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R ^�UXWZmu��U<¦§pSm�UXstYy\]�
�tYS¨3^
�:�rstW��:z���j$UX�!UXi�z�mujV�hprT�pSmu^
WZmnTy�H��©�s>UXT�ª�«u¬�­�®V¯�­Sª�«u°�±�¬�²^�UXWZmn���H�/j$mn�:WlT�\�^�UXWZ�³R ��bc_�\�j$UX��UXi�z
��^�UXe,s/j$UXmn\���´�mn^
k�©�s>UXT6\
\�^�UXe,sµpre¶U·\��rmn^7T6�¸prT³\�Y]k�i�W�mn^�U|{<�¹U�U�WZ��^
Y�T6mn\�mu^
U|{<�¹U�U·WZ��^
Y��H��g WZ��j<jº°�±�¬�²�»]»R ^�UXWlmn�3U]^
�:�rstW��:z���muWZe,�

¼ mn^�U|{<�¹U]Wl�·^
Yyj$U�UX\�Yqj$UXT6WZ\�j$UXk�UXWl�S\�Y�UX�!mnT �:mue,^
j
g �r_V�:z��ZUSg �r_V^�UXWZmu��j$UX�!UXi�z�pSi

c(R)
R [

R �:mue,^�^
�:�rstW��:z��ZU]^�UXWlmn����st�·muW
n
�¹UXmu��W�\��:i�Y]Y�prmnY�UX_�mn�!UXz
\y©�s>UXT½R Q

∫ 1

0
f(t)dt = 0

��´!�
[0, 1]
i!{<�rW��Xmni�{$UX�SY��@jSUXz�muk�^
\³jSUXmnk��r_�UXz
\¾R �¦

R
�:i�Y�prmnWl��^�Y�\��:�]¨

^�UXWZmu�·��st�·muW7mu^
U|{<�¹U�U
WZ��^
Y�UX_�\�\�^���e,\�p¹UX��j�UXj$UXT�pri�j$UXmnk��r_}UXz�\�©�s>UXT�¿c­,¬�»3ÀY�bnj(pS_�\yUX�H�Ág WZ�r\�prTq�¹U���Wl�@�rmnz
stY�R pSmu�:mne¶^�^
�:�SstW��:z��ZU
α, β ∈ R, αf + βg ∈ c(R)

mn��^�UXe,s�Â \]�Smu^�T����|���
0 ∈ C(R)

R [Y�bnj(T����|���!U
o /∈ Pn[x]

R Qj$UXz
mnk�^
\�mnT�g �r_�^�z
stYr¨��|�@pre
αf +βg

mnÃ�T��Xmni�{$UX�rY]��j$UXz
mnk�^
f, g
pSTÄR ��|�ZUXY���Â

0 ∈ G
R ¦
f, g
�H�qjSUXz�muk�^
\�mnTyg �r_lp¹U|��st��\]U�U|�Å�|{<�

αf+βg
�:�

∫ 1

0
[αf + βg]dx = α

∫ 1

0
fdx + β

∫ 1

0
gdx = 0

¦
n ∈ N
�H���Z¨

n
��Y�Y]Y�mu^�U|{<�rU�U�Wl�·^
Y��¹m ∞ ��Y�Y]Y�mn^�U|{<�rU�U�Wl��^�Y��H��W���UX��mc�ZUX\ �:mue,^
j

UXTÆ�|{<�µ\]mn\³WZ��^
Y]\���Y]Y�j$^���TÆ�!R j$R W
e1, e2, ..., en

pSmu^�U|{<�rU��¹m
n
�H���(¿c­,¬�»3ÀR

n
�*\]U�U|�

v = {~v|~v =
∑n

i=1 aiei, ai ∈ R} ^
mu��e¶_
� ÇSÈ¹É]ÊvË

ÌIÍ�Ì
WlUXj<���@\�k�^
_<^
Y�UX�H��stmustW��tm�WZ��^
Y]�H��^�m���e,\��*�Xmnm���i�\�k�^
_ ∞ ��Y]Y�YyUcbnY]W�^
�rmni�W���U���_$UX_�T�r�·^
Y��H�µe}�>UXY�´�^�{<k�_6\�Ã6�:muW��tW

~v
j<TyWZ^
�SY ∑n

i=1 aiei
�µ^�Y�UXT�\�Ã��:WZT

~v =
∑∞

i=1 aieiWZ��^
Y]\y´�UXj<W
¼ prTq\]Y]^�UX_$T6^
�S_ ‖ − ‖ : V → R+

\�muk��S_}UXz
C
UXT

R
\��
���!i�Y�UcbnY

V
mn\�m�Î�¬�Ï�Ð5Î

‖X‖ = 0 ⇔ x = 0
pSe¶U ∀x ∈ V, ‖x‖ > 0

R [
∀α ∈ C\R

x ∈ V
, ‖αx‖ = |α|‖x‖ R Q

∀x, y ∈ V, ‖x + y‖ = ‖x‖ + ‖y‖
d(x, y) = ‖x − y‖ m�bni�^���e¶UXm6WZ��^
Y]\R WZ��^
Y]��bn\�mn^�{<Y�UXT�ewbV�Xj$UX_<\�ÃSe}�>UXY�z�bcY�j<T6^
�r_�\yUcbnY]��j<mu^��tz
Tqj$z�s>UX_S\�_}U|��j(�tm

j<mu^
_�muW�\��!UXi�z�\�_�\
V Ñ W�z�bcY�RR UXT C

�!i�Y�UcbnY
V
mn\�m�Î�¬�Ï�Ð5Î

< −,− >: V × V 7→ C

¼ pSmumn�rY]\
v = 0 ⇔< v, v >= 0

pre¶U ∀v ∈ V < v, v >≥ 0
R [

∀u, v, w ∈ V
α, β ∈ F

, < αu + βv, w >= α < u, w > +β < v, w >
R Q

Q



< u, v >= < v, u >
R �

prmn��mc�ZUXYq�¹��U|�¹Y�\Å�Xm�U�UXmc��mnT(Ã�T ‖x‖ =
√

< x, x >
m�bni�\�Y]^�UX_tj<^
k�UXmrz�bnYq�:�/\�Y�^
UX_���z�bcY

| < v, u > | ≤ √
< v, v >

√
< u, u >

��bc�h��UXm�U�U|�/muTqj<^
Ã�i�W
c[a, b]
�:i�\�Y�^
UX_Sj$UX^
mu��e¶Y�j$UXT6WZ\yj$UXmn_�Wlj<\ypSTÆ�rU���W �:mue,^
j

‖f‖ =
∫ b

a
|f(x)|dx

R [
‖f‖ =

∫ b

a
|f(x)|2dx

R Q
¿c­,¬�»3À

��U|�tT�^/R [
��mn_�_}U ∫ 1

0
|f(x)|dx = 0

mc����mn_�_ ‖f‖ = 0
pST(\�^�UX��\�Y ‖f‖ ≥ 0

¦§Tt¨WZmuWZs/�tmc��i�W·UX_tÂ |f | j$UXz
mnk�^
\�YÆmnÃ�T |f(x0)| > 0
��´!�

x0
�tm<mc��|��� |f(x)| > |f(x0)|

2

\�W
x0
�H�

0 =

∫ b

a

|f(x)|dx ≥
∫ x0+ε

x0−ε

|f(x)|dx ≥
∫ x0+ε

x0−ε

|f(x0)/2|dx =
|f(x0)|

2
2ε > 0

R \���_�\���\�^
muj<stW
‖αf‖ =

∫ b

a
|αf |dx = |α|

∫ b

a
|f |dx = |α|‖f‖ ¦§W�¨�t�!U|�tY]\���UXmuU�U|��mnT
¦§e�¨

‖f + g‖ =

∫ b

a

|f(x) + g(x)|dx

≤
∫ b

a

(|f(x)| + |g(x)|)dx

=

∫ b

a

|f(x)|dx +

∫ b

a

|g(x)|dx = ‖f‖+ ‖g‖

T6�y\�Ã7�|��� ‖αf‖ =
∫ b

a
|αf |2dx = |α|2

∫ b

a
|f |dx = |α|2‖f‖ ¼ mu_u�ÒR Q\�Y�^
UX_

\�_�_�mnT�\�_}U|�tT6^�\�\�Y�^�UX_�\�mc�qUX�rmnst\ÓR muÃ�T�z�bnY]Y�j<^���e¶UXY�\�Y�^
UX_�\�pST�mn�ÆUXT6^
\ �:mue,^
j¦
sin2x + cos2x = 1

¼ Ã�Y]^3¨3z�bnY]Y�j<^��>UXY
�|��� ‖u − v‖ + ‖u + v‖ = 2 < u, u > +2 < v, v >= 2(‖u‖2 + ‖v‖2)

¿c­,¬�»3ÀUX_�mnT�\]Ã]��UXmuU�U|�¹�Æ��mn�ZUX_�z�bcY�Y�j$^��>UXY�\�_�_�mnT�UX_��!WZmn�S��\�Y�^
UX_�\3�Åj$UXT6^
\���mu�
�
[a, b] = [0, 2π]

pre¶U
f(x) = sinx, g(x) = cosx

WZmnk�_
u, v
�H����pSmumn�rj<YpSe¶U

‖f‖ =

∫ 2π

0

sin2 xdx =

∫ 2π

0

1

2
(1 − cos 2x)dx = π

‖g‖ =

∫ 2π

0

cos2 xdx =

∫ 2π

0

1

2
(1 + cos 2x)dx = π

‖g + f‖ =

∫ 2π

0

1dx = 2π

‖g − f‖ =

∫ 2π

0

| cos2 x − sin2 x|dx =

∫ 2π

0

| cos 2x|dx =

∫ 4π

0

| cosx|dx

2
= 4

⇒ ‖g + f‖+ ‖g − f‖ = 16 + 4π2 6= 4π2 = 2(‖f‖2 + ‖g‖2)

�



j$UXz
mnk�^
f, g : [a, b] 7→ C

�:���@^
mu��e,_
[a, b]
i�{<�SW�\�z
mnk�^�U�j<mn�tY]YÆg _}UXz

p(x)
T6\�j �!mne,^
j

< f, g >=
∫ b

a
p(x)f(x)g(x)dx

c[a, b]
�:i�z�bcY�\]Ã

x ∈ [a, b]
�:���

p(x) > 0
pST���UXT�^
\¾R [

Ô z�bnY�UXÃ���´!�����Smuz�stY
p(x) ≥ 0

muT6_�j$\³prT6\CR Q
�Smuz�stYÆg �S_<�:�/mnz�UXs/^�z
stY��@{<^
z

p > 0
mnT6_�j<\ypST6\ÕR �

UX��mc�ZUX\
< f, g >1= k < b, g >2

��´:�
K
�tm<prT�g z
UX^
z�z�bcY�mujV�¹��^�Y�T6_�R �

c[a, b]
�:i�g z�UX^
z�T6��z�bnY ∞ �tmc� ¿c­,¬�»3À

^
UXj$z�_�R [jSUXmn^
T6_�mu�h¦§Tt¨
< αf + βg, h > =

∫ b

a

p(x)(αf + βg)h(x)dx

= α

∫ b

a

p(x)f(x)h(x)dx + β

∫ b

a

p(x)g(x)h(x)dx

< f, g >=
∫ b

a
p(x)f(x)g(x)dx =

∫ b

a
p(x)b(x)g(x)dx =

∫ b

a
p(x)g(x)b(x)dx =

¦§W�¨
p(x) = p(x)

mc�
< g, f >mc��Wl��pSmn�¹_

p(x) ≥ 0
^��tT��

< f, f >=
∫ b

a
p(x)|f(x)|2dx ≥ 0

¦§e5¨Ã�TVU
< f, f >= 0 ⇔ p(x)|f(x)|2 = 0

�:WZT
p(x)|f(x)|2 ≥ 0

∀x ∈ [a, b], |b(x)|2 = 0 ⇔ b ≡ 0

< f, f >= 0
prmnmu�Sj<Y

f(x)
�H����Ã�T6U

p(x) ≡ 0
T6Y�e¶U�������U|��_<T6�(R QÃ�T

f
j$UXz
mnk�^
YÖR g �r_�\h�H��muz�UXsÄ^
z�stY���{<^
z |f(x)|2 = 0

[�W(UXY���R �z�bnY]Y�^
m���e,Yy\�Ã$�|����R
f ≡ 0Ã�Tµg z�UX^
z�pr\3���·mu_�_$R

< f, g >1= k < f, g >2
muj<YÕR �

∫

p1(x)f(x)g(x)dx =

∫

kp2(x)f(x)g(x)dx

g(x) = p1(x) − ^
��WZ_ ∫ (p1(x) − kp2(x))f(x)h(x)dx = 0
^
Y�UX�H�

f(x) = 1
pre¶U

kp2(x)

0 =

∫

(p1(x) − kp2(x))f(x)g(x)dx =

∫

|p1(x) − kp2(x)|2dx

p
jSUXmnk��r_�UXz�^
��WZ_-g z�UX^
z�T6��z�bnY ∞ ^
k�mn���!mnW��tW p1(x) = kp2(x)

�|���g z�UX^
z�T6�
�z�bnY�j$UX^
mu��e,Y�j$UXT6WZ\yj$UXmu_�Wlj<\�Y�UX�:muTÆUX�¹��W�×�«uÐv¬�»

< f, g >= f(0)g(0) + f(1)g(1)
R [

< f, g >= f(0)g(0) + f(1)f(1) + f ′(0)g′(0)
R Q

c1[0, 1]
�:i�¦§Tt¨

sp{1, x, x2} �:i�¦§W�¨ ¿c­,¬�»�À
f(x) = x(x − 1) =

^�UXWZi��¡prmnmu�Sj<Y
< f, f >= |f(0)|2 + |f(1)|2 ≥ 0

R [
f 6= 0
�!WZT

< f, f >= 0 x2 − x

4



< f, f >= |f(0)|2 + |f(1)|2 + |f ′(0)|2 ≥ 0
j$UXmuWlUXmn���rU���WZ_�R Qj<T6Ã¹�|���

f 6= 0
^�UXWZi

< f, f >= 0
pSmu�:WZ�rY

f(x) = x2(1 − x)
^
UXWli�¦§Tt¨R z�bnY�T���|���

f(x) = a + bx + cx2, f ′(x) = b + 2cx
¦§W�¨

< f, f >= |a|2 + |b|2 + |a + b + c|2 = 0

f ≡ 0 ⇐
a = 0
b = 0

a + b + c = 0

¼ j$UX^
��T6\�j$UX_�i!{<\
< αf + βg, h > = (αf + βg)(0)h(0) + (αf + βg)(1)h + (αf + βg)′(0)h′(0)

= αf(0)h(0) + βg(0)h(0) + αf(1)h(1) + βg(1)h(1) + αf ′(0)h′(0) + βg′(0)h′(0)

= α < f, h > +β < g, h >

< f, g >= < g, f >
�Xz�UXTÆUXj$UXT6WËIØfÙ
Ú!Û
ØfÙ¾Ü ÝrÈSÊ�ÞtÊ�ßràSáwË

ÌIÍcâ
R z�bcYqpSi�UcÂ Y

V
mn\�m�Î�¬�Ï�Ð5Î

< u, v >= 0
pSTqpSmuWZk�mn_

v Ñ U u mc��^�Y�T6_�R [^�U|{<�rU¹j$T�\��:mc��Y�\�_�mnTÁg i�Y�\hprT�ewbcT�T6mn\�Â {un} Â pSmu^
WZmnT��H�ºg i�Y/mc��^
Y]T6_�R QprmnWlk�mn_Vprmn^
WZmuT�mn_��h�H�ZU�stz
T6\
∀n ∈ N, ‖un‖ = 1 Ñ U�efbnTqT6mn\³prTq_,bcTqT�mu\�Â {un} Â1g i�Y�\3�/^
Y]T6_�R ��H��mnz�UXsh^
z
stYy�H��^
Y�UX�H�]¨��!R jSR W�Â {un} Â mnÃ�T�mnÃ�T�ewbcT�T6mu\�Â {un} Â1g i�Y]\³prT���UX��mc�ZUX\Õ×�«uÐv¬�»¦§��R j$R W�Â {un} Â ´�UXj<W�prmn^�U|{<�rU�Umc���·mu_�_tg i�Y]W�prmn^�U|{<�rU

v1, .., vk
Â UXmn\�m�¿c­,¬�»�À

k
∑

i=1

αivi = 0

<
k
∑

i=1

αivi, vj > = < 0, vj >

mn_��/��k�Y
<

k
∑

i=1

αivi, vj > =
k
∑

i=1

αi < vi, vj >= αj < vj , vj >

R �!R j$R W��|����U�R
αj = 0

Â
1 ≤ j ≤ k

�H�����|���
< vj , vj >6= 0

pre¶U
i�{<�SW�j$UXmue¶UXÃ Ñ mnT6\]U�j$UXz
mnk�^
\�j$UXmuk��S_}UXz
\�©�s>UXT�j$T�Â§¦§muT6^��rT���UXY]mns¸¨ C ′[−a, a]

W¸�XY�st_�×�«uÐv¬
»j$UXmue¶UXÃ�\]U�j$UXz
mnk�^
\�jSUXmnk��r_�UXz
\�©�s>UXTyj<T�Â1¦§mnT6^
�STy��UXY]mus¸¨
C ′′[−a, a]

W��XY]st_}U]R
[−a, a]z�bcY�W�mn��UX��mc�ZUX\�R

[−a, a]
i!{<�rW

< f, g > =

∫ a

−a

f(x)g(x)dx

< f, g >= 0
prmnmn�rj<Y

f ∈ C ′, g ∈ C ′′ �H����^�Y�UX�H��pSmuWZk�mu_V��bc_�\yprmnWZ��^
Y]\
Î�±3ã
­¶Î

< f, g > =

∫ a

−a

fgdx

< f, g >= 0
�|����j<mne¶UXÃ Ñ muT fg

mc��WZ�*pSmn�¹_
`



ä¶ånæ ª�«nç�«uç�° èwé§êNénè
��\�WZmujV�����Xj<mn_

v ∈ V
�:����W·UXjV���!U

V
WZ��^
Y]��stmnstW�UX_�\ {un}∞n=1

mc��^
Y�UX��pSmu_�mumn_}UXi�YyUX_�T
v =

∑∞
n=1 anunÎ�¬�Ï�Ð5Î

limn→∞ ‖wn − w‖ = 0
prT�\�Y]^�UX_�W

w
��©�TVU|�

wn
mn��^
Y]T6_�R [

∑∞
k=1 akuk

mn��^
Y�T�_
V Ñ W�prmn^�U|{<�¹U¸�H�ëj<mnz�UXst_�mnT�\�^���s u1, .., un, ..

mu\�j�R QR
limn→∞ ‖v −∑∞

k=1 akuk‖ = 0
prT

V Ñ ��¦§\]Y]^�UX_�W�¨3st_���j<Y
m�bni�\]��mu��mS\�^�UXk�Wyp¹U|�¹^
��^�U|{<�rU$�H�³�Xj$mn_��>U<�!R j$R W(g i�Yq�tz
��_>stmnstWl��j$UXi�Y��tY�UX_����Xj$UX_>\�Ã

∑∞
k=1 akuk\�Y�^
UX_�W

v
�¸©�TVU|�

vn
pre¶U·\�Y�^
UX_�W

w
�¸©�TVU|�

wn
mc����mn_�_}U·z�bnY�m�bci@j<^
k�UX_ ‖‖ \�mc����mn_�_�Î ä}ì ®

‖wn‖ → ‖w‖, ‖vn‖ → ‖v‖ ©�s>UX_�W < wn, vn >→< w, v >
muÃ�T

^
WZst\
< w, v >=

∑∞
k,j=1 αβ < uk, uj >

mnÃ�T
w =

∑

αkuk, v =
∑

βjuj
prT�Î ä ¯�ç�²�|���

wn =
∑n

k=1 αkuk, vn =
∑n

k=1 αkuk

< wn, vn > = <

n
∑

k=1

αkuk,

n
∑

k=1

αkuk >

=

n
∑

k,j=1

αβ < uk, uj >→
∞
∑

k,j=1

αβ < uk, uj >

αk = <v,uk>
‖uk‖
^��tT�� ∀v ∈ V, v =

∑n
k=1 αkuk

muÃ�Tqj<st^�UXz�efbnT�g i�Y {uk} prT�mnz�UXs���Y]Y�W
^��tT��

v =
∑∞

k=1 αkuk
mnÃ�TÆm���Y]Y ∞ WZ��^
Y]W�j$st^
UXz�_,bnThg i�Y {uk} prTÅmc��UX��mc�ZUX\Õ×�«uÐv¬�»

αk = <v,uk>
‖uk‖�|���

< v, uj >=<
∑∞

k=1 αkuk, uj >=
∑∞

k=1 αk < uk, uj >= αj‖uj‖2 Î�±3ã
­¶Î
αj =

<v,uj>

‖uj‖2

prmnmu�Sj$Y
u ∈ V
�H����prTq\�^�UXe,s�j<T6^
�S_<_,bnT�g i�YÄÎ�¬�Ï�Ð5Î

u =

∞
∑

n=1

< u, en > en

prmn��UX�$��pSmuT�_�j�®]À�í�²
�!U�UXst^
z���UXmuU�U|�îR [

∀u ∈ V, ‖u‖2 =

∞
∑

n=1

| < u, en > |2 (1)

< u, v >=
∑∞

n=1 < u, en > < v, en >
�:�:�ZUXY]\��!U�UXst^
z���UXmuU�U|�îR Q

mnÃ�TÁmn\3�t�H�(_,bcT�g i�Y {un} pST ¼ �:stW���UXmuU�U|�
mnTÁj<^
Ã�i�Wµst_���j<YÕ¦|[:¨>^�U|{<\�mc�(^
mni�_�Î�¬ ì Î
∑∞

n=1 | < x, un > |2 ≤ ‖x‖2

R stz�TÆTVUX\³\]�*Wlk�mn_��/��mu��mn\y^�U|{<�rUX\yprT�\�Y]�:��T6^
�Sj {en} R _}R T�g i�YÄÎ�¬�Ï�Ð5Î
6



\]Y]�H��T�mu\yÃ�Tq\�^�UXe,s {un} prTÄ×�«uÐv¬�»�!U�UXst^
z���UXm�U�U|�tYqR WZk�mu_
u
mc���·mu_�_�Î�±3ã
­¶Î

‖u‖2 =

∞
∑

n=1

| < u, en > |2 = 0

⇒ ‖u‖ = 0

⇒ u = 0

R \�^�UXe,s�T6mn\³\�Y��H�Ág i�Y³�:��T6��Î�¬ ì Î
g i�Y�\�Y¾j<�:Wl�Sj<Y {un}∞n=1

g i�Y]\ {en}∞n=1
\�Y��H�ë_,bnTïg i�YÕ\�_}UXj<_�z�bcY�Y

V
mn\�j½×�«uÐv¬�»

e2, e3
j<z
�:��\�m�bci {en}∞n=1

u2 =
e2 − e3√

2

u3 =
e2 + e3√

2 _,bnTqi�bcY�\³prT6\
pSe¶U ‖un‖2 = ‖en‖2 = 1

¿c­,¬�»3À
‖u2‖ = ‖ 1√

2
(e2 − e3)‖2

=
1

2
(‖e2‖2 + ‖e3‖2) = 1

‖u + v‖ = ‖u‖2 + ‖v‖2 Ã�T u ⊥ v
prTq�|�ZUXY]�R ‖u3‖ = 1
mnWZe¶�7��bn_��¼ j$UXWZk�mu_$�¹U���WZ_

j, k 6= 2, 3 < uj , uk > = < ej , ek >= 0

j, k 6= 2, 3 < u2, uk > = <
1√
2
(e2 − e3), ek >= 0

< u2, u3 > = <
1√
2
(e2 − e3),

1√
2
(e2 + e3) >= 0

R
< u3, uk >= 0

�Xz�UXTÆUXj$UXT6W
j 6= 2, 3

�H���
v ⊥ {uj} mn����mn_�_

0 =< v, uj > = < v, e3 >

�|�ZU
0 =< v, u2 > =

1√
2
(< v, e2 > − < v, e3 >) ⇒< v, e2 >= 0

0 =< v, u3 > =
1√
2
(< v, e2 > + < v, e3 >) ⇒< v, e3 >= 0

R \�Y]�H� {uj} Ã�TVR v = 0
Ã�T

v ⊥ {ej} pS_�Y�UXTÅ�|���
∀n ∈ N, < f, en >= 1

n

��´!��^�U|{<�¹U
f
mn\�m�R \�^�UXe,s/_,bnT�g i�Y {en} mn\]jºÎ ä «�±�°·²�×�«uÐv¬�»
 



‖f‖ j<TÅUXW��t�¡R [
‖f + e2‖ j<TÅUXW��t�¡R Q¿c­,¬�»�À

‖f‖2 =
∑∞

k=1 | < f, en > |2 =
∑∞

k=1
1

n2

¦§\�^�UXe,sÁg i�YS¨3��U�UXst^�z���UXmuU�U|�tYÄR [
‖f‖ =

√

∑∞
k=1

1
n2

�|���^�UXj<z
_�R Q
‖f + e2‖ = < f + e2, f + e2 >

= ‖f‖2+ < f, e2 > + < e2, f > +1

= 2 + ‖f‖2

prmnmu�SY�\
f
^�U|{<�rU��¹mn��´!� {en} \�^�UXe,s�_,bcThg i�Yyj<Y]mumn�µT6��Î�¬ ì Î

< f, en > =

√

1

nprmc��mn^
k�UX_�\�T6�¡R j<muz
UXst_�muT�T6mu\µ\�Y]^�UX_�\h�!U�UXst^
z���UXm�U�U|�¹Y�mnÃ�T�\�Ã���\�mn\µprT�j<^
��Tmc��j<T6Ã}U]j<mu�:�H��_,bcTqi
bnY��Smuz
stY�Â \�^�UXe,s
∞
∑

n=1

| < f, en > |2 ≤ ‖f‖2

UXT6k�Y¾×�«uÐv¬�»
lim

n→∞

∫ π

−π

x sin(nx)dx = 0

¿c­,¬�»�À
∫ π

−π

x sin(nx)dx =
(

−x
cosnx

n

)

|π−π +
1

n

∫ π

−π

cos(nx)dx

=
−1

n
((−1)

n
π − (−1)

n
(−π)) + 0

=
2π

n
(−1)n → 0

mnT/mnz
���|���!Ur_,bcT { 1√
π

sin nx} g i�Y�\ 〈f, g〉 =
∫ π

−π
f(x)g(x)dx

z�bcY�\µj<��jï°�¿c­,¬�»3À�!stW���UXmuU�U|�
∑

∣

∣

∣

∣

< b,
1√
π

sin nx >

∣

∣

∣

∣

2

< ∞

< b,
1√
π

sin nx > → 0

UX_��H����UXWZe,\³\�Ã}U
∑

|〈b, en〉|2 ≤ ‖b‖2

�



UXT6k�Y¾×�«uÐv¬�»
lim

n→∞

∫ π

−π

x2 sin2(nx)dx = 0

1

2
− 1

2
cos(2nx)

ð*F!ñ-O!òîF:ñ-O!ó ôÞtÊ&á�É3õ�ÈSÊvË5Ê
Û
áwÉ�õ½Ç$áwÉ�Ê&ö�á�É]Ê�õ

âZÍ�Ì
_,bcTµj$T�k�UXm¹UX_��H�Äg i�Y�\/R �:^
e}{<_�muTµ�H��z�bcYÅj<��j { 1√

2
, sin nx, cosnx

} g i�YÅ�:i�pSmu^�W·��YÆUX_�TUX_��:�/WZ��^
Y]WZ�/^�U|{<�¹U]prmnT6j<\����H�ZUX_
f ∈ E
�:�����|���

f(x) ∼ a0

2
+
∑

(an cosnx + bn sin nx)

an =
1

π

∫ π

−π

f(x) cos (nx) dx

bn =
1

π

∫ π

−π

f(x) sin (nx) dx

j$UXmuk��S_}UXz
��\�mnmu^
UXz�^
U|{µUXT6k�Y¾×�«uÐv¬�»
f(x) = x

R [
f(x) = 1

2 + sin2 x
R Q

f(x) =
∣

∣

x
a

∣

∣ , a 6= 0
R �
¿c­,¬�»�À

mn��Wl�@prmc�t_�R [
an =

1

π

∫ π

−π

f(x) cos (nx) dx

R
an = 0

�|���!U]mue¶UXÃ Ñ mnTÆ��_�^�e,{<_�muT6\
bn =

1

π

∫ π

−π

x sin (nx) dx =
2(−1)n

n

�|���
x ∼ 2

∞
∑

n=1

(−1)
n

n
sin (nx)

^�U|{hUX\�Ãt�|����_,bcT6\hg i�Y]W�mu^
WZmnT(UX�:muT
f(x) = 1

2 + sin2 x = 1 − 1
2 cos(2x)

R QR UXY]k�i�W�\�mn^�UXz
9



��_�^
e}{<_�mnT6\
bn = 1

π

∫ π

−π

∣

∣

∣

f(x)
n

∣

∣

∣
sin (nx) dx

�|���³j<mue¶UXÃ¸\�muk��S_}UXz
\�j<mc�tT6^hR �R ��\]U�U|���:^
e}{<_�mnT6\y�|����mne¶UXÃ
an =

1

π

∫ π

−π

f(x) cos (nx) dx

=
2

π

∫ π

0

f(x) cos(nx)dx

a0 =
2

π

∫ π

0

x

|a|dx =
x2

π |a| |
π
0

=
π

|a|

an =
2

π |a|

∫ π

0

x cos (nx) dx

=
2

π |a|

[(

x
sin nx

n

)

|π0 − 1

n

∫ π

0

sin (nx) dx

]

=
2

π |a|
1

n
cos (nx) |π0

=
2

π |a|
(−1)

n − 1

n2

=

{

0 n = 2k
−4

π|a|n2 n = 2k + 1

∣

∣

∣

x

a

∣

∣

∣
=

π

2 |a| +

∞
∑

n = 1
n = 2m + 1

−4

π |a|n2
cos (nx)

=
π

2 |a| +

∞
∑

k=1

−4

π |a| (2k − 1)
2 cos ((2k − 1) x)

an =
1

π

∫ π

−π

f(x) cos (nx) dx

=
2

π

∫ π

0

f(x) cos (nx) dx

a0 =
2

π

∫ π

0

x

|a|dx =
x2

π |a|

∣

∣

∣

∣

π

0

=
π

|a|

n ≥ 1, an =
2

π |a|

∫ π

0

x cos (nx) dx

=
2

π |a|

[(

x
sin (nx)

n

)∣

∣

∣

∣

π

0

− 1

n

∫ π

0

sin (nx) dx

]

=
2

π |a|

(

1

n

cos (nx)

n

)
∣

∣

∣

∣

π

0

=

{

0 n = 2k
−4

π|a|n2 n = 2k + 1

f ∼ a0

2 +
∑

(an cosnx + bn sin nx)
��mu_�_

g(x) = f(x+π)
^
m���e,Y

f ∈ E[−π, π]
T6\�j
×�«uÐv¬
»R

f
�H��\�mn^�UXz�^
U|{(j<^
Ã�i�W

g Ñ ��\�mnmu^
UXz�^
U|{(T6k�Y
10



g ∈ [−π, π]
�|����R j<mn^�UXÃ���Y�U�^��tmn\y�H���:i�j<^���e¶UXY

f
�h��mn_�\����H�ZUX_rUX_�j$_�mu��WZY¾¿c­,¬�»3À

g ∼ ã0

2
+
∑

(

ãn cosnx + b̃n sin nx
)

ã0 =
1

π

∫ π

−π

g(x)dx

=
1

π

∫ π

−π

f(x + π)dx =
1

π

∫ 2π

0

f(t)dt

=
1

π

∫ π

−π

f(t)dt = a0

n ≥ 1, an =
1

π

∫ π

−π

f(x + π) cos (nx) dx

=
1

π

∫ 2π

0

f(t) cos (nt − nπ) dt

=
(−1)n

π

∫ 2π

0

f(t) cos (nt) dt

=
(−1)

n

π

∫ π

−π

f(t) cos (nt) dt

= (−1)
n

an

bn =
1

π

∫ π

−π

f(x + π) sin (nx) dx

=
1

π

∫ 2π

0

f(t) sin (nt − nπ) dt

=
(−1)

n

π

∫ 2π

0

f(t) sin (nt) dt

=
(−1)n

π

∫ π

−π

f(t) sin (nt) dt

= (−1)
n

bn �|���
g ∼ a0

2
+

∞
∑

n=1

(−1)
n

(an cos (nx) + bn sin (nx))

{

einx
}

n∈Z

g i�Y�\�_�\³j<mn�!^�e,{<_�muT�z�bcY�W�j<z
s>UX_�g i�YÄÎ�¬�Ï�Ð5Î
»3­ ä ­}ã�»

(

eix
)n

= einx R [
eix = e−ix R Q

eixeiy = ei(x+y) R �
d
dx

(

eix
)

= ieix R �
m�bni�W���^�UXY�\�mu^�UXz�^�U|{ÅprmnT6j<_

f ∈ E [−π, π]
�H���

f(x) ∼
∞
∑

n=−∞
cneinx

cn =
1

2π

∫ π

−π

f(x)e−inxdx

11



f(x) = x
��W���^�UXYy\�mn^�UXz�^
U|{µUXY]muT6j<\Õ×�«uÐv¬
»

¿c­,¬�»�À
c0 =

1

2π

∫ π

−π

x = 0

cn =
1

2π

∫ π

−π

xe−inxdx

=
1

2π

[

e−inx

in

∣

∣

∣

∣

π

−π

+
1

in

∫ π

−π

e−inxdx

]

(einπ = cos (nπ) = (−1)
n
) ⇒ =

1

2π

(−1

in

)

((−1)
n

π − (−1)
n

(−π))

=
(−1)n+1

in

÷ Ê5Êvø<É�öµùwÊ&áfÊ5Êvú âZÍcâ
prTq�|����\�Y]muT�j$Y]\yz�bcY�j<��j

E
W�»3­,¬�­}Ð&ç�g i�Y��X\Å¦§j$UXWZ��^
UXYÆUXTqj$UXmn�¹Y�YS¨<g UXe,mu^�{<\qg i�Y�\

f ∼ a0

2
+
∑

(an cosnx + bn sin nx)

g ∼ c0

2
+
∑

(cn cosnx + dn sin nx)

mnÃ�T
1

π

∫ π

−π

|f(x)|2 dx =
|a0|
2

+
∑

(

|an|2 + |bn|2
)

1

π

∫ π

−π

f(x)g(x)dx =
a0c0

2
+
∑

(ancn + bndn)

prTVU
f ∼

∑

cneinxdx

g ∼
∑

dneinxdx

mnÃ�T
1

π

∫ π

−π

|f(x)|2 dx =
∑

|cn|2

1

π

∫ π

−π

f(x)g(x)dx =
∑

cndn

∑∞
n=1

1
n2

j<TÆUXT6k�Y
f(x) = x

�H�/\�mu^�UXz�^�U|{Åj$^�Ã�i�W�×�«uÐv¬
»
12



¿c­,¬�»�À
x ∼ 2

∞
∑

n=1

(−1)
n

n
sin (nx) dx

1

π

∫ π

−π

x2dx =

∞
∑

n=1

4

n2

1

π

∫ π

−π

x2dx =
2

π

∫ π

0

x2dx

=
π3

3

2

π
=

2π2

3

⇒
∑ 1

n2
=

π2

6

^
mu��e,_�¯�«u¬�®
fodd(x) =

f(x) − f(−x)

2

feven(x) =
f(x) + f(−x)

2 prT�mn��prmnmn�rj<Y
f ∼ a0

2
+
∑

(an cosnx + bn sin nx)

fodd ∼
∑

bn sin nx

feven ∼ a0

2
+
∑

an cosnx

{<^�z
W
1

π

∫ π

−π

∣

∣

∣

∣

f(x) − f(−x)

2

∣

∣

∣

∣

2

dx =
∑

|bn|2

1

π

∫ π

−π

∣

∣

∣

∣

f(x) + f(−x)

2

∣

∣

∣

∣

2

dx =
|a0|
2

+
∑

|an|2

f(x) = e−x �:� cos
\³��mu��\�mn^�UXz�muY����rYypS_�\

an
^��tT�� |a0|

2 +
∑

|an|2 j$TÆUXT6k�Y¾×�«uÐv¬�»
¿c­,¬�»�À

|a0|
2

+
∑

|an|2 =
1

π

∫ π

−π

∣

∣

∣

∣

e−x + ex

2

∣

∣

∣

∣

2

dx

=
1

4π

∫ π

−π

(

e−2x + 2 + e2x
)

dx

= 1 +
e2π − e−2π

4π

[��



Ç ÷6û á�É]ühõ�ö6ú�È âZÍný
^
z
stY]W�j$U�U|�ÄT6�H�>UtjSUXmu����kÆ����\�j$UX^
Ã�e,_�\]Ut�Xmni�{$UX�SY���\�z
mnk�^��
g _}UXz³�H��T6mn\

E′ ¨@Îl×
ã
«u¬�Ï
f(x+)+f(x−)

2

�:T�g �S_r�H��W³st_���j<Y(\�mn^�UXz�^�U|{hmnÃ�T
f ∈ E′[−π, π]

prT�¦�g �r_¹�H��mnz�UXs
R f(π−)+f(−π−)

2

�*jSUXst_u��j$\y�¹m
x = ±π

g �S_�W
»3­,°·­,í-±y»3­,°�þ3Î

a0

2 +
∑

an = f(0+)+f(0−)
2

Ã�T
x = 0
R [

a0

2 +
∑

(−1)
n

= f(π−)+f(−π−)
2 x = π;−π

R Q
^�U|{hprmnT6j<_¸R ¦§j<mu^
UXÃ���Y(\3���tY]\ÆpSi�¨

[−π, π]
i�{<�SW

fp(x) = epx ^
m���e,_ P 6= 0
mu\�m*×�«uÐv¬
»\�mu^�UXz

fp ∼ a0

2
+

∞
∑

n=1

an cos(nx) + bn sin(nx)

an, bn
j<TÅUXT�k�Y¾R [

∑

(|an|2 + |bn|2) j<TÅUXW��t�¡R Q
|a0|2

2 +
∑ |an|2 j<TÅUXW��t�¡R �
∑

an
j<TÅUXW��t�¡R �

∑

(−1)nan
j<TÅUXW��t�¡R `

¿c­,¬�»�À
WlU|�tmu�·Y¾R [

a0 =
epπ − e−pπ

πp

n ≥ 1, an =
(−1)

n
p (epπ − e−pπ)

π(n2 + p2)

bn =
(−1)

n+1
n (epπ − e−pπ)

π(n2 + p2)

�!U�UXst^
z�mnz
�ÆR Q
∑

(

|an|2 + |bn|2
)

=
1

π

∫ π

−π

e−2pxdx − |a0|2
2

p¹��UX�SY]��R �
|a0|2

2
+
∑

|an|2 =
1

π

∫ π

−π

∣

∣

∣

∣

epx − e−px

2

∣

∣

∣

∣

2

dx

\��H��mu^
��Y
b ∈ E′ R �

a0

2
+
∑

an =
f(0+) + f(0−)

2
= f(0) = 1

[��



x = π
\]�H��mn^���Y¾R `

a0

2
+
∑

(−1)nan =
f(π+) + f(π−)

2

=
epπ + e−pπ

2

f(x) =

{

0 0 ≤ x ≤ π

x + π −π ≤ x < 0

mn\�j½×�«uÐv¬�»
\]mnmn^�UXz�^�U|{

f Ñ ��UXY]muT�j$\CR [�H���3UXj<z
W
sin nx
�:��prmnY����SY�\ypS_�\

bn
^��tT��

g(x) =
∑∞

n=1 bn sin nx
^�m���e,_�R QR

[−π, π]
i�{<�rW

g
j<TÅU|{V{<^���R \�mumn^�UXz�^�U|{<�

f
∑∞

n=1
1

(2n−1)2
j<TÅUXW��t�¡R �

¿c­,¬�»�À
W��t��_�R [

a0 =
1

π

∫ 0

−π

=
1

π

(x + π)
2

2

∣

∣

∣

∣

∣

0

−π

=
π

2

an =
1

π

∫ 0

−π

(x + π) cos (nx) dx

=
sin (nx)

nπ
(x + π)

∣

∣

∣

∣

π

−π

−
∫ 0

−π

sin(nx)

nπ
dx

=
cos (nx)

n2π

∣

∣

∣

∣

0

−π

bn =
1

π

∫ 0

−π

(x + π) sin (nx) dx

= − (x + π)
cos (nx)

nπ

∣

∣

∣

∣

0

−π

= − 1

n

f ∈ E [−π, π] , f ∈ �:WlTyRh(x) = f(x)−f(−x)
2 ⇒ h ∼∑ bn sin (nx)

^
mu��e¶_�R Qst_���j<Y�\��H��\�mn^�UXz�^
U|{<\�\]�H��mn^���mnz
�*Ã�TVU
h ∈ E

′
[−π, π]

�|���
E

′
[−π, π]g �S_�W�WZmnk�_¹¦§\]�H��mn^���{<z��tYS¨

g(x) = h(x+)+h(x−)
2

U]j$^
��e¶UXY
g
^
Y�UX�H��R g �S_

f(−x) =

{

0 −π ≤ x ≤ 0

−x + π 0 < x ≤ π

�|���

h(x) =











x−π
2 0 < x < π

0 x = 0
x+π

2 −π ≤ x < 0

15



��UX_��!WZmn�

g(x) =











x−π
2 0 ≤ x ≤ π

x+π
2 −π < x < 0

0 x = ±π, 0

f(x) ∼ π
4 +

∑∞
n=1

−1
n

sin (nx)+ 2
π(2n−1)2

cos ((2n − 1)x)
�(^
WZ��UX_�muT�^/R �\]�H��mn^���z�bci

f(0+) + f(0−)

2
=

π

4
+

2

π

∞
∑

n=1

1

(2n − 1)
2

f(0+) + f(0−)

2
=

0 + π

2
+

π

2 prU|��must�
∞
∑

n=1

1

(2n− 1)2
=

π2

8
( ∞
∑

n=1

1

n2
=

π2

6

)

⇒ =
3

4

π2

6

ú³Ø¶ÈrßÕÞtÊ5øVË û Þ�Ç âZÍ�ÿ
^�U|{ÆmuÃ�T

f
′ ∈ E [−π, π] Ñ U f(−π) = f(π)

Â
[−π, π]

�:i�\]z�muk�^
f
prTµ¦§�rmnz
stY�muT6_�j-¨ ®]À�í�²R

f Ñ �@��bnY]W�st_���j<Y f
�:�/\�mu^
UXz

Ñ Ur\�z
mnk�^ f
mnÃ�T���bnY]W

f
��st_u��j$Y�\�mn^�UXz³^�U|{�prT�Â pSmu�·^���\Å{<z��tY]\�muT�_�j<Yµ�r�:�CÎ�¬ ì ÎR �Smuz�stYyTVUX\�prmn��^���\�prmnT6_�j<\ypSTÆ����mnW

f
′ ∈ E [−π, π]

��UX^
��T6\y�S�:��\�R
f(−π, π)�H�h\]mn^�UXz�^�U|{qmnÃ�T

f
′ ∈ E [a, b]

U�\�z
mnk�^
f
UXW

[a, b] ⊂ (−π, π)
T�\]m$¦§�rmnz
stY³mnT6_�j�¨ ®]À�í�²R \]Ã$i�{<�SW���bcY�W

f Ñ ��st_u��j$Y f

^�U|{
A, B
pSmuY����rY�UX�:T(^�UXWZi

f(x) =

{

A + BX −π ≤ x ≤ 0

cosx 0 < x ≤ π

\]mnk��r_�UXz
\�\�_}UXj<_�×�«uÐv¬�»
Ô ��bnY]W

f Ñ ��st_���j<Y f
�:�/\�mu^
UXz

f
ptbnpST���bnY]W�j$UXst_���j<\y�tmc��UX_�T6k�Y�R

A, B
�H���

f
′ ∈ E [−π, π]

mn��Wl�@prmc�t_�¿c­,¬�»3ÀR
f(π) = f(−π)

Â \�z
muk�^
−1 = A − Bπ

1 = A

B =
2

πR Wl��^�Y�\y�H���!i���bcY�W�st_���j<Y�^�U|{<\ypr\�W�pSm���mn��mn\³prmnY����SY�\�j<TÅUX_�T�k�Y
�H��W

f
�H��\]mn^�UXz�^�U|{�j$UXmu\��

G(x)
j$TÅ^
m���e,_

f(x) =

{

cosx −π ≤ x < 0

sin x 0 ≤ x ≤ π

T6\�j
×�«uÐv¬�»
R prmnmu�ÅTVUX\�UXW�p¹UX�SY

G Ñ ��\���s>UX_rUX_�jSU�^���efUXY G
mnj<Y�UXT6k�Y¾R [

Ô [−π
2 , π

2

] i�{<�SW���bnY]W�\�_�\
G
�H��j$UXst_���j<\�\�prT6\ÁR Q

[ o



[

π
3 , π

2

] i!{<�r��\��:T��/\]j$UXT�R �
st_���j<Y

h
�:��\�mn^�UXz�^�U|{

a
mc��^
i�UX�:mnT�^�UXWli

h(x) =
∫ x

−π
g(t)dt+a sin

(

x
2

) ^�m���e,_�R �
[−π, π]

i�{<�SW
h Ñ �7��bnY]W

¿c­,¬�»�À
{<z��tYS¨

G(x) = f(x+)+f(x−)
2 ∀x ∈ [−π, π]

j$^
��e¶UXY
G
�|���

f ∈ E
′ R [¦§\��H��mu^��

G(x) =



















cosx −π < x < 0

sin x 0 < x < π
1
2 x = 0

− 1
2 x = ±π

prmn�:Wl�SY�UX_�mumn\�i�{<�SW��>bnY]W�j$UXst_���j<\�\]j<mnmu\�pSTymn���>bnY]W�T6�7j$UXst_���j<\�\¾R Q¦§j$UXz
mnk�^�j$UXmnk��r_}UXz��H��^�U|{�¨]R i�{<�SW�\�z
mnk�^
G Ñ �j$UXst_���j<\/�tm�UX_�WZj<���Ä{<z��¹Y�\�Y��|���

f
′ ∈

[

π
3 , π

2

] Ñ Ut\�z
mnk�^ f
\]Ã�i�{<�rW�R �R �>bnY]WUXY��]¨�ptbnpST³��bcY�W�st_���j<Y

h
�H��\�mn^�UXz�^�U|{q�|���

h
′ ∈ E a

�:���@mn��WZ�¸prmc�t_�R �R ��muY]j(©�mnk�^��:^
e}{<_�muTqR
h(−π) = h(π)

U�\�z
mnk�^
h
¦§p¹��UX���!mne,^
j<W

h(π) =

∫ π

−π

f(t)dt + a

h(−π) = 0 − a

(h(π) = h(−π)) ⇔ a =
1

2

∫ π

−π

f(t)dt = −1

R
f

′ ∈ E [−π, π]
U
f(π) = f(−π)

Â
[−π, π]

i�{<�SW�\�z
muk�^
f
T�\]j
¬
°·« æ � ¬
°·« æ Î�¬�«��¶Ð�®]À�í�²prT

f(x) ∼ a0

2
+
∑

an cos (nx) + bn sin (nx)

mnÃ�T
f

′

(x) ∼
∞
∑

n=1

−nan sin (nx) + nbn cos (nx)

pre¶U
f ∈ E [−π, π]

T6\�jï¬
°·« æ � ¬
°l« æ Î·«�þ·¬�Ð�® ä « æ ®]À�í-²
f(x) ∼ a0

2
+
∑

an cos (nx) + bn sin (nx)

mnÃ�T
c ∈ [−π, π]

mu\�m
(∗)

∫ x

c

f(t)dt =
a0 (x − c)

2
+
∑ an

n
(sin (nx) − sin (nc)) − bn

n
(cos (nx) − cos (nc))

[−π, π]
i�{<�rW���bnY]W�st_���j<Y(¦ a0(x−c)

2

mn�:W�¨��XmnY�m���k�W�^�U|{<\
\�mu^
UXz�^
U|{��|���!U$UXY�k�i��H�¡\]mn^�UXz�^�U|{/TVUX\]U$�tY]Y(st_���j<Y(mn_�Y]mu\Æ��k�W³^�U|{<\3�C��U�UXmn��Y�Î�¬ ì Î
∫ x

c
f(t)dt
�H�/\�mu^�UXz�^�U|{ ⇐ a0(x−c)

2

�H��\�mn^�UXz�^�U|{�����bn_�\�^�U|{<\yTVUX\ ∫ x

c
f(t)dt
�H�R

a0 = 0
ptbnpSTÆ\�mnk��r_}UXz��@��bcY�W�st_���j<Y

17



j<^
Ã�i�Wy¦���¨3j<TÅe,mnk�\����Xj<mu_�Î�¬ ì Î
F (x) =

∫ x

c

f(t)dt =
a0x

2
+
∑

(

an

n
sin (nx) − bn

n
cos (nx)

)

+ Ĉ

^��¹T��
Ĉ =

1

2π

∫ π

−π

F (x)dx

mc����mn_�_
f(x) = |x| mu\�j½×�«uÐv¬
»

f ∼ a0

2
+
∑

an cos (nx) + bn sin (nx)

an, bn
j<TÅUXT�k�Y¾R [

R UXY�U|��s�j<TÅUXW��t�3U
[−π, π]

i�{<�rW
x
�:���*st_���j<Y ∑

nan sin (nx)
mn��UX��mc�ZUX\ÕR Q

¿c­,¬�»�À
R j<mue¶UXÃ

f
mn�

bn = 0
R [

a0 =
2

π

∫ π

0

xdx = π

an =
2

π

∫ π

0

x cos (nx) dx =
2

π

x sin (nx)

n

∣

∣

∣

∣

π

0

− 2

nπ

∫ π

0

sin (nx) dx

=
2 cos (nx)

n2π

∣

∣

∣

∣

π

0

=
2 ((−1)n − 1)

πn2

⇒ |x| ∼ π

2
− 4

π

∞
∑

n=1

cos ((2n− 1) x)

(2n − 1)
2

��bnY]W�j$UXst_���j<\�\y{<z��tY]Y
|x| ∼ π

2
− 4

π

∞
∑

n=1

cos ((2n − 1) x)

(2n − 1)
2

j$UX^
mnÃ�e,\³{<z��¹YymuT�_�j<Y¾R Q
f

′

(x) ∼
∑

nan sin (nx)

\��H��mu^���muz
�
f

′
(x) ∈ E, f

′′
(x) ∈ E

pre¶U
f

′
(x) + f

′
(−x)

2
=

∞
∑

n=1

nan sin (nx)

∞
∑

n=1

nan sin (nx) =











1 0 < x < π

−1 −π < x < 0

0 x = 0,±π

18



\�mnmu^
UXz�^
U|{
f Ñ ��prmnT6j<_}U f ∈ E [−π, π]

mu\�j�×
«nÐv¬�»
f ∼ a0

2
+
∑

an cos (nx) + bn sin (nx) ^
mu��e,_
g (x) =

∫ x

−π

f(t) + f(−t)dt

R \�mnmu^�UXz�^�U|{
g Ñ ��UXY]muT�j$\¿c­,¬�»�À

E [−π, π] 3 f (x) + f (−x) ∼ 2
(a0

2
+
∑

an cos (nx)
)

\]mnk�^
e}{<_�mnT6\�{<z��tY]Y
g (x) = a0 (x + π) +

∑

an

sin (nx)

n�H�¡\]mnmn^�UXz�^�U|{hTVUX\Æ�|����R \�mu^�UXz�^�U|{/UXY��³\�T6^�_}U6��bnY]W³st_���j<YµUX_��!WZmn�S��^�U|{<\mn^
\
x
�*\�^�UXz�^�U|{Æ��j<z
_rR UXY]k�i

x ∼
∞
∑

n=1

2 (−1)
n+1

n
sin (nx)

j$UXmn^
T6mn_�mn�!\�Y��|���
g(x) ∼ a0π +

∞
∑

n=1

(

an

n
+

2a0 (−1)
n−‘1

n

)

sin (nx)

[−π, π]
i�{<�rW

f(x) = x3 �:�/\�mumn^�UXz�^�U|{Åj$TÆUXT6k�Y¾×�«uÐv¬�»
mn��i
U���m�¿c­,¬�»3À

x ∼ 2

∞
∑

n=1

(−1)
n−1

n
sin (nx)

x2

2
=

∫ x

0

tdt = 2

∞
∑

n=1

(−1)n cos (nx)

n2
+ C

C =
1

2π

∫ π

−π

(

x2

2

)

dx =
1

2π

∫ π

0

x2dx =
π2

6

x2 =
π2

3
+

∞
∑

n=1

4 (−1)
n

n2
cos (nx)

\�mnk�^
e}{<_�muT�\�{<z��¹Y�Y�R ��bcY�W�st_u��j$Y�^
U|{<\�Â \�mumn^�UXz�^�U|{Æ\]Ã
x3

3
=

π2

3
x +

∑ 4 (−1)
n

n3
sin (nx) + C1

C1 =
1

2π

∫ π

−π

x3

3
dx = 0

⇒ x3 = π2x +

∞
∑

n=1

12 (−1)
n

n3
sin (nx)

x3 ∼ 2π2
∞
∑

n=1

(−1)n+1

n
sin (nx) +

∞
∑

n=1

12 (−1)n

n3
sin (nx)
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mc����mn_�_
f ∈ [−π, π] , f (π) = f (−π) , f

′ ∈ E [−π, π]
T6\�j
×�«uÐv¬
»

f ∼ a0

2
+
∑

an cos (nx) + bn sin (nx)

mc��UX��mc�ZUX\
lim

n→∞
nan = lim

n→∞
nbn = 0

Ô \�_}U|��_S\�_�i!{<\
n2an, n2bn Ñ ��pSerpST6\j$UX^
muÃ�e¶\�{<z��tY]Y¾¿c­,¬�»�À

f
′ ∼

∞
∑

n=1

(−nan) sin (nx) + (nbn) cos (nx)

e,Wl� Ñ �XY�mn^�mnz
�
lim

n→∞
nan = lim

n→∞
nbn = 0

f
′ muWZe,��pSmuY]mnmu�Sj$Yq\�^
mnÃ�e,\�{<z��tY�\ÆmuT�_�j/pSTµprmni
��UXmrT���UX_�T�mn_����S�!�·\ÅmnWle,��H�tY��

x2 ∼ π2

3
+

∞
∑

n=1

4 (−1)
n

n2
cos (nx)

R st_u��j$Y�T��
n2an = 4 (−1)

n Ã�T
g (x) =

∫ x

0 f(t)dt
^
mu��e,_ ∫ π

−π
f(t)dt = 0

j<Y�mnmu�SY�U�Â
2π
j<mn^�UXÃ���Y�Â

f ∈ E [−π, π]
×�«uÐv¬�»

2π
j<mu^�UXÃ���Y

g
mn��UX��mc�ZUX\ÕR [mn����mn_�_�R Q

f ∼
∞
∑

n=−∞
cneinx

prmnT6j<Y
g Ñ �!U

g ∼
∞
∑

−∞
dneinx

mc��UX��mc�ZUX\
∀x ∈ [−π, π] , g(x) =

∞
∑

−∞
dneinx

dn =
cn

in

¿c­,¬�»�À
^�UXj<z
_�R [

g (x + 2π) − g (x) =

∫ x+2π

x

f(t)dt

=

∫ π

−π

f(t)dt = 0

20



pr�ZUX�S\y©�mni�st\�Y�j<mc�tT6^hR Q
g(π) = g(−π)

g
′ ∈ E [−π, π] Ñ U>j<mu�:mnWl^�e,{<_�muT�\�mnk��r_}UXz��:i��:^
e}{<_�mnT��q\]z�muk�^ g

�|�ÅUXY��^
Y�UX�H����bcY�W�j$UXst_���j<\y�tm<�|���!U
g (x) =

∞
∑

n=−∞
dneinx

\�^
muÃ�e¶\�{<z��tY]Y�©�s>UX_�W
f = g

′ ∼
∞
∑

n=−∞
indneinx

^�U|{<\³jSU���mn��mnY
indn = cn

n 6= 0, dn =
cn

inR \�mui�W��XmnTÆ�|���
c0 = 1

π

∫ π

−π
f(x)dx = 0

mn^
\]UÝ$õ
�
ÊvË&áfú

âZÍ
	
ª�«uç�­ ä «nç�­w¯�¬�­�®]­$ª�«uç�­ ä «nç�¬�­�® êNé��Hénè

��\�jSUXT�WZmu�·^
_}U
f ∈ [0, π]

���Smu_³R
[0, π]
i�{<�S��\�^�UXe,s¾jV��^
i�Y�TVUXk�Y]��pSmuk�UX^�UX_�T�¿c­}« ì ¬
Î�:Wl�S_��/´!��^
Y�UX�H��bn\3{$U|�tz�bV\�^�UXk�W�Wlmn��^
_$R \�Ã<i�{<�µ�:i�UX_��H��i���muY]W��tY]jV�t_}U

[−π, π]R {$U|�tz�^
U|{
pSmuT�j$_<j<T6Ã�\�\�WZ��^
\��

feven (x) =

{

f (x) 0 ≤ x ≤ π

f (−x) −π ≤ x < 0

»3«nÐ&­
�>Î�°�±�¬�Î

feven ∼ a0

2
+

∞
∑

n=1

an cos (nx)

[−π, π] Ñ W
an =

2

π

∫ π

0

f (x) cos (nx) dx

f
�H��pSmus>UX_�mus>UX�(^
U|{(\�Ã

\]�*prmnT6j<_}U
fodd (x) =











f (x) 0 ≤ x ≤ π

0 x = 0

−f (−x) −π ≤ x < 0

»�«nÐ&­
� � « æ Î�°�±�¬�Î

fodd ∼
∞
∑

n=1

bn sin (nx)

bn =
2

π

∫ π

0

f (x) sin (nx) dx

R pSmus>UX_�mnst\³^
U|{(\�Ã
Q&[



»3­ ä ¯�ç�²
z�bnYy^
mu��e,_

[0, π]
W��Xmni�{$UX�SY��@jSUXz�muk�^
\³jSUXmnk��r_�UXz
\yWZ��^
Y

E [0, π]
mu\�m*R [

〈f, g〉 =
2

π

∫ π

0

f (x) g (x)dx

E [−π, π]
j$UX^
mue,stY�j$UX^
mn�¹mZi�W·UX_�¨�R \�^�UXe,s�_,bnT�j<��^�i�Y�\]_�\ {sin (nx)}∞n=1

jV��^
i�Y�\�mnÃ�T¦§j$UX^
mne,st\yj<^���e¶\�Y�U
R z�bnY]Y�\�jSUXT�W�_,bnTVU]\�^�UXe,s { 1√

2
, cos (nx)

}∞

n=1

jV��^
i�Y�\��Xz
UXTÅUXj$UXT6W�R Q
�:WZst^
z�j$UX_}UXmuU�UXmc� R �

2

π

∫ π

0

|f (x)|2 dx =
|a0|2

2
+

∞
∑

n=1

|an|2

2

π

∫ π

0

|f (x)|2 dx =

∞
∑

n=1

|bn|2

f ∈ E
′
[0, π]

Îl×�ã
«�¬�Ï�«c®�À
í-²
x = 0, π Ñ W�� Ñ �!U (0, π) Ñ W f(x+)+f(x−)

2
Ñ ��j$UXst_���j<\y�tm�ª�«nç�­ ä «uç�¬�­�®�×

�
x = π

W·U
f (0+)

�
x = 0

WqÂ
(0, π) Ñ W f(x+)+f(x−)

2 Ñ ��j$UXst_���j<\Å�tm�ª�«nç�­ ä «uç�­w¯�¬�­�®�×
f (π−)

í å ²�°�»3­}ç ä ã�»�Î�«n®]À�í�²
f

′ ∈ E [0, π] Ñ U 0 = f (π) = f (0) [0, π]
�!i�\�z
mnk�^

f
ª�«nç�­ ä «uç�¬�­�®�×

f
′ ∈ E [0, π] Ñ U [0, π]

�:i�\�z
muk�^
f
ª�«uç�­ ä «nç�­w¯�¬�­�®�×

×�«uÐv¬�»
f (x) = x (π − x)

�@prmns>UX_�mns>UX�¹U�prmns>UX_�mush^�U|{(UXY�mnT6j<\ÕR [
∑

1
n2

j<TÅUXW��t�¡R Q
mn��UX��mn�ZUX\CR �

π3

32
=

1

13
− 1

33
+

1

53
− 1

73
+ ...

¿c­,¬�»�À
22



prmns>UX_�mns>UX�(^�U|{½R [
a0 =

2

π

∫ π

0

(

πx − x2
)

dx

=
2

π

(

π3

2
− π3

3

)

=
π2

3

an =
2

π

∫ π

0

(

πx − x2
)

cos (nx) dx

=
2

π

[(

(

πx − x2
) sin (nx)

n

)∣

∣

∣

∣

− 1

n

∫ π

0

(π − 2x) sin (nx) dx

]

=
2

πn

[

(π − 2x)
cos (nx)

n
+

2

n

∫ π

0

cos (nx)

]

= − 2

n2
((−1)n + 1)

f (x) ∼ π2

6
−

∞
∑

n=1

cos (2nx)

n2

prmns>UX_�mnst\³^�U|{
bn =

2

π

∫ π

0

(

πx − x2
)

sin (nx) dx

=
2

π

[

(

πx − x2
) − cos (nx)

n

∣

∣

∣

∣

π

0

+
1

n

∫ π

0

cos (nx) (π − 2x) dx

]

=
2

πn

[(

(π − 2x)
sin (nx)

n

)
∣

∣

∣

∣

+
2

n

∫ π

0

sin (nx) dx

]

= − 4

πn3
cos (nx)

∣

∣

∣

∣

π

0

=
4

πn3
(1 − (−1)

n
)

f (x) ∼ 8

π

∑ sin (2n − 1)x

(2n − 1)3

pSmus>UX_�mush^�U|{<���:WZst^
z�muz
�ÅR Q
2

π

∫ π

0

|f (x)|2 dx =
64

π

∑ 1

(2n − 1)6

�|���
∑ 1

(2n − 1)
6 =

π6

960

mn��Wl�@prmc�t_
∑ 1

n6
=

∑ 1

(2n)6
+
∑ 1

(2n − 1)6

∑ 1

(2n)
6 =

1

64

∑ 1

n6

⇒
∑ 1

n6
=

1

1 − 1
64

∑ 1

(2n − 1)
6 =

π6

945
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�:WZ�r_}U
x = π

2

^�UXWli�¦§pSmus>UX_�mnst\³^
U|{<�l¨�\��H��mu^���W��¹Y�jV�t_�R �
π

2

(

π − π

2

)

=
8

π

∑ (−1)
n+1

(2n − 1)
3

π3

8
=

∑ (−1)n+1

(2n − 1)
3

UX_�mnk�^���\�Y�\�Ã}U
×�«uÐv¬�»

[0, π]
i�{<�rW�prmns>UX_�mus>UX�µ^
U|{<�

b (x) = cosx
\�muk��S_}UXz
\³j<TÆUX��j<z�R [

UXW��t�3U
x ∈ [0, π]

�H����j<^���efUXY
g Ñ �ÕUX��mn�ZUX\ g (x) =

∑∞
n=1 bn sin (nx)

^
m���e,_�R Q\3��^
i�j<T
Ô ��bcY�W�st_u��j$Y

g
j$TÆe,k�mumnY]��^
U|{<\�prT6\ÁR �

¿c­,¬�»�À
^�UXj<z
_�R [

bn =
2

π

∫ π

0

cosx sin (nx) dx

=
1

π

∫ π

0

(sin (n + 1)x + sin (n − 1)x) dx

b1 =
1

π

∫ π

0

sin (2x) dx = 0

(n > 1) ⇒ bn =
1

π

[

−cos (n + 1) x

n + 1
− cos (n − 1) x

n − 1

]∣

∣

∣

∣

π

0

=
1

π

(

1

n + 1
+

1

n − 1

)

(1− (−1)
n
)

=
2n

π (n2 − 1)
(1 − (−1)

n
)

cos (x) ∼
∞
∑

n=2

4 (2n − 1)

π
(

(2n − 1)
2 − 1

) sin ((2n− 1) x)

j<^���e¶UXY
g
\]�H��mn^���mnz
���|���

f ∈ E
′
[0, π]
R Q

g (x) =

{

cosx x ∈ (0, π)

0 x = 0, π

R \]z�muk�^�T6�
g
mc���>bnY]W�T6��j$UXst_���j<\�\¾R �

a0

2 +
∑∞

n=1 an cos (nx)
mn\]m�R

f
�H�ypSmus>UX_�must\�^�U|{ ∑∞

n=1 bn sin (nx)
mu\�m

f ∈ E
′
[0, π]
mu\�j�×
«nÐv¬�»

g (x) = a0

2 +
∑∞

n=1 an cos (nx) +
∑∞

n=1 bn sin (nx)
^
m���e,_<R

f
�H��prmns>UX_�mus>UX�S\�^�U|{

x ∈ [−π, π]
�H���

g
j<TÅUXT6k�Y

24



\��H��mu^
��W��¹Y�jV�t_�¿c­,¬�»�À
∑

bn sin (nx) =











f(x+)+f(x−)
2 0 < x < π

0 x = 0,±π

− f((−x)+)+f((−x)−)
2 −π < x < 0

a0

2
+
∑

an cos (nx) =



















f(x+)+f(x−)
2 0 < x < π

f((−x)+)+f((−x)−)
2 −π < x < 0

f(0+)+f(0+)
2 x = 0

f(π−)+f(π−)
2 x = ±π

g (x) =



















f (x+) + f (x−) 0 < x < π

f (0+) x = 0

f (π−) x = ±π

0 −π < x < 0

«c×�×�ã ì ®V¯�°³Î·«n«u¬�­}À�«�¬�­�® êNé��Hé§ê
z�bnY]��st��mnW�R

[a, b]
�:i�Y��Xmui!{$UX�rY]�*j$UXz
mnk�^
\�j$UXmuk��S_}UXz
\yWZ��^
Y

E [a, b]
mu\�m�Î�¬�ÏZÐ5Î

〈f, g〉 =
2

b − a

∫ b

a

f (x) g (x)dx

jV��^
i�Y�\
{

1√
2
, cos

(

2

b − a
nπx

)

, sin

(

2

b − a
nπx

)}∞

n=1m�bni�\�mumn^�UXz�^�U|{ÆprmnT6j<_
f ∈ E [a, b]

�:����R \�^�UXe,s/_,bnTqjV��^
i�Y�\�_�\
f ∼ a0

2
+

∞
∑

n=1

an cos

(

2nπx

b − a

)

+ bn sin

(

2nπx

b − a

)

an =
2

b − a

∫ b

a

f (x) cos

(

2nπx

b − a

)

dx

bn =
2

b − a

∫ b

a

f (x) sin

(

2nπx

b − a

)

dx

R �XT�����prmn^
WlUXi�prmc{<z��tY]\y�H�
jV��^
i�Y�\ 〈f, g〉 = 1

b−a

∫ b

a
f (x) g (x)dx

z�bnY]��st��mnW�Î�¬�ÏZÐ5Î
{

ei 2nπx
b−a

}

n∈Z\]mnmn^�UXz�^
U|{ÅpSmuT6j<_
f ∈ E [a, b]

�H����R \�^�UXe,s�_,bcT
f ∼ sin

∑

n=Z

cnei 2nπx
b−a

cn =
1

b − a

∫ b

a

f (x) e−i 2nπx
b−a dx

[0, π]
i�{<�rW

f (x) = sin x
\]mnk��r_�UXz
\³\�_}UXj<_�×
«nÐv¬�»
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\]mn^�UXz�^�U|{
f
��UXY]muT�j$\CR [

∑∞
n=1

1
(4n2−1)2

Ñ U ∑∞
n=1

1
4n2−1

prmnY�U|��st\yj<TÅUXW��t�¡R Q
¿c­,¬�»�À

{

1√
2
, cos (2nx) , sin (2nx)

}

, 2
b−a

= 2
π

T6mn\³jV��^
i�Y]\
a = 0, b = π

R [
a0 =

2

π

∫ π

0

sin xdx =
4

π

an =
2

π

∫ π

0

sin x cos (2nx) dx

=
1

π

∫ π

0

[sin (2n + 1)x − sin (2n − 1) x] dx

=
1

π

[

−cos (2n + 1) x

2n + 1
+

cos (2n − 1) x

2n − 1

]∣

∣

∣

∣

π

0

=
1

π

(

1

2n − 1
− 1

2n + 1

)

(

(−1)
2n+1 − 1

)

=
−2

π

(

2

4n2 − 1

)

=
−4

π (4n2 − 1)

bn =
2

π

∫ π

0

sin (x) sin (2nx) dx

=
1

π

∫ π

−π

sin x sin (2nx) dx = 0

R
bn = 0

mc{<^���_�{<st\³stmnstWZ\³mn^
WlT�efbnT�z�bci��|���
sin x ∼ 2

π
− 4

π

∞
∑

n=1

1

(4n2 − 1)
cos (2nx)

x = 0
W�\��H��mu^
��muz��(R Q

sin (0+) + sin (π−)

2
=

2

π
− 4

π

∞
∑

n=1

1

(4n2 − 1)

4

π

∞
∑

n=1

1

(4n2 − 1)
=

2

π

∞
∑

n=1

1

(4n2 − 1)
=

1

2

�:WZst^
z�muz
�
2

π

∫ π

0

sin2 xdx =
16
π2

2
+

16

π2

∞
∑

n=1

1

(4n2 − 1)
2

∞
∑

n=1

1

(4n2 − 1)2
=

π2

16
− 1

2

i�{<�SW
f Ñ �yW���^�UXY�\�mu^�UXzq^�U|{ÕUXY�mnT6j<\ f (x) =

{

A sin (ωx) 0 < x < π
2

0 T
2 < x < T

mn\�j½×�«uÐv¬�»
[0, T ]
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ω0 = 2π
T

, a = 0, b = T, 1
b−a

= 1
T

¿c­,¬�»�À
cn =

1

T

∫ , T
2

0

A sin (ω0x) e−i 2
T

πnxdx

=
A

2iT

∫ , T
2

0

(

eiω0x − e−iω0x
)

e−iω0nxdx

=
A

2iT

∫ , T
2

0

(

eiω0xe−iω0nx − e−iω0xe−iω0nx
)

dx

=
A

2iT

∫ , T
2

0

(

eiω0(1−n)x − e−iω0(1+n)x
)

dx

c1 =
A

2iT

∫ , T
2

0

[

1 − e−iω02x
]

dx

=
A

2iT

(

x

2
+

e−iω02x

iω02

)∣

∣

∣

∣

T
2

0

=
A

2iT

(

T

2
+

e−i2π

iω02
− 1

)

=
A

4i

c−1 =
A

2iT

∫ , T
2

0

[

eiω02x − 1
]

dx

=
A

2iT

(

eiω02x

iω02
− x

2

)∣

∣

∣

∣

T
2

0

=
A

2iT

(

−T

2
− ei2π

iω02
+ 1

)

= −A

4i

cn =
A

2iT

∫ , T
2

0

(

eiω0(1−n)x − e−iω0(1+n)x
)

dx

=
A

2iT

(

eiω0(1−n)x

iω0 (1 − n)
+

e−iω0(1+n)x

iω0 (1 + n)

)∣

∣

∣

∣

T
2

0

=
−A

4π

(

(−1)1−n

(1 − n)
+

(−1)−1−n

(1 + n)
− 1

1 − n
+

1

1 + n

)

=
−A

4π

(

(−1)
1−n

(1 − n)
+

(−1)
−1−n

(1 + n)
− 1

1 − n
+

1

1 + n

)

=
−A

4π

(

1

1 − n
+

1

1 + n

)

(

(−1)
n−1 − 1

)

f ∼ A

4i
ei 2π

T
x − A

4i
e−i 2π

T
x − A

4

∑

n∈Z

1

(4n2 − 1)
e

2πi(2n)x

T

[0, 2π]
i�{<�rW

f (x) = x2 Ñ ��\�mumn^�UXz�^�U|{ÅpSmuT�j$_�×�«uÐv¬�»
f ∼ a0

2
+

∞
∑

n=0

an cos (nx) + bn sin (nx)

[−π, π] Ñ W�\�mumn^�UXz�^�U|{ f Ñ ��pSmuT�j$_
f ∼ A0

2
+

∞
∑

n=0

An cos (nx) + Bn sin (nx)
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h(x) = a0−A0

