi+[`ZFmV�

s2F (s) + s − 1 =
F (s)

s2
(

s4 − 1
)

F (s) = (1 − s) s2

F (s) = − (1 − s) s2

(s4 − 1)
= − s2

(s + 1) (s2 + 1)

�F¶Vº�·�Ã Ø ¹�¶f¸�¾ÄµpÎ$¶f¿cº �F¶fÎ$µ�ÀÄ¶YÎ
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¸cÀÄÃdµ�Å

s > 0,L
[

1√
t

]

(s) =

∫ ∞

0

e−st 1√
t
dt

(

st = u2
)

⇒ =

∫ ∞

0

e−u2

√
s

u

2udu

s

= 2
1√
s

∫ ∞

0

e−u2

du

= 2
1√
s

√
π

2

=

√

π

s

Êc¸"»Äµ ´

L
[

tn−
1
2

]

(s) = (−1)
n dn

dsn
L
[

1√
t

]

(s)

= (−1)n √
π

dn

dsn
s−

1
2

=
√

π
1

2

3

2

5

2
·, , , ·2n − 1

2
s−n− 1

2

=
√

π
(2n)!

2n2nn!
s−n− 1

2

=
(2n)!

22nn!
·

√
π

sn
√

s

Êc¸"»Äµ ´

p > −1,L [tp] (s) =

∫ ∞

0

e−sttpdt

(s > 0, (st) = u) ⇒ =

∫ ∞

0

e−u
(u

s

)p du

s

=
1

sp+1

∫ ∞

0

e−uupdu

=
1

sp+1
γ (p + 1)

γ (n + 1) = n!

γ (p + 1) = pγ (p)

γ

(

1

2

)

=
√

π

γ

(

−1

2

)

= −2
√

π
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¸cÀÄÃdµ�Å

L
[

1√
t

]

(s) =

√

π

s

L
[

eit

√
t

]

=

√

π

s − i

=

√

π (s + i)

s2 + 1

=

√

π

s2 + 1

√√
s2 + 1 + s

2
+ i

√√
s2 + 1 − s

2

L
[

(cos t + i sin t)√
t

]

=

√

π

s2 + 1





√√
s2 + 1 + s

2
+ i

√√
s2 + 1 − s

2





L
[

cos t√
t

]

=

√

π

2

√√
s2 + 1 + s

s2 + 1

L
[

sin t√
t

]

= −
√

π

2

√√
s2 + 1 − s

s2 + 1

Êc¸"»Äµ ´
∫ ∞

0

cos (t)√
t

dt =

√

π

2
(

t = x2
)

⇒ =

∫ ∞

0

2 cos
(

x2
)

dx

∫ ∞

0

cos
(

x2
)

dx =
1

2

√

π

2

r �


