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P Q F�F�FGF�FHFGF�FGF���W�JMTVU�I$TV^`TVetW�JMiqWHg�cdJMI�WHTZU�I�TZ^`TVe<y`TZLhc]iGWHg�c�JMI_�

Mobius
WGJMiGWHg�c E�F P

EaP�F�F�FGF�FHFGF�FGF�F�FGFHF�FGF�FGF�FHFGF�F�FGF�FGFHF�FGF�F�FGF�FHFGF�FGFtW�JMTVU�jH^`N]e'I�W�JMTVn(iq^�JMY E�F E
E o FGF�F�FGF�FHFGF�FGF�F�FGFHF�FGF�FGF�F�F�F�F�FGF�FGF�FHFGF�F�FGF�FGFHF�F�L���U(JMN]clU(J��_TVN2L�c]TVn(U�m�jH^`TVI Q
b ~ FGF�F�FGF�FHFGF�FGF�F�FGFHF�FGF�FGF�F�F�F�F�FGF�FGF�FHFGF�F�FGF�FGFHF�Fz�qTV[_iqe'Y�N2JMik�qTVU(J�j�J
WGJMU�v�[ b
b P�F�F�FGF�FHFGF�FGF�F�FGFHF�FGF�FGF�FHFGF�F�FGF�FGFHF�FGF�F�FGF�FHFGF�FGF�F�FGFHF�F�W�JMiG}`r
TVU(J�j b F P
b�� F�F�FGF�FHFGF�FGF�F�FGFHF�FGF�FGF�FHFGF�F�F�RMU(JMetTVU(J�j�r�JMWHTZY�y`W�g<LOjHL�W�JMT�jHTZe'^`IdW�JMTVn(iq^�JMY b F E

P



� C���� �

r > 0, z = r (cos θ + i sin θ)
T`��g�J

z = x+ iy
T`��g6TV[_iqe'Y�N2JMikU�Y�[_NlL�JMWK��eXRMWHTV^GF

C
TV[_iqe'Y�N2JMiqclLOrsU�N]c

c
iqT�jHN2WHTVU�I
�GTZU�J�jHi�JwJ��z�GTZU�Y�[_NlTV^��fU�L+r�e�RMWHTZ^XF P

z1 = x1 + iy1

z2 = x2 + iy2

(z1 + z2) = (x1 + x2) + i (y1 + y2)

�GTZU(J�jHiqJwJ]�_N]N�I$et�Gc��GTZ[_iGe�Y�N�JMik�GTZU�Y�[_N]�p�qTVmuv�N
e'Y��0F E
z1 = r1 (cos θ1 + i sin θ1)

z2 = r2 (cos θ2 + i sin θ2)

z1z2 = r1r2 (cos (θ1 + θ2) + i sin (θ1 + θ2))

z2 6= 0,
z1

z2
=

r1

r2
(cos (θ1 − θ2) + i sin (θ1 − θ2))

c
U�g�c
~�e;� �GmqW�Jwv(TZrsT$��T

z = x+ iy
U(JMLOg{F P

z = 0 ⇔ x = 0, y = 0

c]v�JMiq^�e;��L
R��OJMN]�l¡ ¢�£�¤a¥�¦
§�¨
θ
}`I

r = 0
�GI

z = r (cos θ + i sin θ)
WHTZU�e<JMY�c
m/n(c�U(JML+g{F E

��W�JMTZU�e<JMY
W�J�jH^`T�v(U(JMi©�K�qTVTZL�j�JMi �qTVU(JMg<TV�ªWHU�}`g<L
z
e;�«c
m/n(c
ckR���e�¡

θ = θ + 2π
U(J��_TVN]L

F TV��U�g6v(r
JM^`TZI
arg (z)

JMI�WHT���U�g6v�r�TV^`I
θ ∈ c]N]muJwv(e�W�T�jHU(v(^�jH[_c c
e'LOmuc¬F W�Jwv(TZr�T4WHm��_c
e��qU�JMm/�­��c
e�LOm/c®JMI_�!��JM[_rsN®I$TVn�JMc
edRMW�TV^ W�Jwv(TVrsT

W�I��qTVU�TZv(muN�JM^`I�W�T�jHU(v(^�jH[_clc
e'LOmuc
c
TZY�etF
(−π, π]

−π < Arg (z) ≤ π

WGJMTVn(iq^`JMY�c�RMTVL�U��_iGc�F T��_I$U�cl\<^`g�c�e�LOiqWHN
��LOrsU�N]e��GTZI�U(JMi�J
∃k ∈ Z; arg (z) = Arg (z) + 2πk

C
¨�¯�°
¥/¢<¯s±

�qTVU(J��_i
R2 y�J C

F P
C = {z|z = x+ iy, x ∈ R, y ∈ R}

R2 = {(x, y) |x ∈ R, y ∈ R}
��c
e<JMg6W�JMU(v(m/c]L�T��!JMiGclWHN2U6e'L+I�¡

n > 3,Rn e��GTZe'TVL+iGN]�f�qTVLOrsU�Nle'gXU�L+v�e²�qmqRMW�TV^a�
�qTVe�J���THJM^`I���L�J�j³TV��c�F WHTZY�U�m�c
m/n(c�´<U(v�RMTVI�R���e

f : C 7→ C
�qTZv(N2N b e'gXW�Jwv�L+JMg

C
e'g�NdW�JMTZn(iG^�JMYfF E

I$TVclc
n�JML+ipJM}`TVI�iqJwv(L+e�J�F �qTZv�N]NµE¶e'ghU(JMiGN2Ll�w· J��OJ��qTVr�jK�0¡ �qTVg<jHif¡¸· iq^a��W�JMn�JMLOi�m/TZn(c
etc
}�W�J��_g�e
F �qTZv(N2N�E!e'�p\�U�mqe'gX�qmqc
^�JMN]WHL�WHiqWHg�JMN
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¹�º�»�¼p½!¼]»u¾$¿KÀtÁ
À�¿KÂa»�Ã Ä=Å�Ä
−∞,∞ �qTVN]TZTVi

R
e'g�N

R = {x| −∞ < x <∞}

R̂
e'gXU�L�v(et�Gm�RMWHTV^

R̂ = {x|x ∈ {R,−∞,∞}}

�qTVU�TVL+g<N�WHI$}�c
U(JMn(L���PqU(JMTVI$L��O\�[!JM^�v�N]N�WHY�[!JMc�T`��g²e'm/g�N�e'g²U<�_T
g(�Vr�rz�qTVI$WHc
e|RMW�TV^�WHTZY�U�muJMTVjH[fc
e'jHc
LOn(N2L�F W�N]I$W�JMN]c�c2v�JMiG^`c�I$TVc
´<WHrs^He'mug<N2c��fc
Y�TVI�F U<�_TZe²e'mug<N2c
e;�piqJMrsU�c
LOj�JMiGc
RMTVL6�qTZJMi

L�J���U�TZN�Æ�P¶U�JMTZI

iqrsJMU�N2c�LOj�JMiGc�WHU(v(m/czT`��g|e�m/g<N2czWHI��qTVe;�_c
eÇRMWHTZ^K�∞ y`L��GTV�_m/Y�^
�GTZe'TVL+iGN��qTZJMiG��U�r�I$Nq��c
}F U<�_TZc�e'��\�JM[_^`TVI$c
TZWK�pW�I�v(rsI$eX´'�OJ ∞ y��
e;��c
Y�N]ehRMW�TV^_c
TZc
T�}`IKJHTZ[_iGe'Y�N�JMiGc�U�J��_TZN]c�e�g�c
U�TVY�[®U�n(TVe�RMWHTV^

C
e�g�c]N2Jwv�RMY�JMI$L0RMN]TZUXe;��c
U�TVY�[_c

L�j�JMiqc
N�JMi�WHU�LOg�c�T��Vg4g(�Vr�r�RMY(JMI$L���TZ^`JMY�n(c�LOj�JMiGc
N
È<JMrK��c
U�TVY�[_c�e'g�c]v�JMiq^`e|U(J���TZN]c�e�g6· iG^
RMY(JMI$L�F RMN]TZUle;�Éc
U�TVY�[_c{WHI$U�iq^©W�I�}`c{c]U�TZY�[_c­F U(J��_TVN]cpe'g�· iq^7e'��ed��TV^�JMY�n(cpJMI_�qiqrsJMU�N2c
F c
U�TVY�[_c�e�g²v(rsIl\�JM[_^`TZI
iqU²�qTVU�T�v(m/N�WHI$}$c
U(JMn(L ∞ e4TV^�JMY�n(c�L�j�JMiqc�WHI
�qTVI$WHc]e4RMWHTV^�c
N�Jwv

IKJMc³��T�jHiqY�N2JMiqc���U(JMm/[_clU(J��_TVN]cl}`IKJ
Ĉ = C ∪ {∞}

w = 1
0 = N = ∞ }`I

w = 1
z

�qTVU�TZv�m/N
�qI c
N]mÊJwv
Ë�±sÌ�Í�¥u±�§�¨�¨�Î2°
ÏVÐ(¢�¤�Ñ�¥/§�¢�Ò2Óz±+¨�Ò�±�¨�Ôª°
¥�Õ�¥�Í�°

F TV[_iqe'Y�N2JMiqc³U�J��_TZN]c³e'gz�_TqJMIpe'm/g�N]e�WHTVY�U�muJMI$U�jH[ªc
e'W�c
LlU�L�JMg�c
U�TVY�[®e'g�e�m/g<N]�ªrsT��OJMc
e�RMWHTZ^XF P
e'e'�OJMN]c�e'm/g�N]clWHI�WHU�I$WHN]c�c
IKJwJ��_N]c�F ��e'e'�OJMNde'm/g�N��$U(J��_TVN2cle'gXU��_THJMI�e'm/g�N]etI$U�iGTZ^

A
(

x2 + y2
)

+Bx+ Cy +D = 0

��W�TVe'^�JMmÊy�JM}`TZI�c
iqWHg�c�W�I�}a�]c
iGW�g<c
LzWHU�N]��^qWHT�JwJM}6F E
�qTVU�n�JMTZJ©�qTViqT��_N0�_T|�qc
TV^��_e�J�c
U�TVY�[_c0e'g³WHrsIÖc]v�JMiq^`L{�qT���WHrs^��×�GT�JMiÉTV^����GTZ^`JMW�^ jHY��_N
�qc
e©��T$F U(J��_TVN]L6�GT�JMidTV^����qc�WHTVY�U�muJMI$U�jH[�c]iGWHg�c
L

C
e'g|WGJM^`JMN2WHc�TZ}�I

α
WHTZJwJM}��qc
TV^`L

F
α
�qTZJwJMiqc
RMTVLhWHTZJwJM}`c]J2c
U�TVY�[_L�c]v�JMiq^`e²WHN2I$W�JMN]clU(J��_TVN]c�e'gX´�JMWHTVrsclW�v�JMiq^`Lh�qTViqT��_N
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Ü7º Ä=Å�Ý

d (z1, z2)
y`L�RMN][_^

z2
WH^�JMN]W�e

z1
WH^�JMN2WHNdU�WHTVN2c�´�U(JMI

d (z1, z2) =
|z1 − z2|

√

1 + |z1|2
√

1 + |z2|2

TV}`Ik�∞ y`e�JM^`N]I$WHc�c
W�JMI_� N W�TV^�JMY�n(c�c2v�JMiG^`etc
U�TVY�[_Lziqr�U�N2c�e�gXe'mqU�L�v(e�RMWHTV^�T��hL+e²�qT��_^

lim
z2→N

d (z1, z2) = lim
z2→N

|z1 − z2|
√

1 + |z1|2
√

1 + |z2|2

= lim
z2→N

|z1 − z2|
√

1 + |z2|2
1

√

1 + |z1|2

=
1

√

1 + |z1|2

Øq¼]»u¾$¿GØ0Ù2ÚÞØqßG»�ßq¿ Ä=ÅVà
W�JMU(v(muc

c]U�J��_i�J]c]rsJMW�YhI$TVc
�pU(J��_TVN]L�WGJwv�JMiG^GWHn�JMLOi×á¸¢�¥/Ô7ÏV¦sâ�ã�¥/Ì2°

{z| |z − z0| < ε} U�J��_TZN]LzW�Jwv�JMiq^Ge'�äáå±sâ�ÏZâ�Ó

c
L+TVLO[_c�W�IkW�JMTVg�L�jHL�U�TZv(m/c]e6RMWHTV^�c
U�TZY�[_c�e'gzWHU�r�Ifc]v�JMiq^qe'�
JMN
��I$TZc ∞ �®U�rsI$Næc
U�TVY�[_Lzc
LOTZLO[
�¸JM^`^�JMn(U<�he�Jwv(mq¡ e�JML+mHU(JMLOgs��e'm/g�N�e;�fÈ�JMrse4WHN2I�WGJMN�W�I�}`c�c]LOTVL+[_c�TV[_iqe'Y�N2JMiqc�U(J��_TVN]L�F∞ e;�

e;�×�VÈ�JMr
��c WHI®WGJMY�N2edRMWHTV^Çc]}Z�³�qJMrsWHLçF W�J�jH^`^�JMY�N2JMiÉTZ^��è�G^��_T©�GTZe;�_N]L����qJMrsWæIKJMc«TZU���i{Jwv���JMrsW
F
N
e'TV��N
��e'm/g�N]etc
U�TVY�[_Lz�qJMrsWHc

½_»�¼
Ù�Àa¾0Ø�é<ê!Ø Ä=Åwë
TV}`I

r = |z| , θ = arg (z)
U�TZv(mu^

z = r (cos θ + i sin θ)

U<�_i{�qTVTZi

eiθ = cos θ + i sin θ

TVU(J�j�U�TZLOg�c
e²RMW�JM^��pRMT�v(gt�GTZg�vOJMT2I$e²JM^`Id[_U(JMiqc�e;�pc
}KLOe;�_LO�{I�TZc
c]TVg�LOc���U(J�j�W�JMg�n(N]I$Lzr��OJMNlc
}KU���i
���qTV[_iqe'Y�N2JMiqe²WGJMiG}`r
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���qTV[_iqe'Y�N2JMiqe�WGJMiG}`r�TZU(J�j�U�TVL+g<c
e�RMWHTZ^��fc
rs^`c
L2� c
r��OJMc

ex =

∞
∑

n=0

xn

n!

ez =

∞
∑

n=0

zn

n!

eiθ =
∞
∑

n=0

(i)
n
θn

n!

= 1 + iθ − θ2

2!
− iθ3

3!
+
θ4

4!
+, , ,

=

(

1 − θ2

2!
+
θ4

4!
−, , ,

)

+ i

(

θ − θ3

3!
+, , ,

)

=

∞
∑

n=0

(−1)n
θ2n

(2n)!
+ i

∞
∑

n=0

(−1)n
θ2n+1

(2n+ 1)!

= cos θ + i sin θ

°
¥�ÏZì]í<Õ�¥�Ðz°
¢�Ï�í�Ì�¨�°�¥/§s¦�¤a¥�£ î�ïñð;ïVî
}`I

z = x+ iy
�qI�TZ}�I

w = z2 c
TVn(iq^�JMY�c
WHIkò�U(JMiGrs^

w = (x+ iy)2

= x2 − y2 + 2ixy

(w = u+ iv) ⇒ u = x2 − y2

v = 2xy

���qTViqY�JMI��GT�JwJMike;�pc
iqWHg�cliqJwv(L+^�U�N2JMe'�]�
x = const

WHI�e'TZLOm/^ •

u = c2 − y2

v = 2cy

u = c2 − v2

4c2

c = 0
U(JML+g

u = −y2

v = 0

F TZe'TVe'��c�È<TVU�rsc
W�I��qTVe'L+iGN
y = const

WHI�e'TZLOm/^ •

u = x2 − c2

v = 2xc

u =
v2

4c2
− c2

ó`ô�õ ô�ö�õ óZö�ö�÷�ø'ù�úSû�ø<ü
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c = 0
U(JML+g

u = x2

v = 0

F WHTZN]U(JMY�^`JMipc
iqWHg<c�JM^`e'L+TViµe'e;�

z (r, θ) , w (ρ, ϕ) z = |r| , w = z2 WHTVU�e�JMY�c
m/n(c]LzRwJwv�^ •

|w| = |r|2

w = ρeϕ

p = r2

arg (z) = θ

ϕ = argw = arg
(

z2
)

= 2θ

F jH^`N2JMm/U�I$c�e'�®c
}`c��_TGR��OJMN
�
r < 1

U(JMLOgz�GTZ^�jHiqJ
r > 1

U(JMLOg��GTZe�v(m��®�qTVe�m/g<N�e'gzU�L�v(ehRMW�TV^�R���e
−π < θ ≤ π, r ≥ 0

e'�p��JMr�W�NdWHe'L+iGWHNlL+r�U�N2c�e'��e;��c
^�JMN]WHc

½!Àa¾2»�ê�¼kýt½!Àa»Ê¿qÛ]Ù2¾$ºGÀBÛf½_À�»�ê¶Û2Â�Àa¾ Ä=Å�þ
f (zn) →n→∞ f (z)

�qTVTViqWHN�¡
zn →n→∞ z {zn} c
U(v([³e;��U(JML+gÇ���V�GI z c2v�JMiG^`Ltc
Y�TVn(U f (z)

c
U(v(m/c

f (z) = u (x, y) + iv (x, y)
c
N]mÊJwv

f (zn) = u (zn) + iv (zn) → f (x) = u (z) + iv (z)

W�v�JMiq^`L
WGJMY�TZn(U < (f (z)) = u (z, y) ,= (f (z)) = v (x, y)
���V�GI

z = x + iy
y`L�c]Y�TZn(U

f (z)
c
U�g<c

(x, y)

½_À�¼
»�ÿ�é Ä=Å��
y���W�U�}`m/^�U�T�v(m/^ c
U(v(muc

lim
∆z → 0
z 6= 0

f (z + ∆z) − f (z)

∆z
= ` ∈ C

f
′ Lzc
^`N][_^�J
WHU�}`m/^`clIKJMc�TZ}`Ide�JMLOmuc��qTVTZiµ�GI

w = z2 c
N]mÊJwv

�qTVTZiGWHN�J
c]vOJMiG^He'��L�WHN]TZTViµWHU�}`m/^`c c]^�g<j

w
′

= 2z

6
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lim
∆z → 0
z 6= 0

f (z + ∆z) − f (z)

∆z
= lim

∆z → 0
z 6= 0

(z + ∆z)
2 − z2

∆z

= lim
∆z → 0
z 6= 0

(z + ∆z)
2 − z2

∆z

= lim
∆z → 0
z 6= 0

z2 + 2z∆z + ∆z2 − z2

∆z

= lim
∆z → 0
z 6= 0

2z∆z + ∆z2

∆z

= 2z

F c
iqWHg�c���T$U�N2JMe'�
f (z + ∆z) = w + ∆w

LOet�GTV�_^H�GI c
U�g�c
°�¥/§s¥�¥/Ô7¦l�qTVN]TZTViqWHN�TZ}`I{c]v�JMiq^`L�W�U�}`m/^!��T

f (z) = f (x+ iy) = u (x, y) + iv (x, y)
e����GI jHY��_N

Couchy-Riemen

∂u

∂x
=

∂v

∂y

∂u

∂y
= −∂v

∂x

w = z2 U�JML+gX�qTVmuv(^6±�¦�¤a¥�£
w = (x+ iy)2 = x2 − y2 + i (2xy)

ux = 2x = vy

uy = −2y = −vx

±sÌ�Í�¥u±
RMN2[_^XF P

∆z = ∆x+ i0

}`I
f (z + ∆z) − f (z)

∆z
=

f (z + ∆x) − f (z)

∆x

=
u (x+ ∆x, y) − u (x, y)

∆x
− i

v (x+ ∆x, y) − v (x, y)

∆x

lim
∆z = ∆x
(∆x 6= 0)
∆x → ∞

f (z + ∆z) − f (z)

∆z
=

∂u

∂x
+ i

∂v

∂x
= f

′

(z)

ó���õ ô�ö�õ óZö�ö�÷��_ø'ù�úSû�ø	�
7



RMN][_^H�qIdTZ^Z��v(n(NÖF E

∆z = 0 + i∆y

}`I
f (z + ∆z) − f (z)

∆z
=

f (z + i∆y) − f (z)

i∆y

=
u (x, y + ∆y) − u (x, y)

i∆y
− i

v (x, y + ∆y) − v (x, y)

i∆y

lim
∆z = ∆x
(∆x 6= 0)
∆x → ∞

f (z + ∆z) − f (z)

∆z
=

1

i

∂u

∂y
+ i

∂v

∂y
= f

′

(z)

e'L+iG^K�qTVT�J�jHTVL+c�TV^���WHIKJwJ���c]N

f
′

(z) = ux + ivx =
1

i
uy + vy

⇒ ux = vy

uy = −vx

W�JMTVe'L+I$TVn(^`U�Y�T�v

du = uxdx+ uydy

∆u =
∂u

∂x
∆x+

∂u

∂y
∆y +O

(
√

(∆x)2 + (∆y)2
)

(x, y)
· iG^`L�WHTVe�LOI$TVn(^`U�Y�TZv(c�WH^�J���WkWHId�_T

u (x, y)
e;��U�N]I$^Hc
}GTVI$^`W��qTVTZiGWHNl�qI

WH^�J���WK��W�JMI$U�c]edRMWHTV^ÇTZ}�I0WGJMY�TZn(U�RMc]J
(x, y)

c2v�JMiG^`L ∂u
∂x
, ∂v

∂y

WGJMU�}`m/^4W�JMN]TZTVi
u (x, y)

e
�qI c
U�g<c
F JM}¶· iq^`LhWHN2TVTZiGWHNlW�JMTZe'LOI$TZn(^�U�Y�TZv�c

WH^�J���WdWHI
�_T
v
J
u
eÇ�qI�F c
WHL+TVL+[�L�J

(x, y)
· iq^`L�W�U�v�muJMN
�

f (z) = f (x+ iy) = u+ iv
c]^`JMW�^ jHY<�_N

CR
W�JMIKJwJ��_N�W�JMN2TVTViqWHNl�qI$J2WHI$}�c2v�JMiG^`LzW�JMTZe'LOI$TVn(^`U�Y�TZv(c

ux = vy

uy = −vx

f
′

(z)
WHU�}�mu^�clWHN2TVTZi

f
e;�pg�L+JM^GTV}`IdWHI$}Gc]v�JMiq^�L

RMN][_^h±sÌ�Í�¥u±

f (z + ∆z) = u (x+ ∆x, y + ∆y) + iv (x+ ∆x, y + ∆y)

f (z) = u (x, y) + iv (x, y)

∆f = ∆u+ i∆v

= ux∆x+ uy∆y +O (|∆z|) + i [vx∆x+ vy∆y] +O (|∆z|)
= ux∆x+ uy∆y + i [vx∆x+ vy∆y] +O (|∆z|)
= (ux + ivx) ∆x+ (uy + ivy) ∆y +O (|∆z|)
= (ux + ivx) ∆x+

(uy

i
+ vy

)

(∆y) +O (|∆z|)

8



TV}`I
CR

TVY�e
−uy = vx

ivx =
1

i
uy

R���e
= (ux + ivx) (∆x + i∆y) +O (|∆z|)

∆f = f (z + ∆z) − f (z) = (ux + ivx) ∆z +O (|∆z|)
∆f

∆z
=

f (z + ∆z) − f (z)

∆z
= ux + ivx +

O (|∆z|)
∆z

⇒ ∆f

∆z
→∆z→∞ ux + ivx

F
ux + ivx

etc]JwJ��!J�WHU�}�mu^HWHN]TZTVi{R���e
�

�GTZe'LOiqNlJM^�I
CR

TZY�e c
U�g<c
f

′

(z) = ux + ivx

= vy + ivx

= ux − iuy

= vy − iuy

c
N]mÊJwv
f (z) = |z|2 = x2 + y2

{

u (x, y) = x2 + y2

v (x, y) = 0 TV}`I
∂u

∂x
= 2x,

∂u

∂y
= 2y

∂v

∂x
= 0,

∂v

∂y
= 0

z = 0
c]v�JMiq^`L�iqU(J2´<I��qTVTZiµU�N�JMe;�

x = y = 0 ⇒ f
′

(z)
U(JMLOgXR���e

�G^`N2JMIKJ
z = 0

c]vOJMiG^`L
f (z) = |z|2 WHU�}`m/^`c
��JMTViqe²W�TVLOTVjH^`U<jHe�Idc
r��OJMc�c
^��_T��pL+e²�qT��_^

f (z + ∆z) − f (z)

∆z
=

f (∆z)

∆z
=

|∆z|2
∆z

=
∆z∆z

∆z
= ∆z

→∆z→0 0

⇒ ∃f ′

(0) = 0

F
A
e'gXc]U�TZ}`m

f
��U�N]I$^

Z
U(J��_TVN]L

A
c
n�JML+ike;�pc2v�JMiG^Ge;��L�WHU�}`m/^K�_T

f (z)
et�qI c
U(v(m/c

F
D
c]vOJMiG^Ge;��L�c
U�TV}`m�IKJMc��_���qIk��c
U�TV��i�J2c
r�JMWHY�
��qJMrsW¶�

D
�qJMrsWke'g6c
U�TV}`m

f
v�rsJMTZN]L

F
z0
c]vOJMiG^`cle;� c
LOTZLO[_L+J

z0
c]vOJMiG^`L�WHU�}`m/^K�_T

f
y`et���V�qI

z = z0
c]v�JMiq^`L
��WHT�jHTZe'^`I

f
c
U(v(muc

F
D
y`LzWHTVjHTVe'^`I

f
TV}`I

D
�qJMrsWHL�c
U�TZ}�m

f
�qI c
^`iG[_N

Analytic � ��� û���� ��û Regular � ����� û�� ������� ø Holomorphic � ������� �! �ù	�#" ��� � ���  �û � �Êù � � �%$'&
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°
¥�ÏVÕ�¥�¦s¢(±
°
¥�ÏZì]í<Õ�¥�Ð î�ï�(BïVî
��JMr�W�c��qI

D ⊂ Rn �qJMrsWHLhWHTV^�JMN]U�c u �kU�N2I$^ u = u (x1, x2, ..., xn)
�qTZv�N]N

n
y�LXc
TVn(iq^�JMY

u
c
U(v(muc

RMI$TV[_e'Y�e��GTZTViqWHN
D

∆u =

(

∂2

∂x2
1

+
∂2

∂x2
2

+ ...+
∂2

∂x2
n

)

u = 0

uxx + uyy = 0
[_e'Y�e�WHIKJwJ��_Nd�qTZv(N2N�TZ^���L

∆; ∂2

∂x2 + ∂2

∂y2

RMI$TZ[_e'Y�e�U��_I��
CR

TZY�e c
^`iG[_N
uxx = vyx

uyy = −vxy

uxx + uyy = 0

F W�JMTV^�JMN]U�c�W�JMTZn(iG^�JMY�RMc
��JMrsWHL�WHT�jHTZe'^`Idc
TZn(iG^�JMYXe;� c
N�Jwv(N]c]J�TV��N2N]cliqe'rsc�U�N�JMe;�
F W�JMU�}`m/^`cXe;�|c
e¶W�JMN]TZTVi�TZ}`I�¡

D
��JMrsWHL4WHrsIzWHU�}`m/^�c
^���T

f (z)
c]TVn(iq^`JMY�e!�qI
��U�r�JMI$N�U�WGJMTOrsT��OJM^a� jHY���N

WHTVjHTVe'^`Ikc
TZn(iG^�JMY�e
u
WHIf�GTZe;�_c
e�RMW�TV^_TV}`IæF

D
��JMrsWHL

u = u (x, y)
WHTZ^`JMN2U�c�c
TZn(iG^�JMY�TZ^�JMWH^ rsTV^`^

F
CR

W�JMIKJwJ��_N�T`��g
�qTVTZiGW�N
�qI

D
y�L�W�TV^�JMN]U�c

u
c
^�JMWH^ jHY��_N

ux = vy

uy = −vy

F
D
y`L�WHTVjHTVe'^`I

u+ iv
TV}`I

r�iqTV^HF W�T�jHTVe�^�I�c
TVn(iq^�JMY�e²WHTZ^�JMN]U�clc
TVn(iq^�JMY6e;��c
N]e;�_c
e c
N]mÊJwv

u (x, y) = log
(

√

x2 + y2
)

= log r

u (x, y) =
1

2
log
(

x2 + y2
)

∂u

∂x
=

1

2

2x

(x2 + y2)

=
x

(x2 + y2)

∂u

∂y
=

y

x2 + y2

uxx =

(

x2 + y2
)

− 2x2

(x2 + y2)2

=
y2 − x2

(x2 + y2)
2

uyy =
y2 − x2

(x2 + y2)
2

uxx + uyy = 0

W�N]TVTZiGN2c�JM}GU�N2JMe;�
u
etc]v�JMN]n(c�W�TV^�JMN]U�c
clWHI�I�n(N2^GF

r 6= 0
�qIdWHTV^�JMN2U�c

u = log r
R���e

ux = vy

uy = −vx

10



F WHT�jHTZe'^`Idc
TZc
W
u+ iv

}`IKJ
ux =

x

x2 + y2
= vy

uy =
y

x2 + y2
= −vx

v = arctan
(y

x

)

+ c

��g�JMLOi��
TZW�JMU�TVU��pTV��N2N
c
U��_I��

CR
WHIKJwJ��_Nl}�IlWHTVjHTVe'^`I

log
�kU�r�I$N

log z = reiθ = ln r+ iθ
�¸´���N2c
L�c
I$U�^��|��TV^��kW�JMU��_Y�I

F W�JMN2TVTZiGWHN
w = z2 = x2 − y2 = 2xy

c
N]muJwv
uxx = uyy = 0

WHI�U(JMWHY�e�I�TZc
c]TV^��pW�JMU��_Y�I³F
y2 − x2 IKJMc u = 2xy

e'� v�JMN2n(c�R���e�J]W�T�jHTVe�^�I�c
TVn(iq^�JMY�c
ux = 2u = vy

uy = 2x = −vx

vy = 2y

v = y2 + ψ (x)

vx = ψ
′

(x) = −2x

= ψ (x) = −x2 + c

v = y2 − x2 + c

WHU(v(muJMN
t = (g ◦ f) (z) w = f (z) , t = g (q)

U(JMLOg*)uWK�_U��_c�iqJMr °
¢�Ô7¢�Ô�±dí<¥/Ì
dt

dz
=

(

dt

dw

)(

dw

dz

)

t
′ �qJMTZikg<L�JM^

w
′

, t
′ W�JMU�}`m/^`c�e'����JMTViqc�´�JMWHNè±sÌ�Í�¥u±

∆t

∆z
=

∆t

∆w

∆w

∆z

⇒ t
′

= t
′

(w)w
′

(z)

I$TVc
u
�_���qI

(x, y)
U�J��_TZN]L

D
�qJMrsWHL6WHTV^�JMN]U�c�I$TVc

u = u (x, y)
c
TZn(iG^�JMY��³rsTV�OJM^2U�r�JMI$N�U�W�JMT c]U�g�c

F }���U�N2L
(x, y)

c]v�JMiq^�clL+TVLO[fe'm/g�N�e'gXc
TV��U�g�e'��g�n�JMN]N

u (x0, y0) =
1

2π

∮

u
(

x0 + eiθ, y0 + eiθ
)

dθ

F WHTVjHTVe'^`I�c
TVn(iq^�JMY�e��qmGe<�V^��

f (z0) =
1

2π

∫ 2π

0

f
(

z0 + reiθ
)

dθ

ó,+�õ ô�ö�õ óZö�ö�÷.-/��ø'ù�úSû�ø10
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iqT��_N]c�e'gX�_TV�_J�F
z0
c]v�JMiq^�c]N�I�n�JMTV� JMi

γz
rsTV^`^

C
â�Í(¢<¥�¦�±�¢�¥/Ô7ÏV¦sâ
°]¢�2Ê¤aÕu±�¨(Ô0Ï�¢�Ò2¦+¥/§s¤S±�Ô¶¥/¢�Ð�±

TZ}�I
arg∆z→0 (∆z) → arg (‖)

∆z
e'�pU�N2JMe;�]�

z0
c]v�JMiq^�LziqT��_N]c�e;��jH^`N2JMm/U�I$c

θz0

U��_I��
arg (∆z) →∆z→0 θz0 c
^�JMN]WHL�R��OJMN]�
arg (∆w) →∆w→0 θw0TZ}`I

f
′

(z0) 6= 0
�GmuJ

z = z0
c]vOJMiG^`L�WHU�}`m/^HWHN2TVTZikÆ W�N]TVTZiGN

w = f (x)
rsTV^`^

f (z0 − ∆z) − f (z0) = w
′

(z0) (∆z +O (|∆z|))
⇒ ∆w = w

′

(z0) ∆z +O (|∆z|)

∆w = w
′

(z0) ∆z

(

1 +
O (|∆z|)
w

′ (z0) ∆z

)

arg (∆w) = argw
′

(x0) + arg (∆z) + arg

(

O (|∆z|)
w

′ (z0) ∆z

)

γz0

y�LzJM^`N2[�� RwJMWH^`clJMiGclU(JMI$e�[_Y�I�et\�IKJ��
∆z

¡ c
WHg6rsTZ^�^
⇒ θw0

= argw
′

(z0) + θz0

U(J��_TVN2c�WHI��qT���W�JMr����GTZN2JMiqgXTV^��fU(JMLOg6T��hL+e²�qT��_^ c
U�g�c
θw0,1 = argw

′

(z0) + θz0,1

θw0,2 = argw
′

(z0) + θz0,2

⇒ ∆θw0
= ∆θz0

WHT�JwJM}�U�N�JMe;��F WHT�JwJM}`c�e;�kW�JMTVN2U(JMY�^�JMi³WHN]TZTVidTZ}`I
w = f (z)

U(JMLOg
f

′

(z0) 6= 0
�qI °
¥�ÏV¦s¢<¥�Ð�Õ�¥�í�±z°
Õ�¥�Í(°

W�JM^�JMN]W�ckTVWK�æRMTVL�WHTZJwJM}`ezc]JwJ�����c]v�JMiq^�LliqT��_Nµ�Gc]TV^��_e6�_T�U���I��]�
z0
c]vOJMiG^`c
Nk�qTVI$n�JMTVc³�qTZJwJMi0TV^��ÞRMTZL

F
w
c
^�JMN]WHc�U(J��_TVN2Lzc
e'I$c��GT�JwJMike;�

c
TZn(iG^�JMYte;�kc
U�iGN2e|�qmHU(JMe'T�jdU(J�jHe|r�JMWHTZY��GTZTVidTZ}�I
w

′

(z0) 6= 0
TVe'e'�XU�WGJMTVc�c]U�iqN]e4U�JML+g<^ ±+¨<¨�Í�±

��U�r�JMI$NdU�W�JMTKc
I$U�^�c
}a��WHTVjHTVe'^`I

f (z + ∆z) = f (z) + f
′

(z) ∆z +
f

′′

(z)

2
∆z2+, , ,+

f (n)

n!
∆zn

rsTZ^�^
f

′

(z0) = f
′′

(z0) =, , ,= f (n−1) (z0) = 0

TV}`I
f (n) 6= 0

�qmuJ
∆w = f (z0 + ∆z) − f (z0)

=
fn (z0)

n!
∆zn +O (∆zn)

= f (n) (z0) ∆zn

(

1 +
O (∆zn)

f (n) (z0) ∆zn

)

∆w →∆z→0 θw0
= arg f (n) (z0) + nθz0 F WHe'Y��OJMN�WHT�JM}`c�U�N�JMe;�

P=E



c
U�g�c

arg θw0
= c+ arg θz0

L�JMLOTZ[f�qTVIKJMUhJM^`I�c]U�iqNle;��L0F P
∣

∣

∣f
′

∣

∣

∣

U�JML+g{F E

∆w ∼ f
′

∆z

|∆w| ∼
∣

∣

∣f
′

∣

∣

∣∆z

TVe�I�TZn(^`U�Y�T�v�RMY(JMI$L+J

|dw| =
∣

∣

∣f
′

∣

∣

∣ |dz|

DhC<9%354©:�C%6�D87¶9�4:9 ;
c
U(v(muc

F
z
L���U(JMN�c
^`WK�_N2L

n
c
e'g�N]N=<���JM^`TVe�JMY�F P

an 6= 0;Pn (z) = anz
n + an−1z

n−1 + ...+ a0

C
U(J���TZN]cle;��LzWHTVjHTVe'^`I�c]TVn(iq^`JMYhJM}

�qTVN2JM^`TZe�JMY6TZ^Z��RMTVL�c
^`N�I�TZc
Rn,m

WHTZe'^�JMTVn(Uhc
TVn(iq^�JMYfF E

Rn,m (z) =
pn (z)

pm (z)

�qT��_U(J��
n
iqJMT�v(LX�_T

C
L���U(JMN]c
U(J���TZN]L

n
c
e'g�N]Nl�qJM^`TZe�JMY�e;��eXÆ c
U�LOm/e�I�c
e;�{TZvOJM[_TVc�jHY��_N]c j�J�jHTZn

���GTV��U(J��
n

$�

i�JMU�Y�etRMW�TV^
n
c
e'g�N]Nd��JM^`TVe�JMYhe;��U�N�JMe;�

pn (z) = an (z − z1) (z − z2) ... (z − zn)

F g�JMLOifTZv��zv(gXg�LOiq^H�qJM^`TZe�JMY�c�TZ}`IdTZJML+TVUXe'e<J��z��JM^`TVe�JMY�clT��_U(J��pe'���qTV^�JMWH^G�GI c
^`iq[_N
F �qTVN2g<YhU�Y�[_NdJMW�JMI³i�JMTZv(LzU(J��_TVN]L�´<U�gXe;�zWHe'LOiqN

Rn,m
WHTVe�^`JMTZn(U6c
TZn(iG^�JMY j�J�jHTVn

> ½!Àa»�¼�Ãq»ÊÂa»uÙ ½_À;ÛK½�Ú!Ø�ÀSÃÖ½�»�¼2Ãq»�Âa»/ÙKý�»�ßæØ!ÛK½�Ú!Ø0À�Ã@?
Mobius

½!ÀBÛK½_Ú_Ø ÝOÅaÄ
F
n,m = 1

WHTVe'^�JMTZn(U6c
TZn(iG^�JMYXI$TVc
Mobius

WHiGW�g<c c
U(v(m/c
g�JML+ike�v�JMm�c
^`TVI����GTZTVU�I$TV^`TVe²�GTZN]U(JMmGTZ^��pRMLzc
^`N

R1,1 =
az + b

cz + d
,

∣

∣

∣

∣

a b

c d

∣

∣

∣

∣

6= 0

Ĉ = C ∪ {∞} U(JMm/[_clU�J��_TZN]L�WHrsI��qg�Y6i�JMTZv(L λ ´<U�g6e;��W�e'LOiqN Mobius
WHiqWHg�c c
^`g�j
óZõ ô�ô�õ óZö�ö�÷'�_ø'ù�úSû�ø%A
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TV}`I
Tz = az+b

cz+d
= w

RwJMW�^`J ∣∣
∣

∣

a b

c d

∣

∣

∣

∣

6= 0
RwJMWH^ c
r��OJMc

az + b

cz + d
= w

az + b = w (cz + d)

(a− wc) z = wd− b

wd− b

−wc+ a
= z

∣

∣

∣

∣

d −b
c a

∣

∣

∣

∣

= ad− bc =

∣

∣

∣

∣

a b

c d

∣

∣

∣

∣

6= 0
jH^`^`TVN]U�j�vhiqJwv�LO^

F ´�JMY�c
Mobius

iqWHg�clJM^`e'L+TVi
}�I

Mobius
iqWHg<clIKJMc

w = Tz
�qI W�JM^`iG[_N

Mobius
iqWHg�c�IKJMcl�qmuJ]�qTVTZi

z = T−1w
´�JMY�c]c�iqWHg�c
cÖF P

�qTVTViqWHN]�fc
}��hIKJMc
w0
rsTV^`^XF E

z (a− w0) = w0d− b

a− w0c = 0

a = cw0

w0 =
a

c

w =
az + b

cz + d

=
z
(

a+ b
z

)

z
(

c+ d
z

)

=
z
(

a+ b
z

)

z
(

c+ d
z

)

z→∞−−−→ a

c

w (∞) = a
c

T��Vg��GTZe;�_^GR���e
W�U�N�J���� F

Mobius
WHiqWHg<clI$TVc�WHTZU�I$TZ^�TZe²c]iGWHg�cdR���e�J

w = a
d
z + b

a

TV}`I
c = 0

U(JML+g{F Q
w (∞) = w (∞)

c
^�JMN]W�c�U��_I2�he'g�J]g��Vrsr�RMY(JMI�L
Ĉ = C∪{∞} LOrsU(JMN]c
U(J���TZN]c
WHI�c
iqTVWHg�N Mobius

WHiqWHg�c ��J���TV[
F
Ĉ
L���U(JMN]clU(J��_TVN2c�I�TZc

c
U�g�c
�GTZU�I�TZ^`TVe4U�LO��clTZiGe'r�TV^��_e�c]^`JwJ���clU��_I��zWGJMTVU�I$TV^`TVe<y�TVLz�GmqW�JMI$U�iG^

Mobius
W�JMiqWHg�cÖF P

Æ W�JMTZU�I�TZ^`TVet�GmqW�JMI$U�iG^
Mobius

W�JMiqWHg�cÖF E
Mobius

c
iqWHg<c�U(JML+g
Tz = w

Tz =
az + b

cz + d
,

∣

∣

∣

∣

a b

c d

∣

∣

∣

∣

6= 0

W�JMTV^`muJMN�JMclW�J�jH^`TZv(U(JMIKJMi
z = z1

z2
, w = w1

w2

LOTZn(^
z (z1, z2) ,∞ (0, 1)

14



TZ}`I
w2

w1
=

a z2

z1
+ b

c z2

z1
+ d

=
az2 + bz1

cz2 + dz1

U�TZv�m/^

w2 = az2 + bz1

w1 = cz2 + dz1

c
^�J��pc
U(JMn(L�m/TZn(^
(

a b

c d

)(

z2
z1

)

=

(

w2

w1

)

e;�Öc
U(JMn�JM^`e'L+TVi®U�N2JMe'�èF
z = z2

z1
, w = w2

w1

�qTVU�TZv�m/N2J ∣∣
∣

∣

a b

c d

∣

∣

∣

∣

6= 0
�qTVg�v�JMT¶JM^`I U<�_I��

v(TZN�WHg�L+JM^7´<JMY�c³�_T
Mobius

WHiGW�g<c³e;��e;�«U�N�JMI��ªjHY��_N]c³c
N]muJwv�e�F WHTZU�I$TZ^�TZe6c
iqWHg�c
WHTVU�I$TV^`TZe'clc
U(JMn(c
N

~w = A~z, |A| 6= 0

R���e�J

~z = A−1 ~w

�qc
Mobius

W�JMiGW�g<c��æ�qTVIKJMU�JM^`IfWHTZU�I�TZ^`TVe'c³c
U(JMn(c
NG��c
U(JMLOr�c]JwJMc
N
Mobius

TViqWHg<c³\�[!JMI c
^`g<j
��c]U�JML+r��qm

±sÌ�Í�¥u±
~ξ = (BA) ~z

WGJMU�TZm/[p��TKTZ}`I
~w = A~z, ~ξ = B~w

U(JMLOg{F P
F �_TZv�I��_TtF E

��U�L���JM^�TZI$U�cG�
´<JMY�cl�_TtF Q
F( a b

c d

) e'�{c
iGW�g<c�c
W�JMI�RMWGJM^ ∀λ ∈ C;λ

(

a b

c d

) WHI$}`c
c]m/n(c
c�e'�fW�Jwv(TZr�TKRMTZI�±s¢<¯s±
W�JMU�TZv�m/N
�fWGJM^`J��_clW�JMn(TZU<jHN2c
U�Y�[_N�WHI�JM^`e'LOmuc
RMN]TZ[kTZv���v(g�}`I$J |A| = 1

e4e'TZLOm/c]e²RMWHTZ^
F c
iqWHg<c�c]W�JMI�WHI

��W�JMTVU�jH^`N]e'I�W�JMiqWHg<cdJMI_��Æ W�JMTZv�JM[_TK�qTViqWHg�cle;� �VWHU��_U<�¶�VeXiqU�Y�etRMWHTV^
Mobius

WHiqWHg�c�e'�0±�Õ�¯�Ò
g�JMLOiqL�c]e'Y���c«F P

~w = ρ~z
c
e<v(m/c���I��

�
0 ≤ θ < 2π

WHT�JwJM}`L�L+JMLOTZ[|�sT��_N]N
θ
U���I��

~w = eiθ~z
L+JMLOTZ[ç��L2�

v�r�TZLzW�JMiGW�g<c�TZ^Z�pWHI�e'TV��N
λ ∈ C;λ = ρeiθ U��_I2� z → λz

U�r�I³RMY(JMI�L
z → z + b

L���U(JMN�g�JMLOiqLzc
}`}�c«F E
z → 1

z

´<JMY�TZc«F Q

�GTZU�iqN�U�Y�[_N2L�RMTVrsLO^
w = az+b

cz+d
,

∣

∣

∣

∣

a b

c d

∣

∣

∣

∣

6= 0
c]iGWHg�c�c
^�JMWH^�±sÌ
Í�¥u±
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c = 0
F P

w =
az + b

d
=
a

d
z +

b

d

z
(1)−−→

(a

d

)

z

(a

b

)

z
(2)−−→

(a

d

)

z +
b

d

�GTZiGe'r��GTZU�LO�_e
w
WHI�iGU�Y�e�RMWHTV^

c 6= 0
F E

w =
az + b

cz + d

=
λ+ (µc) z + µd

cz + d
µc = a

µ =
a

c L+TVn(^
λ+ µd = b

λ+
a

c
d = b

λ =
bc− ad

c

}`IKJ
w = λ

cz+d
+ µ

JM^`e'L+TVi

w =
az + b

cz + d

w =
λ

cz + d
+ µ

z → cz + d
(3)−−→ 1

cz + d
→ λ

cz + d
+ µ

Mobius
WHiGW�g<c
L�e�e;�OJMNde'm/g�N]etU�L+JMg6e'e;�OJMNCB�e�m/g<N jHY��_N

e'e;�OJMNde'mug<NlWHIKJwJ��_N�±sÌ�Í�¥u±
A,B,C,D ∈ R;A

(

x2 + y2
)

+Bx+ Cy +D = 0

W�JMTZL�j�JMikW�J�jH^`T�v(U(JMI$JMiqL���J���U�^qF e'm/g�Ndc
}
A 6= 0

�qIKJ]U��_T$c
}
A = 0

�qIdU��_I��
Ar2 +B (r cos θ) + C (r sin θ) +D = 0

F e'e;�OJMN�e'm/g�N]ete'e;�OJMNde�m/g<N�WGJMiGTZWHg<N�WGJMTVU�jH^`N]e'I$clW�JMiqWHg<c]c�e;��e���n
Æ
w = 1

z

U�N2JMe'�z´�JMY�TVc
c�IKJMcliqJwv�LOe��_T���v�TVrsTVc�TZv�JM[_TZcliGWHg�c
clc��_g�N]e
r 6= 0

U(JMLOgXTZ}`I
w = ρeiϕ; z = reiθ RMN2[_^

w = ρeiϕ =
1

reiθ
=

1

r
e−iθ

⇒ ρ =
1

r
, ϕ = −θ

÷�õ ô�ô�õ óZö�ö�÷'�_ø'ù�úSû�ø%D
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TZ}`I
A

1

ρ2
+B

(

1

ρ
cosϕ

)

− C

(

1

ρ
sinϕ

)

+D = 0

A+B (ρ cosϕ) − C (ρ sinϕ) +Dρ2 = 0

Dρ2 +B (ρ cosϕ) + (−C) (ρ sinϕ) +A = 0
�qT��_I$U�c�´<U(vz�GTZU�L�JMg��Þ���GTZe'e;�OJMN2c��]�qTVe�m/g<N2clWHrsY<�_NµF

z = 0 → ω = ∞ }`I
r = 0

U(JMLOg
w
U�J��_TZN]L��qTVU��_T�W�r�Y��_N]e��qTVU�L�JMg

z
U(J��_TVN2L

w =
1

z

Ar2 +B (r cos θ) + c (r sin θ) +D = 0
}`IKJ

D = 0
W�T��_I$U�L�U�L�JMg���e'e;�OJMNde'mug<N�U(JMLOg�J

B (ρ cosϕ) + (−c) (ρ sinϕ) +A = 0
F U��_TKe'LOiqWHN

WHrsY��_N]e
w = 1

z

c
iGW�g<c{T`��g
U(JMLOg�T!�GTZU���T¶U�N�JMe;�
z
U(J��_TVN2L ∞ W�I��qTVe�T���N
�æ�qTVe'm/g�N]cke'� c
U�g<c

F W�T��_I$U�c�´<U(vz�GTZU�L�JMg��p�GTZe'e;�OJMN]c��qTVe�m/g<N2c
e�JMY���c�[_r�TZc c
U(v(muc

(a, b, c, d) =

(

a−c
a−d

)

(

b−c
b−d

) =
(a− c) (b− d)

(a− d) (b− c)

U�N�JMe;�
Mobius

WHiqWHg�c
L�U�N
�_^�e<JMY<��c�[_rsTZc jHY���N
(z1, z2, z3, z4) = (w1, w2, w3, w4)

e<�Vn ±sÌ�Í�¥u±
(z1 − z3) (z2 − z4)

(z1 − z4) (z2 − z3)
=

(w1 − w3) (w2 − w4)

(w1 − w4) (w2 − w3)W�JMTVU�jH^`N]e�I�clW�JMiqWHg�c
c�e;��eXv(TZU�Y�^�J
i = 1, 2, 3, 4; zi 6= ∞ r�TZ^`^

U�W�JMTKiq}�r
JMc��_N�JM^`e²�_T$c
}`}`c
L F P
∀i, j = 1, 2, 3, 4; (wi − wj) = (zi + λ) − (zj + λ) = (zi − zj)F e�JMY���c�[_rsTVcl�qTVTViqWHN��Gm�R���e�J

g�JML+i{c
e'Y���cæF E
∀i, j = 1, 2, 3, 4; (wi − wj) = λzi − λzj

= λ (zi − zj)

⇒ w1 − w3

w1 − w4
=

λ (z1 − z3)

λ (z1 − z4)

=
z1 − z3

z1 − z4
w2 − w4

w2 − w3
=

λ (z2 − z4)

λ (z2 − z3)

=
z2 − z4

z2 − z3

17



w = 1
z

´�JMY�TVcæF Q

(w1 − w3) (w2 − w4)

(w1 − w4) (w2 − w3)
=

(

1
z1

− 1
z3

)(

1
z2

− 1
z4

)

(

1
z1

− 1
z4

)(

1
z2

− 1
z3

)

=

(z3−z1)(z4−z2)
z1z2z3z4

(z4−z1)(z3−z2)
z1z2z3z4

=
(z1 − z3) (z2 − z4)

(z1 − z4) (z2 − z3)

zi = ∞ W�JwvOJMiG^`cdv(rsI��qIdc
U(JMi{c]N�r�TV�OJMc
etU�I2�_^
�_���qI

Cz
e'mug<N2e�[_rsTZL�WGJMTV[_U(JwJM^`TVI

α, α∗ c
U(v(muc

|α− a| |α∗ − a| = R2

arg (α− a) = arg (α∗ − a)

���V�GI
Cz
e�[_rsTZL�WGJMTV[_U(JwJM^`TVI {α, α∗} c
e�JMiG�pc
U(v(muc

(α− a) (α∗ − a) = R2

�
d1d2 = R2 �GmÊJ�RMU�ilJMWGJMI�e'g|RMc���´��²e�m/g<N2e7È�JMrsN2J�´<JMWHLtW�JwvOJMiG^
�qc6e�m/g<N2L²c]TV[_U(JwJM^`TVI�W�JwvOJMiG^a�

��W�JMe'TZi��|�
c]r+�OJMc

arg (α− a) = θ

arg (α∗ − a) = θ1, arg (α∗ − a) = −θ1
R2 > 0 ⇒ arg

(

R2
)

= 0 = arg (α− a) + arg (α∗ − a)

θ − θ1 = 0

R = 1, a = 0
c]v(TZrsTVc�e�JMm/TVg�L�T�jHU�YXc]U�iqN c
N2muJwv

⇒ α∗ =
1

α

T��Vg
R
JM[!JMTZv(U��

Cz
e'm/g�N]et[_rsTVL

α
e;��c
TV[_U(JwJM^`TVI$c

α∗ WHI³I$JMn(N2e�RMWHTV^ c
U�g�c

α∗ =
R2

α− a
+ a

F e'e'�OJMNde'm/g�N]et[_rsTVLzc
TZ[_U�JwJM^`TZI�e'gXW�U�N�J��
Mobius

WHiqWHg<c jHY���N
�_N]N�e'mug<N�e'g6U�L�v(^h±sÌ�Í�¥u±

�qe�J��h�qc���e�m/g<N2e²[_rsTZLhc
TZ[_U(JwJM^�TZI�W�Jwv�JMiq^�TZ^Z�{U�N�JMe;�]�
a, a∗

´�U(vh�GTZU�L+JMg<�f�GTZe'm/g�N]c
e;�0±�Õ�¯OÒ
F e'm/g�N]e�WGJMTVe'^�JMmuJMWHU(JMI

F �wE¶U(JMTVI_��c
TZU<jHN�JMI$m/L0±sÌ
Í�¥u±
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WHI$n�JMT���RMU�i«e'��e�TZ}`I F e�m/g<N2elWHTV^�JMn(TVrfc]v�JMiq^|c
^�JMWH^�J¶U(Jwv��kRwJMWH^�e'mug<N2e�U�L�JMg�e'm/g�N
c
^�J��_I$U�cz´�JMWHTVrsc
· iq^`e!c]v�JMiq^`c
NhiqrsU�N]cX}`I�e'm/g�N]chWHI�WK��W�JMr�J+c]v�JMiq^`c
N
iqT��_N]e©iGrsU�N]czg�JMLOTZU�e�c]JwJ��µc
TZTV^��_c�´�JMWHTVrscl· iG^`e©c]v�JMiq^`c
N�iGrsU�N]c�e�JMY��E U�N2JMe'��F e�m/g<N2e�R�jHiGc

d2 = |α− a| |α∗ − a|
�qmqc
TV[_U(JwJM^`TVI$clWHU(v(m/clY���g�J

R2 = |α− a| |α∗ − a|
U�N�JMe;�

d2 = R2

e'm/g�NG�$U�N]��^�c
}`c�[_r�TZc�W�JMTZN]U(JMY�^�JMiGc�e'e'm/L�¡ c]v�JMiq^�c�IKJMc�e'mug<N2c�}���U�N]c]J
��e'mug<N2e�U�L�JMg

c]TV[_U(JwJM^`TVI�e'�pU(JMTVIµÆåE!U�JMTZI

y`^�JMi���W�JMU�N
�_^|W�JMT�JwJM}�c2J!�qTVU��_TZJ_�qTVe'mug<N2e��qTVU�L+JMgl�qTVU��_TZJ��qTVe'm/g�NæU���TZetU�L�JMg�e'm/g�N
e'm/g�N]e�U(JMLOg�ezLOTVTZrliGTV��N2c�e�m/g<N2c�U��_TVe�U�L+JMg�e'mug<Nµ�qg�U�N�JMe;����WGJMTVN]U(JMY

F c
TVU�jHN2TV[{�_THR���e�J�F }���U�N]LzU���TZclT��Vg6´�W�r�^
�¸´<JMY�TZc
L�c
N]mÊJwv(eO�
e�m/g<N�}���U�N]etU�L+JMg6r�U���c
L�I$ete'm/g�N�}���U�N c
U�g�c

W�JMI$N]muJwv
j = 1, 2, 3; zj → ωj

U�TZLOg�N
�
Mobius

iGWHg�clI$n(NæF P

wj =
azj + b

czj + d

F �qTVN]e�g<^��_JMe'�_J$�qTVU�jHN2U�Yt�!JMe;� �_T$}`I
F e�JMY���cd[_rsTZcl¡ c
TZ^Z��´�U(v

(z, z1, z2, z3) = (w,w1, w2, w3)

e�JMm/TZg<e
z
U�J��_TZN]Ldc]v�TVrsTVcµe�JMm/TZg�WHI�U�TVL+g<N]�«U�W�JMTZL�WHTVe'e'��L

Möbius
WHiqWHg�ckWHI I$n�NÖF E
F
w
U(J���TZN]L�c]v�TVrsTVc

WHU�TVN]�k�Gg�c]v(TZr�TZc�e'm/g�N]e²�GTZiGTZWHg�N2J�e'm/g�N]c�e�gtRMc
��e'�6W�Jwv�JMiq^��_JMe'�f�GTZrsiqJMe P¶RwJMU�WHY
U�N�JMe;�zF �qTV^`Y�etU�L+JMg��qTV^`Y���´���F c
N2m/N

eiθ1 → eiϕ1

eiθ2 → eiϕ2

eiθ3 → eiϕ3

F õ ô�ô�õ óZö�ö�÷'�_ø'ù�úSû�ø1G
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W�JMTZ[_U�JwJM^`TZI³}`IfF e<JMm/TVg�e�WHTVN2TV^`Y
β
e�WHU�L+JMg�r�TZ^`^�e�JMm/TZg<e�W�TVN]TZ^`Y

α
c]v�JMiq^Gc
^�JMWH^ E_RwJMU�WHY

TZ}�I 1
α
→ 1

β

U�N�JMe;��W�JMTV[_U(JwJM^`TVI$etW�JMU�L+JMg

w − β

w − 1
β

= λ

(

z − α

z − 1
α

)

β (w − β)

βw − 1
= λ

α (z − α)

(αz − 1)

w − β

βw − 1
=

(

α

β
λ

)

z − α

αz − 1

F T��_Y(JMr�U<jHN2U�Y6c
TZc
λ
TV�hTV��Y(JMr
U<jHN2U�Y

µ =
(

α

β
λ
) U���I��

(

α 6= 0, |α| < 1
β 6= 0, |β| < 1

)

⇒ w − β

βw − 1
= µ

z − α

αz − 1

TZ}`I
(

z = eiθ
)

⇒ eiθ − α

eiθ (e−iθ − α)
=

eiθ − α

1 − αeiθ

⇒
∣

∣

∣

∣

z − α

αz − 1

∣

∣

∣

∣

= 1

w − β

βw − 1
= 1

⇒ |µ| = 1

R���e
w − β

βw − 1
= eiu z − α

αz − 1

F JMN2n(g6e'g6c]v(TVrsTZc�e<JMm/TVg�e;� U�W�JMTVLzWHTZe'e;��c�c
iqWHg�c
c
���qT��_N2NG��WHTZU�jHN]U�YXWHe'Wkc]iGWHg�c

��c2v(TVrsTVcle'mug<N�e'g6c
U�TVN
��U(JMLOgs��W�JMU�g<c
F
w = eiθz

L�JMLOTV[fiGUhe'LOiq^
α = 0, β = 0

U(JMLOg{F P
W�JMc]}��qTVe'L+iGNlc
N2n(g<etWHU�L+JMg6e'm/g�N]cle'gXc]vOJMiG^�J�c
N]n(g�etWHU�L+JMgXc2v�JMiG^Ge;�pc]U�TZrsL�U�JML+g{F E

β = 0
U(JML+g{F Q

w = eiθ z − α

1 − αz

F JMN2n(gXe'gXc2v(TVrsTVcle'mug<N�e;��U�W�JMTVL�WHTZe'e;�zc
iqWHg<clIKJMclc
}`clU�JMI$TZWHc��Gm
TV}`I

(mobuis) w = f (z)
U(JMLOg{F b

f (z) − f (α)

z − α
=

eiθ
(

1 − f (a)f (z)
)

1 − αz

f
′

(α) =
eiθ
(

1 − |f (α)|2
)

1 − |α|2

EÊ~



TZ}`I
∣

∣

∣

∣

dw

dz

∣

∣

∣

∣

=
1 − |w|2

1 − |z|2

|dw|
1 − |w|2

=
|dz|

1 − |z|2

e;��c
iqTVU�jHN0I$U�iq^4c]}��³F [!JMTVL+N®iqWHg<c e;��WHY�[!JM^�W�JMT�jH^`I$TVU(JM^`TVI«WH^�J���WÉJM^`e'LOTZiÉU�N2JMe;�
��c
U�iqI$JMY

½!Àa»�¼
Ü7Â�º�Ù$ÃÖ½_À�»�ê¶Û2Â�Àa¾ ÝOÅ�Ý
TVY�e
U�WGJMT©U�r�JMI$N c
I$U�^�J��

eiθ , cos θ + i sin θ
JM^�U(v(mucIH��GTZTVWH^`TZL

w = ez °�ÏV¨�§sÏ�ì+Õ�Õ�¥�Ð�Ó�í�§
±p±�ÏZì]í<Õ�¥�Ð�±�GmqJM^`r+�OJMcdF �¸RwJ���^Gc
}��p�qTVU(J�j

ei(θ1+θ2) = eiθ1 + eiθ2

U�T�v(m/^KTV}`I

z = x+ iy; ez = ex+iy , exeiy = ex (cos y + i sin y)

TV}`I
w = ez = ex cos θ + iex sin θ

±s¢�Ï�í�Ì

w = u+ iv

u = ex cos θ

v = ex sin θ

CR
iqJwv�LO^

ux = ex cos θ

vy = ex cos θ

vy = ex sin θ

−ux = ex sin θ

}`IKJ
ux + ivx = f

′

(z)
WHU�}�mu^K�_T

ez etR���etW�JMTZe'TVL+I$TVn(^`U�Y�T�v�J

w
′

= ex cos θ + iex sin θ = w

(ez)
′

= ez

TV�hLOet�qT��_^HTZe'N]U(JMY6I$e�RMY(JMI$L c
U�g�c

”z = logw”

dw

dz
= w

dz

dw
=

1

w

�
log

WHI³RMTZv(gXJM^`U(v(m/clI$etT���TVe'N2U�JMYhI$eO�
ô�ô�õ ô�ô�õ óZö�ö�÷.-/��ø'ù�úSû�ø�J
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W�JMY�[!JM^�WGJM^`J���W
exp

e;�pWGJMTVLOTVjKjHN2JMiqc
U�rsI$N
ez1ez2 = ez1+z2

F P
ez1ez2 = ex1eiy1ex2eiy2

= ex1ex2eiy1eiy2

= ex1+x2ei(y1+y2)

= ez1+z2

TZ}`I
m ∈ Z; ez+2miπ = ez F E

ez+2πim = eze2πim

= ez (cos (2πim) + i sin (2πim))

= ez

f (z + 2miπ) = f (z)
U�JM}`rsNl�_T

ez c]TVn(iq^`JMY�e c]U�g�c
F ~ÇN�È<JMr
U(J���TZN]cle;��e�c
iqTVW�g<N

ez c
TZn(iG^�JMY�c c]^�g<j
ez : z 7→ C\ {0} }`I z = (z|z = x+ iy,−π < y ≤ 2π, x ∈ R)

c]n�JMLOi{F rsT��OJMc
e�TZY�[_N
c]r+�OJMc

ρeiφ = w = ex+iy = exeiy

ρ = ex

φ = y

TZ}�I
u, v ∈ C\ {0} c2v�JMiG^�e;��e

√

u2 + v2 = ρ = x

φ = y

F e'm/g�N]c�WGJwv�JMiG^�e;��WHI³c
[_rsNdTZ}�I
φ = y ∈ (−π, π]

}`I
ρ
iGrsU�N]L�e'mug<Nde'��e�U�N�JMe;�

TZU�c2J
ρeiθ = u+ iv

�f´'�h�GTZTVi
θ
}`I$J

ρ > 0
�GTZI�W�c
e�RMW�TV^$c
^�JMN]WHL�c]v�JMiq^Ke;��e²e;��e

∀ρ > 0; ∃x ∈ R; ez = ρ

F e'm/g�N]e
y ∈ R, x = const

�qmuJ
eiy WHTZJwJM}`L��qTVTZ^�U�iqe y = const, x ∈ R

c
U�TVL+g<N�c]TVn(iq^`JMY�c c]U�g�c
W�JMU�g<c

c��OJMY�c
cdc]TVn(iq^`JMY�clU�N2JMe;��F U(J��_TVN2c�e;��e�iqWHg�JMN
k ∈ Z; Imz = (−π + 2πi, π + 2πi] K e;�0F PTV�_I�U�cl\�^�g�etc
iqWHg<clU(JMLOg�g(�Vr�r�I$TVc

z = Logw

Log : C\ {0} 7→ {x+ iy|x ∈ R,−π < y ≤ π}

L���U(JMN]�Þr�jK�_N��_T�U�N2JMe;� {
xeiy|x ∈ R, y ∈ R

} RMY(JMI$Llr�jK��NkU�T�v(m/c
ezRMWHTV^!RMN2TVU�r�jK�_NÉF E
(ρ, ϕ) 6= (ρ, ϕ+ 2π)

c
U(v(m/c
L�}`IKJ
�qTVe'g6c
LOU�c
N
ôL��õ ô�ô�õ óZö�ö�÷��_ø'ù�úSû�ø%M
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°�ÏV¦�°�Ï�¢�¤a¥`¨(±�±�ÏZì]í<Õ�¥�Ð�±
c��OJMY�c
czc
TZn(iG^�JMY�c

w ∈W, z ∈ C\ {0} ; ew = z
TV}`I

W = {x+ iy|x ∈ R,−π < y ≤ π} U(JMLOg c
U(v(m/c
Log : C 7→ W

z = ρeiϕ;Log (z) = ln ρ+ iϕ

WHIpjHTVN]��^¶U�N�JMe;�
W = {x+ iy|x ∈ R,−π < y < π} e'TZLOm/^¶�GI�F T��_I$U�ck\<^`g�e���JMn(N]n(ckc]}

W�JMY�TVn(U6\�[!JM^`Lze'LOiq^ −π RMU�iqc
\�[!JMI$J

f
e;��RwJMW�^4c
U(v(m/c ��JMrsWÖI$JMc

D
U��_I2�

(D, f)
muJM}²I$JMc0W�T���U�gdLOU�c
TVn(iq^�JMY�e;��\<^`g c
U(v(m/c

I$TVc F e<��^`c ��JMr�W�Lkc
Y�TVn(U(J¶W�T���U�gdv(rfc]TVn(iq^`JMY�U�JMn(TZT
f0
�G^`N][_^��

D
�qJMrsWHL

f
e;���qT���U�g�c

F c]}���JMr�W�L�c
Y�TVn(U(J]�qTZJM[_N���JMrsWHL�WHTVjHTVe'^`Idc
TZn(iG^�JMY
F∞ e

0
RMTVLzJMc��_e;��È<TVU�r�U(JMLOg��

log
Lzc
N2muJwv(eO�2\<^`g�U(JMn(TVe�RMWHTZ^ c
U�g<c

}`I
W = C, Z = C\ {0} U(JMLOg c]U�v�m/c

w ∈ W, z ∈ Z, k ∈ Z; logw = Logw + 2πik

e;�_N]e�JMIÞ¡ muJMe�WHI0c
U�}`rµJM^�e�LOTVi�J
k = 0

}`IKJ
1 → 0

c
iqTVW�g<N{c]N]muJwv(e
I$TVc
log

e;�Év(rsI0\�^`g c
N2muJwv
F
log +2πi

T`��g
1 → 2πi

c]^`J���W�cl´�JMWHN c
^�J���W
w1 = ez1 , w2 = ez2 ;w1w2 = ez1+z2 = ez1ez2

logw1w2 = logw1 + logw2
�qTVe'L+iGNlJM^`I

F T��_I$U�c�\<^`g�eÇÈ<JMrsN�W�JMTZc
eÇe�J���T
w1w2

�³U�r�I$N
Logw1w2 = Logw1 +Logw1

e��qn(N]n(e|RMWHTZ^
I$e c
U�g�c
Ó(¥�Õ�ÏVÓ�°�ÏZÏZì]í<Õ�¥�Ð

U�e'T�JMI�W�JMI$rs[!JM^ WHU(J���}`W

cos θ =
eiθ + e−iθ

2

sin θ =
eiθ − e−iθ

2i

T`��g
sinZ

U�T�v(m/^ c
U(v(m/c

cos z =
eiz + e−iz

2

sin z =
eiz − e−iz

2i

sin (z1 + z2) = sin z1 cos z2 + sin z2 cos z1
T�v�JM[_T$U<�_ikc
I$U�^ e'TZm/U�W

}�IKJ
z1 = x, z2 = iy

U��_I��
sin (x+ iy)

e'gXe;��WH[_^ c]U�g�c
sin (x+ iy) = sinx cos iy + sin iy cosx

= sinx
eiiy + e−iiy

2
+ cosx

eiiy − e−iiy

2i

= sinx
e−y + ey

2
+ cosx

e−y − ey

2i
= sinx cosh y + i cosx sinh y
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U��_I��

coshx =
ex + e−x

2

sinhx =
ex − e−x

2i c
TZn(iG^�JMY�etc��!v(r�c]U�v�m/c�JM^�e�LOTVi
z = x+ iy; sin z = sinx cosh y + i cosx sinh y

(w = u+ iv) ⇒ u = sinx cosh y

v = cosx sinh y

F RwJMTZe'g�c�U�J��_TZN]clTVn(rsetWHU�L+JMg�� Q U(JMTZI�� {
x+ iy| − π

2 < x < π
2 , y > 0

} c]g�JMn(U�TVn(r c
^�J���W

TZe�JMLOU�Y�TVcl[!JM^`TV[pe;�pc]g�JMn(U�TVn(r
Æ Q U(JMTZI

È�JwJ���WHN2JK}���U�N]L�W�r�U�N2^�JMiqc�e;� c
^�JMN]WHL�R���e�J (−π
2 ,

π
2

) RMTZL�c
^`WK�_N�WHU�}`m/^���T
sinx

�ªòON�U�rsI�N
F �qTZv�v�n(L

e;��\�JMiqT��_c�}�IÞe'e;�OJMN0U��_T�c
Y���N0iqe'rpI�e
�_T��
D
��JMrsWHLkWHT�jHTZe'^`I®c
TZn(iG^�JMY��_T��GIè\�JMiqT��_clRwJMU�iqTVg

F c]^`JMN2WHc�e;��c
TV[_U(JwJM^`TVI$eXJMI�\�JMiqT��_etU�L�JMg��qJMrsWHc
F \�JMiqT��_c�RwJMU�iGTZg�TVY�e²U(J��_TVN2c�e;��etc
g�JMn(U�c�W�I�e'TZe;��c
eXRMWHTZ^HR���e c
U�g�c

(−x0, x0)
i�Jwv(LO^ c
U�g�c

u = sinx0 cosh y

v = cosx0 sinh y

W�JMc]}GTZY�e�TV}`I
(

cosh2 y − sinh2 y = 1
)

⇒ u2

cos2 x0
− v2

sin2 x0

= 1

(

sin2 x0 + cos2 x0

)

⇒ c = ±1; a2 + b2 = c

U�N2JMe;�{m���IÞc
rsY<�_N2ed�GTZU�L+JMg
y = y0

�qTVU��_TVc2J{F W�JMe�JML+U�Y�TZc
ed�qTVU�L+JMg
x = x0

�GTZU���TZc0R���e
F W�JM[_Y�TVe�I�e

w = zα °�ÏZÏZì]í<Õ�¥�Ð
TZ}�I

w = zα = eα log z c
U(v(muc
w = eα log z

(k ∈ Z) = eα(LogZ+2πik)

= eα(ln r+iθ+2πik)

ôP+�õ ô�ô�õ óZö�ö�÷��_ø'ù�úSû�ø<ü�Q
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�qTVTVjHU�Y��qTVU�iqN
TZ}�I

α = m ∈ Z
F P

w = em(ln r+iθ+2πik)

= em ln remiθem2πik

= rmeiθm =
(

reiθ
)m

= zm

F \<W�J��_N��GU(JMm�RMTVI
m,n

y`e
(m,n) = 1

F E
α = m

n
∈ Q

zα = e
m
n

(ln r+iθ+2πik)

= e
m
n

ln re
m
n

iθe
m
n

2πik

=
(

reiθ
)

m
n e

m
n

2πik

F c]v(TZrsT�TV�_U�J��
n− 1

�GTZe'LOiqN
��A@77C<�5RS77C�T09;�6�UR�9%3V7XW�Y�:�9 � Z

WHU�I$WHN
�dc]Y�TZn(U
ϕ (t)

WHTV[_iqe'Y�N2JMi
c
TVn(iq^�JMY7WHN2TVTZi�}`I
t ∈ [0, 1]

ò�ò�U(JMLOgkU(J��_TVN2L��qJMiqgXe;��TVU�jHN]U�YXU(JMI$TVW
F ��JMiGg

ϕ (0) = z0, ϕ (1) = z1

��WHTZe'N]U(JMY�I$eO��W�JMU(v(m/c
F c
N2m/N�e'gXU�N�J���JMipy�TVe'TZL�jH^`I$TVU(JMI�JMi F P

JMN2n(gXWHI�´<W�JMrlJM^`TVI���JMi F E
∀t1, t2 ∈ [0, 1]

t1 6= 0
;ϕ (t1) 6= ϕ (t2)

F c
^�J�� TVU�jHN]U�YXU(JMI$TVWµW�JMTZc
e�e�J���THJMiqc�JMW�JMI$e{F Q
JMikU�I��_L�JMN]n(ghWHI�´�JMWHrse�I$e�e<J���T�¡

ϕ (0) = ϕ (1)
U(JMm/[�JMi F b

∀t1, t2 ∈ (0, 1)
t1 6= 0

;ϕ (t1) 6= ϕ (t2)

Rwv(U(JM}qJMikI�U�iqT$W�JwJMn(iGL�TZe�JMIdjHU�Y6JMN2n(g6WHI³´�WGJMr
I$e;��TVe'TZL�jH^`I$TVU(JMId��JMiGg{F o
F iqT��_N���JMiGg�e��_T

ϕ (t0)
c]v�JMiq^�e;��e6y!�

Smooth
�
iqe'r�JMi F x

e;�fTZY(JM[fU�Y�[_N]e²jHU�Y�iqe'r
y_�
Piecewise smooth


sRMTZg�j�JMiqN]e+�+�qTViqe'rse�iGe'r�JMi F [
F W�Jwv�JMiq^
F Rwv(U(J�· }qJMikU�iGTZg<Lzi�JM[_g<^ c
U�g�c

P,Q ∈ C1
(

D
) �GmÊJ

D ⊂ R2;P,Q : D 7→ R
F RMTVg<j�JMiqN]e�iGe'r�J2U(JMm/[�Rwv�U�JM}GJMi

c
�¸RMTZU�mGjHY��_NG�
W�U�J���}`W

∮

c

(Pdx+Qdy) =

∫∫ (

∂Q

∂x
− ∂P

∂y

)

dxdy

ó�\�õ ô�ô�õ óZö�ö�÷/üåü
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WHI{WH��W�JMrdI$ehc]^`JMN2WHc��«r�TZ^`^��¶F Rwv(U(JM}¶JMi
c [z0, z]

e'g�c
Y�TVn(U�W�TV[_iqe'Y�N2JMi c
TVn(iq^�JMY
f (z)

TVc
W c
U(v(m/c
��JMiqg<cle'g<� ´��

(t0, t1, t2 . . . tn)
U�jHN]U�Y�c
TZY�etJMiqcle;�pc]iqJMe'r
U�n(TVTV^!��c
N]n(g

(z0 ≤ k0 ≤ z1 ≤ k1 ≤ z2 ≤ . . . zn)

�!JMU(v(^GF ��W�TVe'TZL�jH^`I$TVU(JMI�c
^�JMN2WHc�� r�TZ^`^��K��c
N]m/NlT�JM^�TV�pc
TZc
T$I$e�WGJMTVe'TZL�jH^`I$TVU(JMI$c
TZY�e+�
max |zj − zj−i| n→∞−−−−→ 0

TVY�e�RMN2TVUX��J���[�U�T�v(m/^He���^��zc
iqJMe�rsJ���JMiGg6¡¸��WHTV�_N]NG�]c
TVn(iq^�JMYXTVc]T WHU(J���}`W
n
∑

j=1

f (kj−1) (xj − xj−1)
n→∞−−−−→ I

rsU���c
LXI$eO�+W�JMTVU��_Y�I�c
W�JMi�JMe'rsc�e;��WHI�c
^`LO^��GI�´�U(JMIle'g�LXc
I$U�iG^
z0, z

WHI�U�L+rsN
�{Rwv(U(JM}�JMi c
U(v(muc
�qTVTViqN2JK��W�JM^`TViqW

∀p = (z0, z1, z1 . . . z) ; lim
n→∞

sup
p

n
∑

j=1

|zj − zz−1| = ` ∈ (R)

y�jH^`TVI�U�TZv(mu^]}`I
e���^�����c
^`TViqW¶�Oc
iqJMe�rsJ^]�¢�¥/§X¨�¯+â�Rwv(U(JM}
ϕ (t)

��JMiGg�¡ WHTV[_iqe'Y�N2JMi
f
c
TZn(iG^�JMY�TVc
T c
U(v(m/c

e'U�m
n
∑

j=1

f (kj−1) (zi − zi−1)
n→∞−−−−→ I

T`��gXF TV�_N]N�U�jHN]U�Y6W�U�}`g�LzTV[_iqe'Y�N2JMike'U�m�jH^`TVI�WHU(v(m/clWHTVL+T�jH^`U�jHe'I�´<U(v c
U�g�c
(f ◦ ϕ) (t) = f (ϕ (t))

]�¢�£Oâ�ÏZ¥`¨(°�Ï`°s¨(âz¨(¢<¤�Ò2Õ�ÏZ§
W�JMI$N]muJwv

c
U(v([®�qmuJ
pn ⊂ pn+1

�ª´��
RwJwv(TZghg�n(LO^�J
pn
U�r�L+^4F ´<U�v�L
T�JMe'WpJM^`TVI ∫ z

z0
1dz

c
I$U�^
f (z) = 1

U(JMLOg{F P
}`I�F

limn→∞ maxj |zj − zj−i| = 0
W�JMi�JMe'r�e;�pc
^`TZiGW

n
∑

i=1

(zj − zj−1) = (z1 − z0) + . . .+ (zn − zn−1)

= z − z0

⇒ lim
n→∞

n
∑

i=1

(zj − zj−1) = z − z0

´<U(v(LzTZJMe'WkTZWHe'L ∫ z1

z0
zdz

c
I$U�^
f (z) = z

U(JMLOg{F E
n
∑

j=1

f (tj−1) (zj − zj−1) =
n
∑

j=1

tj−1 (zj − zj−1)
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}`IKJ
tj = zj

U�r�L+^

=

n
∑

j=1

zj (zj − zj−1)

}`IKJ
tj = zj−1

�GmuJ

=

n
∑

j=1

zj−1 (zj − zj−1)

��e'U�m�jH^`TVI$c
�qTVN2g<Y6e'LOiq^�J���W�JMi�JMe'rsc�TV^��pWHI�U�LOrs^
n
∑

j=1

zj (zj − zj−1) +

n
∑

j=1

zj−1 (zj − zj−1) =
∑

z2
j − z2

j−1

= z2 − z2
0

e�JML+m/clU�N2JMe;�
2I = z2 − z2

0

I =
z2 − z2

0

2

e'U�m�jH^`TVI�U�r�L+^
(0, 0) , (x0, y0)

RMTVL�c]N]muJwv(eh´�U(v(L�T�JMe'WfR���e'U�m�jH^`TVI$c
f (z) = Re (z) = x

c
TVn(iq^�JMY�cæF Q
W�JMi�JMe'rscdRMTVL��qTVg<jHiGcl´�U(JMI$e

γ1 = ((0, 0) , (0, y0) , (x0, y0))

�GmuJ
γ2 = ((0, 0) , (x0, 0) , (x0, y0))

T��Vg�e'U�m�jH^`TVI�U�T�v(m/c
e�RMWHTZ^
∫

f (z) dz =

∫

(u+ iv) (dx+ idy)

=

∫

(udx− vdy) + i

∫

vdx + udy

∫

γ2

xdz =

∫ (x0,0)

(0,0)

xdz +

∫ (x0,y0)

(x0,0)

xdz

=
x2

0

2
+ ix0y0

∫

γ1

xdz =

∫ (0,y0)

(0,0)

xdz +

∫ (x0,y0)

(0,y0)

xdz

= i
x2

0

2

W�JMWK�_i�\<[!JMIæRwJMWH^4TZc
TkF
Z
U(J��_TVN]LkU��_iÖj�J��_Y

D
��JMrsWHLkW�JMY�TVn(U

P,Q
W�JMTVn(iq^�JMY�c�WGJM^`JMW�^ jHY���N

}�I³F c]v�JMiq^�e;��L
(ẋ (t) , ẏ (t))

�_T�� RML+JMN]L��qTViqe'r��qTVN2JMiqg�clF
D
y`LzW�JMI$n(N]^���WGJMU�TZ}`m

c [z0, z]
∫

pdx+ qdy
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� ´'�
F = F (x, y)

c
TZn(iG^�JMYXW�N]TVTZik���V�qI�´�U(v(L�T�JMe'WµTVWHe�L
∂F

∂x
= P (x, y)

∂F

∂y
= Q (x, y)

c
r��OJMc
F v(rsIµò���RwJwJMT�� F P

F �qTVI$^`WHcl�GTZN]TViqWHc
e<��n
c
´�U(v(LzWG�VL�e'U�m�jH^`TVI$c���rsTV^`^

F (z) =

∫ z

z0

(pdx+ qdy)

(∆z = ∆x) ⇒ F (z + ∆z) = F (z + ∆x) = F (x+ ∆x, y)

W�JMTVL+T�jHT�v(I$c
WHU�N]��^G}`I
∫ (x+∆x,y)

(x0,y0)

(pdx+ qdy) =

∫ (x,y)

(x0,y0)

(pdx+ qdy) +

∫ (x+∆x,y)

(x,y)

(pdx+ qdy)

TZ}`I

F (x+ ∆x, y) − F (x, y) =

∫ (x+∆x,y)

(x,y)

(pdx+ qdy)

(dy = 0) ⇒ =

∫ (x+∆x,y)

(x,y)

pdx

F (x+ ∆x, y) − F (x, y)

∆x
=

1

∆x

∫ (x+∆x,y)

(x,y)

pdx

−−−−→
∆x→0

p (x, y)

⇒ ∂F

∂x
= p

∂F

∂y
= q

F TZ^���RwJwJMT�� F E
´<U(v(L�TZJMe�W³TZWHe'L�e'U�m�jH^`TZI�L�e<�VnhW�I�}��zc
N2Jwv�i{c
TVn(iq^�JMYX�_T���rsTV^`^

U<�_I��
t ∈ [0, 1]

U�jHN2U�Yh�GI
z = ϕ (t) , ϕ (0) = (x0, y0) , ϕ (1) = (x, y)

∫

Pdx+Qdy =

∫

∂F

∂x
dx +

∂F

∂y
dy

=

∫ 1

0

∂F

∂x
ẋ (t) dt+

∂F

∂y
ẏ (t) dt

=

∫ 1

0

F
′

(t) dt = F (1) − F (0)

�óL_`õ ô�ô�õ óZö�ö�÷��_ø'ù�úSû�ø<ü`�
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��U��_ikj�J��_Y
D
U���I��

c
WHI�e'TV��N
�|�

D
y`L�c
Y�TVn(U

f (z)
c
^�JMWH^¶��U�TZ}�m_¡

regular
�sTZU�e<JMm/U

c
JMi{RwJMWH^ jHY��_N

TV}`I
∫ z

z0

f (z) dz

F
D
y`L�W�T�jHTVe�^�I�c
TVn(iq^�JMYXe;�pW�U�}`m/^GI$TVc

f
�_���qI�´�U(v(L�T�JMe'WµTVWHe�L�I$JMc

∃F, F ′

(z) = f (z)

dz = dx+ idy
RMN2[_^ c
r��OJMc

L�JMWK��^6F P
∫

f (dx+ idy) =

∫

fdx+ (if) dy

=

∫

Pdx+Qdy

c
TZn(iG^�JMYzI$TVc
F
e<�Vn�JH´<U�v�L
WG�VL�e�U�m/jH^�TZI$c��®RwJMWH^!¡ v�r�I{RwJwJ��

{

P = f

Q = if

RMN][_^
F WHT�jHTZe'^`IdI$TVcl��v�JMiGc
jHY��_N]c
N

e�LOiq^Hc
IKJwJ��_c
N {∂F
∂y

= Q
∂F
∂x

= P

WHN2TVTZiGN]�
F
�qTVTZi³��v�JMiqc�jHY<�_N2c�TZY�e

{

f = ∂F
∂y

if = ∂F
∂x

TZ}�I
F = U + iV

RMN2[_^
{

∂F
∂x

= Ux + iVx = f
∂F
∂y

= Uy + iVy = if

⇒ Ux = Vy

Uy = −Vx

F �_I$U�N�c
^�JMWH^`c
f
e'� WGJMY�TZn(U�NdWHN]TZTViqWHNdW�JMTZe'TVL+I$TVn(^`U�Y�T�v(c]J

CR
�qTVTZiGWHNdR���e

F c
e;� WHU�}�mu^�c
f
�qmuJ]WHT�jHTZe'^`I

F
� JM^�r��OJMc

F TZ^���c�RwJwJMTV��c«F E
F ´<U�v�L�WG��L

f (z)
e<�VnhWHTVjHTVe'^`I

F
′

(z) = f
��e;�

F
�_T���RwJMW�^

F
′

(z) = Ux + iVx =
F (x, y + ∆y) − F (x, y)

i∆y

−−−−→
∆y→0

1

i

∂F

∂y

Fx = Ux + iVx =
1

i
(Uy + iVy)

⇒ F (z) = f (z) =
∂F

∂x
=

1

i

∂F

∂Y

⇒
{

∂F
∂x

= f = P
∂F
∂y

= if = Q
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⇒
∫

c

f (z) =

∫

c

f (z) (dx+ idy)

=

∫

c

f (x) dx+ (if) dy

⇒ =

∫

c

Pdx+Qdy

¡ RMTZg�j�JMiqN]e�U�TV}`mGU(JMm/[ Rwv(U(J�· }H�qJMiqg
C ⊂ D

c
TVc]TK¡ U��_iµj�J��_Y
D ⊂ R

�qJMrsW{RwJMWH^�òO��c
TZc
T
Cauchy

jHY<�_N
TZ}�I

D
y`LzWHT�jHTZe'^`Idc
TZn(iG^�JMY

f (z)
c
TVc
W

∮

c

f (z) dz = 0

´<TVU�n
I$e�JGjHY��_N]ckWHI�iq}�TZr
Goursat

F Rwv�U�J�· }©�qJMiqg�e;�le'g�WGJMY�TZn(U
c]r�TZ^`NkWHTVU(JMiqN]cµc
r��OJMc
c c
U�g<c
F RMTVU�mGjHY���N�e�gX�GTV��N]WH[_NlI$e�JK¡ WHU�}`m/^`c
e'g6W�JMY�TVn(U6rsTZ^�c]e

��TZU�JMiqN]clTV�_JMiµjHY��_N�e;�|� P7c
r��OJMc
��JMr�W�L�c]Y�TZn(U

f
′

(z)
W�U�}`m/^`c���e'TVg�e¶jHY��_N]c�W�JMrs^`c
e�\<[!JM^`L��GTZrsTV^`NhU�N�JMe;�hF WHU�}`m/^`chWGJMY�TZn(U|rsTV^`^

D

Green
jHY��_Nè°
¢�¥�Í�2�°

∫

c

(Pdx+Qdy) =

∫∫

Dc

(

∂Q

∂x
− ∂P

∂y

)

dxdy

Rwv(U(J�· }G�qJMiqgXRwJMWH^ c
r��OJMc
c
∮

c

Zdz =

∮

c

(u+ iv) (dx+ idy)

=

∮

c

(udx− vdy) + i

∮

c

(vdx+ udy)

(P = u;Q = v) ⇒ =

∫∫

c

(

−dv
dx

− du

dy

)

dxdy + i

∮

c

(vdx+ udy)

(p = v;Q = u) ⇒ =

∫∫

c

(

−dv
dx

− du

dy

)

dxdy + i

∮

c

(

du

dx
− dv

dy

)

dxdy

(Couchy −Riemen) ⇒ = 0 + 0 = 0

�
Goursat

e;�|��E!c
r��OJMc
�ñ�_e�J��_N�W�Y<��U(JMLOg

Couchy
jHY��_NG�

Couchy − goursat
c]N]eµF P

TV}`I�F ��JMr�W�L�WHT�jHTZe'^`Idc
TZn(iG^�JMY
f (z)

TVc
Wk¡
D
��JMrsWHL�e;�OJMNl�_e�J��

C
TZc
T

∮

c

f (z) dz = 0
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iGe<JMr�Nl�!JMe;�_NµÆ b U�JMTZI

RMTVL��GT�JwJMipT`��gz�qTVN]TZ^`Yh�qT��_e�J��_N
4
U(JMn(TV^��qI��®I�TZcd�_e�J��_N]c³W�JM^�J���WHNµiqe'r�T���L+e6�qT��_^ c
r��OJMc

� b U(JMTVI_���_e�J��_N2L�JMike;�ze;�pg�n(N]I$c
s0
TVU(JMiqN]c
�_e�J��_N]c
N

s1 = 1
4s0

IKJMcl�_e�J��_Nde;�ze;�pr�jK�_c���I��
F
p1 = 1

2p0
�_e;�_Nde;�ze;�p\�iqTVc
cè��L2�

c0,1, c0,2, c0,3, c0,4
F �_e�J��_N]cªe;���qTV^`Y�c

D0
J¶RwJ��_I$U�c �_e�J��_N]c0e;��e�JMe'[_N]c

c0
RMN2[_^

F �GTZN]TV^`Y�c��GTV��e<J���N2c�LOTZLO[{�qTVe�JMe�[_N]c
∣

∣

∣

∣

∮

c

f (z) dz

∣

∣

∣

∣

=

∣

∣

∣

∣

∣

∮

c0,1

f (z) dz +

∮

c0,2

f (z) dz +

∮

c0,3

f (z) dz +

∮

c0,4

f (z) dz

∣

∣

∣

∣

∣

≤
∣

∣

∣

∣

∣

∮

c0,1

f (z) dz

∣

∣

∣

∣

∣

+

∣

∣

∣

∣

∣

∮

c0,2

f (z) dz

∣

∣

∣

∣

∣

+

∣

∣

∣

∣

∣

∮

c0,3

f (z) dz

∣

∣

∣

∣

∣

+

∣

∣

∣

∣

∣

∮

c0,4

f (z) dz

∣

∣

∣

∣

∣

≤ 4 max
c0,i

∣

∣

∣

∣

∣

∮

c0,i

f (z) dz

∣

∣

∣

∣

∣

}`IKJ
U�W�JMTVL�e<Jwv(m/cljHe'r�JMNd´<U�g�L�e'U�m�jH^`TVI$c�e'g�Lh�_e�J��_N]�
c1
U�rsL+^

= 4

∣

∣

∣

∣

∮

c1

f (z) dz

∣

∣

∣

∣

TVe�e;�zRMY(JMI$L
∣

∣

∣

∣

∮

c0

f (z) dz

∣

∣

∣

∣

≤ 4n

∣

∣

∣

∣

∮

cn

f (z) dz

∣

∣

∣

∣

(1)

RwJMWH^`c�TZY�e
z0 ∈ D0

J
z0
c
^`N][_^��ke�JMLOmHWGv�JMiG^$WHg�LOiq^

n→ ∞ U(JMLOgtU(J�jH^�i�e;�{c
N2e'c�Y��Vg
U�N2JMe;��F

z = z0
Lz�qmqR���e�J

D0 ⊂ D
e;�pc2v�JMiG^Ge;��L�WHTVjHTVe'^`I

f (z)

f (z) = f (z0) + f
′

(z0) (z − z0) + η (z1) (z − z0)

f (z) − f (z0)

z − z0
= f

′

(z0) + η (z)

W�JMT�jHTZe'^`I$c
N2J

η (z) −−−→
z→z0

0

∀ε > 0; ∃α > 0;
∀z

|z − z0| < α
⇒ |η (z)| < ε

Dn
�qTVI$WH^

αn
WGJMLOTVL+[®WHU(v([«e;��e�R���e�F ~�e�\<IKJ��«�GTV��e<J���N2cµe;�ÞU�j�JMiqc�TV�
LOe��qT��_^

�pe;�z�GTV�!JMe;�_N��qJMrsW

z0 ∈ Dn ⊂ B (z0, αn) \�ö�õ ô�ô�õ óZö�ö�÷��_ø'ù�úSû�ø<ü�&
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(1) ⇒
∣

∣

∣

∣

∮

c0

f (z) dz

∣

∣

∣

∣

≤ 4n

∣

∣

∣

∣

∮

cn

f (z) dz

∣

∣

∣

∣

= 4n

∣

∣

∣

∣

∮

cn

[

f (z0) + f
′

(z0) z − z0f
′

(z0) + η (z) (z − z0)
]

dz

∣

∣

∣

∣

U�N2JMe'��F ~Çc2JwJ���c
g�JMLOikc]TVn(iq^`JMY6e;��e�U�m/jH^�TZIdT���U�T���}`^

= 4n

∮

cn

|η (z)| |(z − z0)| |dz|

≤ 4nε

∮

cn

|z − z0| |dz|

≤ 4nεpn

∫

cn

|dz|

= 4nεp2
n �GmuJ
pn =

1

2n
p0

⇒ p2
n =

1

4n
p0

U�N�JMe;�
≤ 4nεp2

n

≤ 4nε
1

4n
p2
0 = εp2

0

⇒
∮

c0

f (z) dz = 0

��U(JMN2i©��TZ[_iGL+^�JMi³��JMrsWkU(JMLOgXTV�_JMiµjHY��_NÖF P
e;��e

starlike
��JMrsWHc�U�N2JMe;�zF �qJMrsWHLhe;�OJMN��qc
TZ^�Ltg<jHiGc���JMrsWHLXW�JwvOJMiG^$TV^��µe;�XRMTVLhÆ U(JMN2iµ¡ WHU(J���}`W¶�

����JMr�W�L�c]v�JMiq^
TV}`I�F ��JMr�W�L�WHT�jHTZe'^`I

f (z)
TZc
WµRMTVg<j�JMiGN2e²U�TV}`m

c
Rwv(U(J�· }�JMi�J

D
TV[_iqLO^�JMiµ��JMr�WµTZc
T

∮

c0

f (z) dz = 0

RMN2[_^HTV}`I�F TZc��_e;�
z0 ∈ D

U�rsL+^ c
r��OJMc

F (z) =

∫ z

z0

f (ξ) dξ

F �¸´�U(v(L�T�JMe'WµTVWHe�L�e�U�m/jHTVI$clU�N�JMe;�]�
F

′

(z) = f (z)
T���rsT��OJM^

}�I
z, z + ∆z ∈ D

��´��
z,∆z

U(JMLOgXTV�hL+e��qT��_^
F (z + ∆z) − F (z)

∆z
=

1

∆z

[

∫ z+∆z

z0

f (t) dt−
∫ z

z0

f (t) dt

]