2 +
∑∞

n=0 (an − An) cos (nx) + (bn − Bn) sin (nx)
^
mu��e¶_

��bnY]W�j$UXst_���j<\�\y{<z��tY]Y¾¿c­,¬�»�À
x2 =

A0

2
+

∞
∑

n=1

An cos (nx) + An sin (nx) , x ∈ [−π, π]

\��:��mn^���mnz
�
a0

2
+

∞
∑

n=1

an cos (nx) + bn sin (nx) =

{

x2 0 < x < 2π

2π2 x = 0, 2π

[−π, π]
i�{<�SW�j$UXmn^�UXÃ���Y]\�z�bni

2π
mn^�UXÃ��·Y�^�U|{(\�Ã

h (x) =































0 0 < x < π

2π2 x = 0

0 x = π

(x + 2π)
2 − x2 = 4πx + 4π2 −π < x < 0

0 x = −π

ð�FIF!ñ-O�òÓP�ñ-¤�P�ð �ÇrÉ]ü
Û
Ç
ý�Í�Ì

R {<�!�·\]W�j$UXmn�:muWZ^
e}{<_�mnTVU
R
�:i��Xmui!{$UX�rY]�*j$UXz
mnk�^
\�j$UXmuk��S_}UXz
\y�H��WZ��^
Y

g (R)
Î�¬�ÏZÐ5Î

^
mu��e¶_
f ∈ G (R)

�H����Î�¬�ÏZÐ5Î
F (ω) = F [f ] (ω) =

1

2π

∫ ∞

−∞
f (x) e−iωxdx

»�­ ä ­}ã�»
ω
�:���*j$^
��e¶UXY

F
R [

\�z
muk�^
F
R Q

limω→∞ F (ω) = 0
R �

f (x) =

{

1 a ≤ x ≤ b

0 else

�*\]mnmn^�UXz�j$^�Y�j<\�UXT6k�Y¾×�«uÐv¬�»

a = −b
^��tT��

F (ω) = 1
2π

eiω
(a+b)

2 sin
(

ω(b−a)
2

) \�j$mc��\�YÄ¿c­,¬�»�À
F[a,b] =

sin (ωb)

πω

f (x) =

{

x |x| ≤ a

0 else

^�UXWZi�\�mnmu^
UXz�j<^
Y]j<\�UXWZ�¹�Á×�«uÐv¬�»
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¿c­,¬�»3À
F (ω) =

1

2π

∫ a

−a

xe−iωxdx

ω 6= 0
^�UXWli

F (ω) =
1

2π

(

xe−iωx

−iω

)∣

∣

∣

∣

b

a

+
1

2πiω

∫ a

−a

e−iωxdx

=
ae−iωa + aeiωa

−2πiω
+

sin (ωa)

πiω

=
−a cos (ωa)

πiω
+

sin (ωa)

πiω
F (0) = lim

ω→0
F (ω) = 0

f (x) =

{

ex x < 0

−e−x x > 0
Ñ ��\�^
Y]j<\�UXY�mnT6j<\Õ×�«uÐv¬�»

f ∈ G (R)
¿c­,¬�»3À

F (ω) =
1

2π

∫ 0

−∞
exe−iωxdx − 1

2π

∫ ∞

0

e−xe−iωxdx

=
1

2π

[

(

e(1−iω)x

1 − iω

)∣

∣

∣

∣

0

−∞
+

(

e−(1+iω)x

1 + iω

)∣

∣

∣

∣

∞

0

]

=
1

2π

[

1

1 − iω
− 1

1 + iω

]

=
iω

π (1 + ω2)

mn��UX��mc�ZUX\
f ∈ G (R)

mu\�j�×
«nÐv¬�»
F (−ω) = F (ω)

^
^�UXe¹j<mc�tY]Y
f
R [

j<mue¶UXÃ
F
^�^�UXe¹j<mue¶UXÃ

f
R Q
¿c­,¬�»�À

WZ�¹��_�R [
F (ω) =

1

2π

∫ ∞

−∞
f (x) e−iωxdx

=
1

2π

∫ ∞

−∞
f (x) e−iωxdx

=
1

2π

∫ ∞

−∞
f (x) e−i(−ω)xdx

= F (−ω)

29



WZ�¹��_�R Q
F (ω) =

1

2π

∫ ∞

−∞
f (x) e−iωxdx

(x = −t, dx = −dt) ⇒ =
1

2π

∫ −∞

∞
f (−t) e−iω(−t)dt

=
1

2π

∫ ∞

−∞
f (t) e−i(−ω)tdt

= F (−ω)

Ç$áwÉ�Ê&ö�Þ�É�ÈtÞ�Ç ÷ ú�ÞtÊvË5Ê û Þ ý�Ícâ
Ñ U af + bg ∈ G (R)

mnÃ�T
f, g ∈ G (R)

j$UXmn^
T6mn_�mu�
F [af + bg] (ω) = aF [f ] (ω) + bF [g] (ω)

mnÃ�T
g (x) = f (ax + b)

U
f ∈ G (R) , {a, b ∈ R} , a 6= 0

\�Ã�Ã�\�j<��s>UX_
F [g] (ω) =

1

|a|e
i ωb

a F [f ]
(ω

a

)

muÃ�T
f ∈ G (R) , c ∈ R

\�muk��!U���UXY]\�j$�·s>UX_
F
[

eicxf (x)
]

(ω) = F [f ] (ω − c)

F [cos (cx) f (x)] (ω) =
F [f ] (ω − c) + F [f ] (ω + c)

2

F [sin (cx) f (x)] (ω) =
F [f ] (ω − c) −F [f ] (ω + c)

2i

©�s>UX_�WlU {j = 0, 1, 2, ..., n} , f (j) ∈ G (R)
U
f ∈ Cn−1 j<^
Ã�e¶_�\³j<��s>UX_

{j = 0, 1, 2, ..., n} , lim
x→±∞

f (j) (x) = 0

muÃ�T
F
[

f (n)
]

(ω) = (iω)
n F [f ] (ω)

\�^
mnÃ�e F [f ]
mnÃ�T ∫∞

−∞ |xnf (x)| dx < ∞ �º´:� n ∈ N
�tm�U

f ∈ G (R)
\�^
mnÃ�e,W�j<��s>UX_pre¶U]pSmuY]i�z

n
jSUXz�muk�^
W

F [xnf (x)] (ω) = in
dn

dωn
F [f ] (ω)

mc����UXj$_�×�«uÐv¬�»
F [f ] (ω) =

1

π (1 + iω)
2

�5�



\]mnk��!U���UXY�\�j<��s>UX_$muz
� F [cosxf (x)] (ω)
j<TÆT�k�Y

F [cosxf (x)] (ω) =
F [f ] (ω − 1) + F [f ] (ω + 1)

2

=
1

2π

[

1

π (1 + i (ω − 1))
2 +

1

π (1 + i (ω + 1))
2

]

f (x) = e−a|x|, a > 0
�H�/\�mumn^�UXz�j<^
Y�j<\�UXT6k�Y¾×�«uÐv¬
»

f (x) = g (ax)
Ã�T6U

g(x) = e−|x| ^�m���e,_�¿c­,¬�»�À
F [g] (ω) =

1

2π

∫ ∞

−∞
g (x) e−iωxdx =

1

2π

(
∫ 0

−∞
exe−iωxdx +

∫ ∞

0

e−xe−iωxdx

)

=
1

2π

(

e(1−iω)x

1 − iω

∣

∣

∣

∣

0

−∞
+

e−(iω+1)x

− (iω + 1)

∣

∣

∣

∣

∞

0

)

=
1

2π

(

1

1 − iω
+

1

1 + iω

)

F [f ] (ω) =
1

a
F [g]

(ω

a

)

=
1

πa
(

a + ω2

a2

) =
a

π (a2 + ω2)

j$TÆUXW��t� F [e−x2
]

(ω) = 1
2
√

π
e−

w2

4
mc����UXj$_�×�«uÐv¬�»

F
[

e−4x2−4x−1
]

(ω)
R [

F
[

4xe−x2
]

(ω)
R Q
¿c­,¬�»�À

�:Wl�S_
f (x) = e−x2 j<Tµ�XY�st_�U −4x2 − 4x − 1 = − (2x + 1)

2 prmn�H�t_$prT�R [mc�
f (2x + 1) = e−4x2−4x−1

F
[

e−4x2−4x−1
]

(ω) =
1

2
eiω 1

2F [f ]
(ω

2

)

=
1

4
√

π
ei ω

2 w− ω2

16

�|����U]\�^
muÃ�e¶\�j<��s>UX_rj<Tqprmnmu�SY
e−x2 R Q

F
[

4xe−x2
]

(ω) = 4F
[

xe−x2
]

(ω) = 4i
d

dω
F
[

e−x2
]

(ω)

=
2i√
π

(

−ω

a

)

e−
ω2

4

j<mu�:T6mnk�_�^
z
mu��\y\�TVU�U|�tY]\�\�_}UXj<_�×�«uÐv¬�»
y

′′

+ 2xy
′

+ 2y = 0

Ñ �:T6muk�_�^
z
mu��\�\�TVU�U|�tY]\�j$T�UXT6k�Y�UlpSmuY]mnmu�Sj$Y�j<^
Ã�e,_�\]U�\]^�muÃ�e,\�{<z��tY�mnT6_�j�mn�*UX��mn_�\
F [y]
�*j<m

31



¿c­,¬�»�À
F
[

y
′′
]

(ω) = (iω)
2 F [y] (ω) = −ω2F [y] (ω)

F [xy] (ω) = i
d

dω
F [y′] (ω) = i

d

dω
(iωF [y] (ω))

= −
(

F [y] (ω) + ωF ′

[y] (ω)
)

�!WZ�r_<\�TVU�U|�tY]\��:i�pr^�UXz
st_�^�{(\3�ti�_SpSTÅ�|���
−ω2F [y] (ω) − 2

(

F [y] (ω) + ωF ′

[y] (ω)
)

+ 2F [y] (ω) = 0

−ω2F [y] (ω) = −2ωF ′

[y] (ω)

F ′

[y] (ω) = −ω

2
F [y] (ω)

lnF [y] (ω) = −ω2

4

F [y] (ω) = e−
ω2

4

Ç û Ê&ö<ÇÁÇrÉ]È>Þ�Ç ý�Íný
\�mn^�UXz�^
U|{<��j<mue¶UX�:_�Tq\]^
UXk�W�¬
°·çZÎ

F [f ] (ω) ↔ cn

mnÃ�T
∫

F [f ] (ω) eiωxdω ↔
∑

cneinx

jSUXY]mnmu�
f
�H��j$UXm�����k�����\�j$UX^
Ã�e¶_�\³\�Wyg �S_

x ∈ R
mu\�j$U

f ∈ G (R)
mn\�j½®]À�í-²

lim
M→∞

∫ M

−M

F [f ] (ω) eiωxdω =
f (x+) + f (x−)

2

»3­ ä ¯�ç�²
mnÃ�T�\]z�muk�^

f Ñ U f ∈ G (R)
Â �Xmni�{$UX�SY��@\�z
muk�^

f
′ prT�R [

lim
m→∞

∫ M

−M

F [f ] (ω) eiωxdω = f (x)

muÃ�T F [f ] ∈ G (R)
©�s>UX_�W�pST�R Q

f(x) =

∫ ∞

−∞
F [f ] (ω) eiωxdω = 2πF [F [f ]] (−x)

�:Q



muÃ�T F [f ] ∈ G (R)
Î�¬ ì Î

∫ ∞

−∞
F [f ] (ω) eiωxdω = 2πF [F [f ]] (−x)

muÃ�TÆ�Xmni�{$UX�SY��@\�z
muk�^
f

′ pSefU
G (R)
W�\�j<mumn\

f
pSTÅR \�z
mnk�^

f (x+) + f (x−)

2
= 2πF [F [f ]] (−x)

F [f ] , f ∈ G (R)
pSTÅ^
Y�UX�H�ÅR \�z
mnk�^�T6� f(x+)+f(x−)

2

mnÃ�T(\�k�mnz
���tm
f
��pST(�:WlTR \�z
mnk�^

f
muÃ�TÆ�Xmni�{$UX�SY��@\�z
muk�^

f
′ Ñ UUX��mc�ZUX\¾R·�Xmni�{$UX�SY���j$UXz
muk�^�j$UX^
Ã�e,_�jSUX�:i�W·U¹�Xmni�{$UX�SY���j$UXz
muk�^

f, g
U
f, g ∈ G (R)

×
«nÐv¬�»mn�
f = g ⇔ F [g] = F [f ]

⇐ R ^
UX^
W ⇒ ¿c­,¬�»3À
g (x) = lim

M→∞

∫ M

−M

F [f ] (ω) eiωxdω = lim
M→∞

∫ M

−M

F [g] (ω) eiωxdω = f (x)

F [g]
j<TÅUXT6k�Y

g (x) = 1
1+x2

^
mu��e¶_ F [e−|x|] = 1
π(1+ω2)

mc����UXj$_�×�«uÐv¬�»
R \�z
mnk�^ F [e−|x|] ∈ G (R)

R �Xmui!{$UX�rY]�*j$UXz
mnk�^�jSUX^�Ã�e,\³j$UX�:i�\]U
e−|x| ∈ G (R)

¿c­,¬�»3À��UXj<_$Ã�T
F [g] (ω) = F

[

πF
[

e−|t|
]

(x)
]

(ω)

= π
1

2π
e−|−ω| =

1

2
e−|ω|

j<^
Y]j$\�mn����UXj<_SR �Xmui!{$UX�rY]�@\�z
mnk�^�j<^
Ã�e,_Vj<�!i�W·U
G ∈ (R)

�@jV��mnmn�¹\³\�z
mnk�^
f
T�\]j½×
«nÐv¬�»T6mn\

F
Â \��H��\�mnmu^�UXz

F (x) =

{

1 − ω2 |ω| ≤ 0

0 else R
f
j$TÆUXT6k�Y

�|���!U�\�z
mnk�^
f
R
F (ω) ∈ G (R)

¿c­,¬�»3À
f (x) =

∫ ∞

−∞
F (ω) eiωxdx =

∫ 1

−1

(

1 − ω2
)

eiωxdω

(x 6= 0) =

[

(

eiωx

ix

(

1 − ω2
)

)∣

∣

∣

∣

1

−1

+
2

ix

∫ 1

−1

eiωxωdω

]

=
2

ix

[

eiωxω

ix

∣

∣

∣

∣

1

−1

+
1

ix

∫ 1

−1

eiωxdω

]

=
−2

x2

(

eix + e−ix
)

+
2

ix3
eiωx

∣

∣

1

−1

=
−4 cos (x)

x2
+

4 sin (x)

x3
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�H�/\�mu^�UXz�j<^
Y]j$\�j<^
Ã�i�W�×�«uÐv¬�»
f (x) = e−a|x| sin (ax) , a > 0

∫∞
0

t sin( π
6 t)

t4+16 dt
j<TÆUXWZ�¹�

\]mnk��!U���UXY�\yj<��s>UX_$z�bci F [e−a|x|] (ω) = a
π(ω2+a2)

\�mumn^�UXz�j<^
Y]j$\³mn��UX_�mnT6^h¿c­,¬�»�À

F
[

e−a|x| sin (ax)
]

(ω) =
F
[

e−a|x|] (ω − a) −F
[

e−a|x|] (ω + a)

2i

=
1

π

(

1

(ω − a)2 + a2
+

1

(ω + a)2 + a2

)

1

2i

=
a

π2i

(

(ω + a)
2 − (ω − a)

2

(ω2 − 2ωa + 2a2) (ω2 + 2ωa + 2a2)

)

=
2ωa2

πi
(

(ω2 + 2a2)
2 − 4ω2a2

)

=
2ωa2

πi (ω4 + 4a4)

Ñ muT6U�®�×�±]Î�°�»�«c×
«u°·Ð�® ä « æ t
t4+16

R ∫∞
−∞ F [f ] (ω) eiωxdω Ñ ��i�mne,\]�*prmn_�mumn_}UXi�YyUX_�Tj$mne¶UXÃ

∫ ∞

0

t sin (αt)

t4 + 16
dt =

1

2

∫ ∞

−∞

t sin (α)

t4 + 16

�H�/�:^
e}{<_�muT�\³©�s>UX_�W·U
∫ ∞

−∞

t cos (αt)

t4 + 16
dt = 0

Ã�TVU
∫ ∞

0

t sin
(

π
6 t
)

t4 + 16
dt =

1

2i

∫ ∞

−∞

ti sin
(

π
6 t
)

t4 + 16
dt

=
1

2i

∫ ∞

−∞

t
[

i sin
(

π
6 t
)

+ cos
(

π
6 t
)]

t4 + 16
dt

=
1

2i

∫ ∞

−∞

t

t4 + 16
ei π

6 tdt

muÃ�T
4a4 = 16, a =

√
2
^�UXWZi

∫ ∞

−∞

2ωa2

πi (ω4 + 4a4)
eiωtdω =

∫ ∞

−∞

4ω

πi (ω4 + 16)
eiωtdω

= e−
√

2|t| sin
(√

2t
)

(

t =
π

6

)

⇒
∫ ∞

0

t

t4 + 16
sin
(π

6
t
)

dt =
1

2i

(

πi

4
e−

√
2 π

6 sin
(√

2
π

6

)

)
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÷ É�ú�Ë ÷ ö�Þ �
øVÊ5Ë
ý�Í�ÿ

muÃ�T ∫∞
−∞ |f (x)|2 dx < ∞ Ñ U f ∈ G (R)

prT�R [
∫ ∞

−∞
|F [f ] (ω)|2 dω < ∞

pre¶U
∫ ∞

−∞
|F [f ] (ω)|2 dω =

1

2π

∫ ∞

−∞
|f (x)|2 dx

mnÃ�T ∫∞
−∞ |g (x)|2 dx < ∞ Â ∫∞

−∞ |f (x)|2 dx < ∞ Ñ U g, f ∈ G (R)
prT�R Q

∫ ∞

−∞
F [f ] (ω)F [g] (ω)dω =

1

2π

∫ ∞

−∞
f (x) g (x)dx

j$TÆUXW��t�
f (x) =

{

1 |x| < a

0 else

�H��\�^
Y]j<\]\�j<^
Ã�i�W�×�«uÐv¬�»

a, b > 0,

∫ ∞

−∞

sin (ωa) sin (ωb)

ω2
dω

Ã�TVU F [fa] (ω) = sin(ωa)
πω

�H��\�mnmu^
UXz�j<^
Y]j<\¾¿c­,¬�»�À
∫ ∞

−∞

sin (ωa) sin (ωb)

ω2
dω = π2

∫ ∞

−∞

sin (ωa) sin (ωb)

ω2
dω

= π2

∫ ∞

−∞
F [fa] (ω)F [fb] (ω)dω

�!�H�ZUXY]\��:^��t_��:z�mnz
�
=

π2

2π

∫ ∞

−∞
fa (x) fb (x)dω

=
π

2

∫ min(a,b)

−min(a,b)

1dx = π min (a, b)

F
[

e−|x|] (ω) = 1
π(1+ω2)

mc����UXj$_�×�«uÐv¬�»
1

a2+ω2

�H��\]mnmn^�UXz�j$^�Y�j<\�j<TÅUXT�k�Y¾R [
∫∞
−∞

1
(a2+ω2)2

dω
j<TÅUXW��t�¡R Q

∫∞
−∞

u2

(a2+u2)du
j<TÅUXW��t�¡R �

∫∞
−∞

du
(u2+a2)(u2+b2)

j<TÅUXW��t�¡R �
¿c­,¬�»�À

35



a > 0
�H���(R [

F
[

e−a|x|
]

(ω) =
1

a
F
[

e−|x|
] (ω

a

)

=
1

πa

1

1 + ω2

a2 mnÃ�T
F
[π

a
e−a|x|

]

(ω) =
1

a2 + ω2
∈ G (R)

⇒ F
[

1

a2 + x2

]

(x) = F
[

F
[π

a
e−a|x|

]

(ω)
]

(x)

=
1

2π

π

a
e−a|−x| =

1

2a
e−a|x|

�:^��t_��:z�muz
�ÅR Q
∫

R

1

(a2 + ω2)
2 =

1

2π

∫

R

∣

∣

∣

π

a
e−a|x|

∣

∣

∣

2

dx

=
π

2a2

∫

R

e−2a|x|dx

=
π

2a2

∫ 0

−∞
e2axdx +

a

2

∫ ∞

0

e−2axdx

=
π

a3

(

e2ax

4

∣

∣

∣

∣

0

−∞
− e−2ax

4

∣

∣

∣

∣

∞

0

)

=
π

2a3

mn��Wl�@prmc�t_�R �
u2

a2 + u2
=

1

a2 + u2
− a2

(a2 + u2)
2

∫

R

1

a2 + u2
du =

1

a
arctan

(u

a

)

∣

∣

∣

∣

∞

−∞
=

π

a

Ã�T
∫

R

u2

u2 + a2
=

π

a
− a2 π

2a3
=

π

2a

W��t��_�R �
∫

R

1

(u2 + a2) (u2 + b2)
du =

1

2π

∫ ∞

−∞

(π

a
e−a|x|

)(π

b
e−b|x|

)

dx

=
π

2ab

∫ ∞

−∞
e−(a+b)xdx

=
π

2ab

2

(a + b)
=

π

ab (a + b)

R p¹UX�SYy�H��W
a, b
p¹UX�SY]� |a| , |b| pSmuWZj$U|��prmn�:�H� a, b

^�UXWli
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Ç$áwàrÊ ÷ Ê�ßSË5Ê � ý�Í
	
� �XY]st_

(f ∗ g) (x) =

∫ ∞

−∞
f (t) g (x − t) dt

^
��e¶UXY��:^
e}{<_�mnT6\3��\���_�\]W
j$UXmu�:mnWl^�e,{<_�muTt¨

f ∗ g ∈ G (R)
muÃ�Tq¦ {<�:��\�W�j$UXmu�:mnWl^�e,{<_�muT��rmnz
stYr¨

f, g ∈ G (R)
pST�Î ä}ì ®¦ {<�:��\�W

mnÃ�T
f, g ∈ G (R)

®]À�í-²
F [f ∗ g] = 2πF [f ]F [g]

fa ∗ fa
j<TÅUXW��t�

fa (x) =

{

1 x ≤ |a|
0 else

^
mu��e,_�×�«uÐv¬�»
¿c­,¬�»�À

fa (x − t) =

{

1 |x − t| ≤ a

0 else

=

{

1 x − a ≤ t ≤ x + a

0 else

muÃ�T
[x − a, x + a] Ñ � [−a, a]

i!{<�r\��XmnW�\�z
mnz
���XmuT�pST�R [
∫ ∞

−∞
fa (t) fb (x − t) dt = 0

pSTÆ\�^�UX��\�Ã
x − a ≥ a ∧ x + a ≤ −a

⇒ x ≥ 2a ∧ x ≤ −2a

prT�\�z
mnz
�¡R Q
x + a > −a ∨ x + a ≤ a

−2a < x ≤ 0

mu_u����k�Y�\�z
mnz
�¡R �
x − a > −a ∨ x − a ≤ a

0 < x ≤ 2a

���������
x ��������� � �"! ��# � �%$&� ��' �)( # ��*,+�� #�� ��� �-�.�0/1# *,��$32�� / $4�&5��&��*6��! # 7 �8�%!��4� �9/ $ �;:

37



UX_��:Wlmn�(mnÃ�T
fa ∗ fa =

∫ ∞

−∞
fa (t) fb (x − t) dt

=











0 x ≥ |2a|
2a + x −2a < x ≤ 0

2a − x 0 < x < 2a

=

{

0 x ≥ |2a|
2a − |x| x < |2a|

\]T6U�U|�tY�\�j<TÆUX^
j<z/×�«uÐv¬�»
∫ ∞

−∞
f (t) f (x − t) dt = e−

x2

2

\�mumn^�UXz�j$^�Y�j<\�´�UX^
i�_�¿c­,¬�»�À
F (f ∗ f) = 2π (F [f ] (ω))

2
=

1√
2π

e−
ω2

2

�|����¦ F [e− x2

2

]

(ω) = 1√
2π

e−
ω2

2
mc��i�U���mf¨

F [f ] (ω) = ± 1

(2π)
3
4

e−
ω2

4

muÃ�T
a > 0
prT

F
[

e−ax2
]

= F
[

e−
(
√

2ax)2

2

]

=
1√
2a

1√
2π

e−
ω2

4a

�|���
F [f ] (ω) = ± 1

(2π)
3
4

F
[

2
√

πe−x2
]

(ω)

f (x) = ± 2
√

π

(2π)
3
4

e−x2

R ^
j$UXY]��\�Yyj<TqprT6j(´�mn�!\�j<\��H���|���!U
f ∈ G (R)

pSmuT6UX^�UX_�Tq\�T6k�UXj<\�muz��
\]T6U�U|�tY�\�j<TÆUX^
j<z/×�«uÐv¬�»

∫ ∞

−∞

h (z)

(t − z)
2

+ 4
dz =

1

t + 16

¿c­,¬�»�À
∫ ∞

−∞

h (z)

(t − z)2 + 4
dz =

(

h ∗ 1

t2 + 4

)

(t) (2)

\�mumn^�UXz�j<^
Y�j<\�mc��^���Ã�_
F
[

1

a2 + x2

]

(ω) =
1

2a
e−a|x|

38



prmnz
e,T6\³�:i�\�^
Y�j<\�\3�ti�Y
(2) ⇒ 2πF [h] (ω)

1

4
e−2|ω| =

1

8
e−4|ω|

⇒ F [h] (ω) =
1

2π
e−2|ω|

=
1

π
F
[

1

x2 + 4

]

(ω)

⇒ h (x) =
1

π (x2 + 4)

prmnmu�Sj$\��@��U|��m
a, b > 0

mn��^
i�UX�:Tq^�UXWli
ϕ ∈ G (R)

mn\]j�×
«nÐv¬�»
∫ ∞

−∞

ϕ (z)

(t − z)
2
+ a2

dz =
1

t2 + b2

�!WZ�r_�U]\�^
Y]j<\y\3�ti�_�¿c­,¬�»�À
F [ϕ] (ω) =

a

2πb
e(a−b)|ω|

F [ϕ] (ω) →ω→±∞ 0
��muY]jÅmc�

a < b
mnÃ�T\�z
mnk�^�j<^
Ã�e¶_V�tm

ϕ Ñ ��©�s>UX_�W�pSTR |a| < |b| �rmnst\]�*�Xj<mu_ a, b > 0
mnT6_�jÆT6�:��^�UXWZi/Î�¬ ì Î

pSmumn�rj<Y
λ ∈ R
mc��^
i�UX�!mnTq^�UXWliµ×�«uÐv¬
»

∫ ∞

−∞

sin2 (ax)

x2
cos (λx) dx = 0

mc�µWl��pSmn�¹_CR \�Ã�j<TÕ�:WZ�r���:muW��tWh��UXWli�YC�|��� R \��ZUXz�\Á\�^
Y]j<\¡^�mn��Ã�Y�\�Ã�¿c­,¬�»�À�|����j<mue¶UXÃ}U3{<�:��\�W�j<mu�:mnWl^
e}{<_�mnT sin2(ax)
x2

∫ ∞

−∞

sin2 (ax)

x2
sin (λx) dx = 0

����mne¶\��*�Xj$mn_<Ã�TVU
∫ ∞

−∞

sin2 (ax)

x2
cos (λx) dx =

∫ ∞

−∞

sin2 (ax)

x2
(cos (λx) + i sin (λx)) dx

=

∫ ∞

−∞

sin2 (ax)

x2
eiλxdx

pSefU�R \3�ZUXz
\�\�^
Y�j<\y^�mn��Ã�Y
F [fa] (ω) =

sin (aω)

ω \�mnk�UX�!UXWl_}UX�S\�z�bni��|���
∫ ∞

−∞

sin2 (ax)

x2
eiλxdx = π2

∫ ∞

−∞
F [fa] (ω)F [fa] (ω) eiλxdx

=
π

2

∫ ∞

−∞
F [fa ∗ fa] (x) eiλxdx

\]z�muk�^�T6mn\�U��Xmui!{$UX�rY]�*\�z
mnk�^�j<^
Ã�e¶_V�tm
=

π

2
(fa ∗ fa) (λ)

(fa ∗ fa) (λ) = 0 ⇔ |λ| ≥ 2a
mn��UX_�muT�^
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< =�ò =aP�ñ-¤�P�ð >ÇrÉ]ü
Û
Ç
ÿlÍ�Ì

st�:z
��j<^
Y]j$\
R
C Ñ W�pSmn��^�i�j<�:Wl�SY�\ [0,∞)

i�{<�r\µ�:i��Xmui!{$UX�rY]��\�z
k�mn^
f
mu\�jïÎ�¬�ÏZÐ5Îj$UXmn\]�*j$^
��e¶UXY
f
�:�

L [f ] (s) ] =

∫ ∞

0

e−stf (t) dt

^���efUXY��:^
e}{<_�mnT6\�\]W�\]��UX�r_<�H��W
z ∈ C, f (t) = ezt ^�UXWZi�¦§\]^
��e,\yprUX��j?�6¨]st�:z
�*j$^�Y�j<\�UXT6k�Y¾×�«uÐv¬�»

¿c­,¬�»3À
L [f ] (s) =

∫ ∞

0

e−steztdt

=
e−stezt

(z − s)
=

e(x−s)teiyt

(x + iy − s)
=

1

s − z

limL [f ] (s) =











0 x − s < 0

1 x − s = 0

∞ x − s > 0

prmnmc�tY�Y�pSmui�UXWl�µ�tmc��´!�
C Ñ W�prmc��^
i�j<�!WZ�rY�U [0,∞)

�:i��Xmni�{$UX�SY���\�z
mnk�^
f
pST¾®]À�í-²pSmuY]mnmu�SY�\
k, a

|f (t)| ≤ k eat

R
s > a
�H����j<Y]mumn�

f
�H��st�:z
��j<^
Y]j<\�muÃ�T

j<^
Y]j$\�mc��UX�·mn�ZUX\ÆR
p, p > 0

j<mn^�UXÃ���Y�U
[0,∞]
�:i��Xmui!{$UX�rY]��\�z
muk�^�\�muk��S_}UXz

f
mn\]j�×
«nÐv¬�»

s > 0
�:���*j$^
��e¶UXY�st�:z
�

L [f ] (s) =
1

1 − e−ps

∫ p

0

e−stf (t) dt

�:i�\]Y�UXst�
f
R
f
jSUXmn^�UXÃ��·Y�Y�R pS�Á\�Y�UXst�Å�|���!U

[0, p]
�:i��Xmni�{$UX�rY]��\�z
mnk�^

f
¿c­,¬�»3À��´!�

k > 0
�tmV^
Y�UX�:�

[0,∞]

|f (x)| ≤ ke0x, ∀x ≥ 0

s > 0
^�UXWZi�j<^���e¶UXY�st�:z
��j<^
Y]j$\��|���

∫ ∞

0

f (t) e−stdt = lim
n→∞

n
∑

k=0

∫ kp+p

kp

f (t) e−stdt

= lim
n→∞

∫ np+p

0

f (t) e−stdt

∫ p

0

�XmuWZ� ∫ kp+p

kp

�XmnW�^�U|�t�S��\�st_�_
(x = t − kp, dx = dt) ;

∫ kp+p

kp

f (t) e−stdt =

∫ p

0

f (x + kp) e−s(x+kp)dx

= e−kps

∫ p

0

f (x) e−sxdx
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�|���
n
∑

k=0

∫ kp+p

kp

f (t) e−stdt =

∫ p

0

f (x) e−sxdx
∞
∑

k=0

(

e−sp
)k

p¹UX��j<W�Ã�TVU�R
s > 0
TVUX\³p¹UX��j<\ |e−sp| < 1

prUX��j<W
∑

→
(
∫ p

0

f (t) e−stdt

)

1

1 − e−st

→ L [f ] (s)

ø ÷ ö ÷ Þ�É�ÈtÞ�Ç ÷ ú�ÞtÊvË5Ê û Þ ÿlÍcâ
j$UXmu^�T6mu_�mu�

L [af + bg] = aL [f ] + bL [g]

R j$UXY]mumn� L [f ] ,L [g]
pSefU

a, b ∈ C
Ã�T
\�Ã�Ã�\³j<��s>UX_

L
[

eatf (t)
]

= L [f ] (s − a) , a ∈ R

\���muj<Y]\yj<��s>UX_
L [f (at)] =

1

a
L [f ]

( s

a

)

, a > 0

mc����mn_�_$R
[0,∞] Ñ W��Xmui!{$UX�rY]��\�z
mnk�^ f (n) Ñ U [0,∞] Ñ W�j$UXz
muk�^ f, ..., f (n−1) j<^
Ã�e¶_�\³j<��s>UX_��´:�

k, a
prmni
UXWZ�µprmnY�mnmu�

j = 1, .., n− 1; ∀t ≥ 0,
∣

∣

∣
e(j) (t)

∣

∣

∣
≤ keat

s > a
�:���*j$^
��e¶UXY

f (n) �H��st�:z
�*j$^�Y�j<\�mnÃ�T
L
[

f (n)
]

(s) = snL [f ] (s) − sn−1f (0) − sn−2f
′

(0) − ... − f (n−1) (0)

\�mnmu^�UXz��H��UXY���pSmuT�_�j<W�\�^
mnÃ�e,\³j<��s>UX_
L [tnf (t)] (s) = (−1)

n dn

dsn
L [f ] (s)

mnÃ�T�prmnY]m�UXstY
a Ñ U k ^
UXWli |f (t)| ≤ keat j<Y]mumn�rY f

pST¾©
UXst_�mnT6W�\�z
mnT��
lim

s→∞
L [f ] (s) = 0

R
a ∈ R
^��¹T��

sin (ax) , cos (ax)
^�UXWli�st�:z
��j<^
Y]j<\�UXT6k�Y¾×
«nÐv¬�»
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¿c­,¬�»�À
cos (ax) =

eiax + e−iax

2

⇒ (s > 0) ,L [cos (ax)] (s) =
1

2
L
[

eiax + e−iax
]

=
1

2

[

1

s + ia
+

1

s − ia

]

=
s

s2 + a2

(s > 0) ,L [sin (ax)] (s) =
1

2i
L
[

eiax − e−iax
]

=
1

2i

[

1

s + ia
− 1

s − ia

]

=
a

s2 + a2

L [uc] (s)
UXWZ�¹�

c ≥ 0, uc (t) =

{

1 t ≥ c

0 else

^
mu��e,_�×�«uÐv¬�»
¿c­,¬�»�À

L [uc] (s) =

∫ ∞

c

e−stdt =
e−st

−s

∣

∣

∣

∣

∞

c

=
e−cs

s

�/st�!z����:�/j<z
s>UX_$\]_�U|��jSU
heaviside

p$��\��*�¹m�U]\]WlU|�t��j<T6ÃS\�mnk��r_}UXz \]^�i�\
c > 0,L [uc (t) f (t − c)] (s) = e−csL [f ] (s)

j$UXmnk��r_}UXz
��st�:z
�*jSUX^�Y�j<\�UXT6k�Y¾×�«uÐv¬�»
e−4t cos (3t)

R [
tnu (t)

R Q
sin t

t

R �
¿c­,¬�»�À
R [

L
[

e−4t cos (3t)
]

(s) = L [cos (3t)] (s + 4)

=
(s + 4)

(s + 4)
2

+ 9

R Q
L [tnu0 (t)] (s) = (−1)

n dn

dsn
L [u0] (s)

= (−1)n dn

dsn

(

1

s

)

= (−1)n (−1)
n

sn+1
n!

=
n!

sn+1
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tf (t) = sin t
Ã�T

f (t) = sin t
t

^�m���e,_�R �
L [tf (t)] (s) = − d

ds
L [f ] (s)

=
1

1 + s2

⇒ L [f (t)]
′

(s) =
−1

1 + s2

= − arctan (s) + c�|���!U�\�Y�UXst�
f
�!WZT

L [f (t)] (s) →s→∞ 0

0 = lim
s→∞

[c − arctan (s)]

= c − π

2

⇒ L [f (t)] (s) =
π

2
− arctan (s)

ÞtÊ&ÝrÊvü6á7ÞtÊ û Ê&ö$Ç¡Þ>Ê5É�ÈtÞ�Ç ÿlÍný
L−1

[

a
s−z

]

(s) = aezt

L−1
[

1
(s−z)n

]

(s) = tn−1

(n−1)!e
zt

L−1
[

a
s2+a2

]

(s) = sin (nt)

L−1
[

s
s2+a2

]

(s) = cos (nt)

c > 0,L−1
[

e−cs s
s2+a2

]

(s) = uc (t) cos (a (t − c))
��mnstmnWl\���^��¹�rWj<mu�:_}UXmnk�^�\]mnk��r_�UXz��H����\3�ZUXz
\yst�:z
�*j$^�Y�j<\�j$U|�ti���pSmui��ZUXm6UX_�T

j$UXmnk��r_}UXz
�*jSU|�ZUXz�\qst�:z
�*jSUX^�Y�j<\�UXT6k�Y¾×�«uÐv¬�»
F (s) = 1

(s+2)2(s2+4)

R [
F (s) = ln

(

1 + 1
s2

) R Q
¿c­,¬�»�À�r^�z
_�R [

1

(s + 2)
2
(s2 + 4)

=
A

s + 2
+

B

(s + 2)
2 +

Cs + D

(s2 + 4)

1 = A (s + 2)
(

s2 + 4
)

+ B
(

s2 + 4
)

+ (Cs + d) (s + 2)
2

1 = s3 (A + C) + s2 (2A + B + D + 4C) + s (4A + 4C + 2D) + (8A + 4B + 4D)

⇒ A + C = 0

2A + B + D + 2C = 0

4A + 4C + 2D = 0

8A + 4B + 4D = 1

⇒ A =
1

16

B =
1

8

C = − 1

16
D = 0
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\��ZUXz�\yst�:z
��j<^
Y�j<\��|���

L−1 [F ] = L−1

[

1

16 (s − 2)
+

1

8 (s − 2)
2 − s

16 (s2 + 4)

]

=
1

16
e−2t +

1

8
te−2t − 1

16
cos (2t)

mn��Wl�@prmc�t_�R Q
F

′

(s) = L′

[f (t)]

= −L [tf (t)]

F
′

(s) =
(

ln
(

s2 + 1
)

− ln
(

s2
))

′

=
2s

s2 + 1
− 2

s

⇒ L [tf (t)] =
2

s
− 2s

s2 + 1
tf (t) = 2u0 (t) − 2 cos (t) u0 (t)

f (t) =
2u0 (t) − 2 cos (t) u0 (t)

t

y
′′

+ 4y
′
+ 4y = 0, y

′
(0) = 0, y (0) = 1

^�bu��Y�j<TÅUX^�j$zh×
«nÐv¬�»
�:Wl�S_}U�\]st_�_ Ô \�mnmu^
UXz�j<^
Ã�i�W�T6��\�Y]��R j$UX^
Y]j$\�j<^
Ã�i�W�^�UXj<z
_�¿c­,¬�»�À

−ω2F [y] + 4iωF [y] + 4F [y] = 0
(

−ω2 + 4iω + 4
)

F [y] = 0

⇒ F [y] = 0

y = 0

st�:z
��pSTÆ\�st_�_$R prmnk�UX^��/\�Y�T6��\�Ã
L
[

y
′′
]

= s2L [y] (s) − sy (0) − s2y
′

(0)

= s2L [y] (s) − s

L
[

y
′
]

= sL [y] (s) − y (0)

= sL [y] (s) − 1

�@j<��z�\]_S\�TVU�U|�tY]\
s2L [y] (s) − s + 4L [y] (s) − 4 + 4L [y] (s) = 0

L [y] (s) (s + 2)
2

= s + 4 = (s + 2) + 2

L [y] (s) =
1

(s + 2)
+

2

(s + 2)
2

⇒ y = e−2t + 2te−2t
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Ç$áwàrÊ ÷ Ê�ßSË5Ê � ÿlÍ�ÿ
R ^���efUXY��:^
e}{<_�mnT6\3�/\]�·_�\�W

(f ∗ g) (x) =
∫ x

0 f (x − y) g (y) dy
\]mnk�UX�!UXWl_�UX�r\�»�¬�Ï�Ð5Î

UX��\]U�U|�>U6prmnmn�
g ∗ f
mnÃ�T�^���e¶UXY

f ∗ g
prT¾®]À�í-²

prmnY]mumn�S�¾�·mu_�_�U
[0,∞)

�:��i�{<�Cj$jC�:��WÅjSUXmn�:muWZ^
e}{<_�mnT
f, g
\�_�\�jïÎ·«uþ·­�×
­,° ä ­w¯
Î�®]À�í-²��´:�

k1, k2, a
pSmui�UXWl�

∀t ≥ 0; |f (t)| ≤ k1e
at

|g (t)| ≤ k2e
at

mnÃ�T
∀x ≥ 0; |(f ∗ g) (x)| ≤ k1k2e

at

¦§j<^���e¶UXY�\�^
Y�j<\�\�pS��¨
s > a
�H���!U

L [f ∗ g] (s) = L [f ] (s)L [g] (s)

∀t > 0; |f (t)| ≤ keat ��´!� k, a
prmnY�mnmu�$�h´!�

[0,∞)
�:i��Xmni�{$UX�SY��*\]z�muk�^

f
T�\]j½×
«nÐv¬�»^
mu��e,_

ϕ (t) =

∫ t

0

f (x) dx

j$TÆUXT6k�Y
L [ϕ]

¿c­,¬�»�À
∫ t

0

f (x) dx =

∫ t

0

u0 (t − x) f (x) dx

= (u0 ∗ f) (t)

L [ϕ] = L [u0]L [f ] =
L [f ] (s)

s

mc��UXT6^
\Õ×�«uÐv¬�»
2

∫ t

0

sin (2z)h (t − z) dz = h (t) − sin2 (t)

h
j$TÆUXT6k�Y
¿c­,¬�»�À

2 (sin (2x) ∗ h (x)) (x) = h (t) − 1

2
+

1

2
cos (2t)

�:Wl�S_}U�^
muY]j<_
2L [h]

2

s2 + 4
= L [h] − 1

2s
+

1

2

s

s2 + 4

L [h]

(

4

s2 + 4
− 1

)

=
s2 −

(

s2 + 4
)

2s (s2 + 4)
= − 4

2s (s2 + 4)

� `



�:Wl�S_
L [h] (s) =

2

s3

h (t) = t2h0 (t)

jSUXmn�:^
e}{<_�mnT6\³j$UXTVU�U|�tY]\qj$TÆ��UX^
j<z�×
«nÐv¬�»
f (t) +

∫ t

0 (t − u) f (u) du = sin (2t)
R [

∫ t

0 f (u) du − f
′
(t) = sin (t) , f (0) = 1

R Q
¿c­,¬�»�À
R [

f (t) + (xu0 (x) ∗ f (x)) (t) = sin (2t)

L [f ] (s) +
1

s2
L [f ] (s) =

2

s2 + 4

L [f ] (s)

(

s2 + 1

s2

)

=
2

s2 + 4

L [f ] (s) =
2s2

(s2 + 4) (s2 + 1)

=
8

2 (s2 + 4)
− 4

3 (s2 + 1)

f =
4

3
sin (2t) − 4

3
sin t

^
muY]j<_�R Q
L [f ] (s)

s
− (sL [f ] (s) − f (0)) =

1

s2 + 1

L [f ] (s)

(

1

s
− s

)

=
1

s2 + 1
− 1 =

−s2

s2 + 1

⇒ L [f ] (s) =
s3

(1 + s2) (s2 − 1)

=
s
(

s2 + 1 − 1
)

(1 + s2) (s2 − 1)
=

s

s2 − 1
− s

(1 + s2) (s2 − 1)

... =
1

4

(

1

s − 1
+

1

s + 1
+

2s

s2 + 1

)

f (t) =
1

4
et +

1

4
e−t +

1

2
cos (t)
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