=
1

∆z

∫ z+∆z

z

f (t) dt

=
1

∆z

∫ z+∆z

z

[(f (t) − f (z)) + f (z)] dt

=
1

∆z

∫ z+∆z

z

(f (t) − f (z)) dt+
f (z)

∆z

∫ z+∆z

z

dt

Q E



F TVe�U�m/jH^�TZI$c]J�TVe'I$TVn(^`U�Y�TZv(c�RwJMLO��rsc�e;�kT�v�JM[_TVc�jHY��_N]e4v�JMg�N�c
N�JwvX´<TVe'c
W�L�¡ e'TVmuU�W�´��_N]c
e;�®\�[!JMIµ�_T©F RMTZg�j�JMiqN]eXU�TZ}�m7Rwv(U(J�· }_JMi

c
TVc
T�F U��_ipj�J��_Y�U(JMN]i JM^`TVI��®��JMr�W�ehU(JMN]i���JMr�W�N�U�LOg�NÖF E

c
′ JMikIKJMn(N2eXRMWHTV^HWGJwv�JMiG^GTV^��pRMTZLzRwv�U�J�· }�JMike;� c
TZmuJMe�JMN2JMc�U(JML+g�� ´'� {Bn (pn, r)} �qTVU(Jwv��

c
′ ⊂

⋃

n

Bn

�qTVg<jHiGetRwv(U(J�· }`c�JMikWHI³v(TVU�Y�c
e�RMWHTV^�e<��^��z\<[!JMI�e;��e�WHU�rsI�JM^`N]TZTV[
c
′ ⊂ Bn0

�pe;�
n0
�GTZTViµ�qI

c
′

n ⊂ Bn �qmuJ
c
′

n ∩ c′n+1 ⊂ Bn ∩Bn+1}`IKJ
c∗n
�qTVg<jHiGc
WHI�U�LOrs^

Bn ∩ Bn+1
L�}`IKJ

∮

c
′

f (z) dz =
∑

n

∮

c∗n

f (z) dz

R���e�J]r��OJMNljHY��_N]c�U(Jwv��ze;�zU�JML+g
∮

c∗n

f (z) dz = 0

⇒
∮

c
′

f (z) dz =
∑

n

∮

c∗n

f (z) dz

= 0

D
WHY�� e'gX�qmGrsTV�OJMc
et�GTZN]TZJM[_Nl�qTVTV��iqLzRMWHTV^ c
U�g�c

�
Ring domian

TZWHg�L�j���JMrsWa
$�]TVU��_i�y�Jwv���JMrsWfò/)/U(JML+g
Cauchy

jHY<�_N
c
W�JMI³TVe�g<L�Rwv(U(J�· }HTVN�JMiGg6TV^��

c1, c2
JMTZc
T�¡ �GTZe;�_N]Lz�qJM[_r�v(rsI�L+T���UX�qI�TZU���i_y�Jwv���JMr�W

D
TVc]T

TV}`I
D
y`LzWHT�jHTZe'^`I�c
TZn(iG^�JMY

f (z)
c
TVc
WµF ��JM[_r�c�L+T���U�c�WHI��qTVY�TViqN
�pc
N]m/N

∮

c1

f (z) dz =

∮

c2

f (z) dz

y`WHc�TZ^���N�LO��U(JMN
�
c3
U�n�JMTZJ�c
e'g�WHL�c]N]m/Nde�g6U�N2J��!J�c
e'g�W{U�n(TVTZ^��qTZJwJMiqc�TZ^��pU(JMLOg c]r+�OJMc
R���etU���i{j�J���Yh�qJMrsWµI$TVc

c3
e;��c
g�JMn(U�cdF c
e�g<WHc2J$�GTZN2JMr

∮

c3

f (z) dz =

∮

c2

f (z) dz −
∮

c1

f (z) dz

= 0
WHN�v�JMiGc�c]r+�OJMc]LXJMN
�OJ��GTZiGe�r6TV^��_e

c3
WHIlv(TVU�Y�c
eÇRMWHTV^]TVU��_i�y�Jwv�e;�kRwv(U(J�· }]JMidU(JMLOg

F ��JMr�WkU(JML+gX�GmÊJ]F �qTVe'U�m�jH^`TVI�U�L+rse
JMTVc]T

D
y`L�F WHT�jHTZe'^`I�c
TZn(iG^�JMY

f
¡ TZU���i

n
�qJMrsW

D
c
TVc
T jHY���N

{c1, c2, . . . , cn−1}\�TViqN
�ÞRwv(U(J�· }¶JMi
c
c
TVc]TZJ�¡ �qTVL+T���U�c
Nkv(rsIfe'��c
N2I$WHc
L��qTVY�TViqN
�®�qTVU(JMm/[«Rwv(U(J�· }!T�JwJMi

n − 1TV}`Id�qTVLOTV��U�c�e;�zWHI
∮

c

f (z) dz =

n−1
∑

j=1

∮

cj

f (z) dz

óZõ ô/óZõ óZö�ö�÷'�_ø'ù�úSû�ø<ü�0
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Couchy Representation Theorem
ÏZÔ7¥�ít¨�Ôª±�¤�ì�±�±�°
Ì�Ó(¥�Õ

WHTZN]TV^`Y
z0
TZc
W

D
y�L��qTViqe'rseXU�TV}`muJ$U(JMm/[ªRwv(U(J�· }��qJMiqg

c D
y`L
WHT�jHTZe'^`I

f
¡ U��_ifj�J��_Y

D
c
TVc
T jHY���N

TV}`I
c
y�e

1

2πi

∮

f (z) dz

z − z0
= f (z0)

I$TVck}`I�e'U�m�jH^`TVI$cµe;�Öc
Y��«e'g��qT���U�g��qTV^�JMWH^��«��JMrsWHL�W�T�jHTVe�^�Ipc
TVn(iq^�JMY
e'��e;�Ör�TVjHLONkc
}a�
��c]v�TVrsTVclc
TZn(iG^�JMY�c
c
TVc]T c]r+�OJMc

D ⊃ Dz0
= D\ {z0}

e'm/g�N�U�rsLO^��GI�TV}`IdF
Dz0

y`LXWHTVjHTVe'^`I
g (z) = f(z)

z−z0

TZc
W�¡ TVU��_i�Jwv���JMrsW
Dz0

U�N2JMe'�

cr,z0
=

{

z|z = z0 + eiθ; 0 ≤ θ ≤ 2π
}

��v�JMiGc
jHY��_N]c
N�J
∮

c

gdz =

∮

cr,z0

gdz

rsT��OJMc
e�iqTVY�[_NlR���e
1

2πi

∮

cr,z0

gdz = f (z0)

e�LOI
1

2πi

∮

cr,z0

gdz =
1

2πi

∮

cr,z0

f (z)

z − z0
dz

=
1

2πi

∮

cr,z0

[f (z0) + (f (z) − f (z0))]

z − z0
dz

=
1

2πi

∮

cr,z0

f (z0)

z − z0
dz +

1

2πi

∮

cr,z0

f (z) − f (z0)

z − z0
dz

= f (z0)

[

1

2πi

∮

cr,z0

f (z0)

z − z0
dz

]

+
1

2πi

∮

cr,z0

f (z) − f (z0)

z − z0
dz

rsT��OJMc
e6òb<�U�I��_^
1

2πi

∫ f(z0)
z−z0

dz
F P

�qTVTZiGWHNlJM^`N]N]��R�jHikiqTVY�[_N
r > 0

�qTVTZi
ε > 0

e;��U(JML+g{F E
∣

∣

∣

∣

1

2πi

∮

f (z) − f (z0)

z − z0
dz

∣

∣

∣

∣

< ε

�fU�r�I$N
1

2πi

∮

cr,z0

f (z)

z − z0
dz = f (z0)

[

1

2πi

∮

cr,z0

f (z0)

z − z0
dz

]

+
1

2πi

∮

cr,z0

f (z) − f (z0)

z − z0
dz

F
r
LzTZJMe'WµI$etIKJMc�}�I

r
y`L�T�JMe'Wµc
IKJwJ��_N]cde;� v(rsI�iqe'r�iqUX�qI

c õ ô/óZõ óZö�ö�÷'�_ø'ù�úSû�ø<ü�A
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F E!W�r+�OJMc
∣

∣

∣

∣

1

2πi

∮

f (z) − f (z0)

z − z0
dz

∣

∣

∣

∣

≤ 1

2π

∮ |f (z) − f (z0)|
|z − z0|

dz

(|f (z) − f (z0)| < ε) ⇒ ≤ 1

2π

∮

ε

|z − z0|
dz

R���e�J |t− z0| = r
U�N2JMe;�

t = z0 + reiθ U��_I��

∀n ∈ Z; 1
2πi

∮

c
1

(z−z0)
n dz =

{

0 , n 6= 1

1 , n = 1

rsT��OJM^

c
r��OJMc
t → θ

t = z0 + reiθ

dt = ireiθdθ

dt = i (t− z0) dθ

dt

t− z0
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∮
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ϕ (z) = 1

2πi
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∮
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0 < d < d (ξ, c)

Bz = {z| |ξ − z| < ρ} ⊂ D
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∣
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∣

∣

∣

∣
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L+TVL+[pR�jHike'm/g�Nde;�

F
f ≡ 0

�!v(rsc�e�JMm/TZg<L�J+WGJMiG}`r6U(J�j�e;�µW�Jwv(TZr�T2JM^�e�LOTVi�}�I
zn −−−−→

n→∞
α
�³´��h¡ WGJwv�JMiG^�WHU(v([

F ��JMrsWHc�e;��L
f ≡ 0

}�I��qJMrsWHL
z
e;��e�RwJ���^��pU�rsI$N�R���e�J

αp = z
}�I

R
IKJMcµW�JM[_^���WHcµ[!JMTZv(U��qI{e�JMmug<Ll[_^���WHN
�ÞW�JMiG}`rdU(J�j�I$JMc ∑∞

0 an (z − z0)
n = f (z)

�qI jHY<�_N
F e<�V^`c�e<JMm/g<L�W�T�jHTVe�^�I�c
TVn(iq^�JMYXIKJMc�U�J�jHclTZ}�I

z = z0
c]v�JMiq^`L

T�jHiqY�N2JMi³�qJMrsWGy�WHW�e'��L6�¶�VN]L+J
jHe'rsc
L�[_^Z��W�N
U(J�jHc��0��TV��N2N]c�c
U�iGN2LhJMN]�]�sg�v�JMT c]r+�OJMc
F WHTVjHTVe'^`I

f
U�U(JMmGWHTVjHTVe'^`I

fn fn � f
JM^`r��OJMc���jHY���N2L���N2WK�_^

DR
e;�

W�JMTZn(iG^�JMYte;�kTVY(JM[k��J���[��XWHT�jHTZe'^`I
fn (z)

�kU(JMU�L
fn (z) =

∑k
0 ak (z − z0)

k RMN][_^W�JMTVjHTVe'^`I
{ak (z − z0)}n

0

F WHTVjHTVe'^`I
f
U�U(JMm

fn � f
R��OJMN]�

�

Æ jHY��_N��GTZTViµTV}`Id�qTV[_iqe'Y�N2JMik�qTV^`WK�_NlTV^��_LzWHT�jHTZe'^`Idc
TZn(iG^�JMY
f (z1, z2)

U(JMLOg c
U�g�c
I$e�J_¡ c
}_�qJMrsWHL�i�JMTZv�L
WHTVjHTVe'^`IkI$TVc
�ªc
TVn(iq^�JMY�WHN2TVTVi«��U��_i j�J��_Ys�HU�J��_TZN]L�RwJMWH^!��JMrsW�e'��e

F JMW�JMIµe'TV��N
��e�Jwv(m�U�W�JMTK�qJMrsWµ��J���L

b=o



�qTVU(J�jHe�W�JMI$N]muJwv
F
f (z) = 1

1−z
= 1 + z + z2 + . . .

}�IKJ
R = 1

}`I ∑∞
0 zn F P

z = 1
WHg�N]e���JMr�Wµe;��L�W�T�jHTVe�^�I 1

1−z

T���LOet�qT��_^
F
R = 1

}�I ∑∞
0

z2

n!

F E
F TVc
��e'��c
L+TVL+[_LhWHTVjHTVe'^`Idc]^�TZIdc
TZn(iG^�JMY�clc
L���c]v�JMiq^GyGWHTVU�e�JMm/^`TZ[fc]v�JMiq^ c
U(v(muc
F W�r�I³WHTZU�e<JMm/^`TV[fc2v�JMiG^GW�JMrsY�e�W�JMTVc
e�W�LOTVTZr�W�JM[_^���WHc
cde�m/g<NlWHY��_c�e'g c]^�g<j

c
Y��_cle'g���rsTV^`^�J
z0
LOTVL+[

R
W�JM[_^���WHc�[!JMT�v(UXe'g�L�W�JMiq}�r�U�J�jkRwJMWH^G¡ c
e�TVe;�_c�´�U(v(L c]r+�OJMc

U�n(TVe6RMW�TV^��Gc]e;�
∂DR

c
Y��_c�e'gzW�JwvOJMiG^_e;�®c]n�JMLOi{�_TGTV}`IµW�JMT�jHTZe'^`I³WGv�JMiG^`c�e;�
U�W�JMT!e�JMmug�e'T���N]�«WGJMI�U�c
e�L���� F TZY�JM[æT�JM[_T��lWHW �_T_}�I�F

z ∈ ∂DR;N (z)
�qTVe�m/g<N

e�Jwv(mtU�W�JMTÇe�JMmug<Lk[_^���WHc
e�´<TVU�n�U(J�jHc U�N2JMe;�kWHTVjHTVe'^`I
f
e�Jwv(m�U�W�JMT�e�JMm/TZg<LçF e�Jwv(m

F WHTVjHTVe'^`Idc]^�TZI��pc
Y��_cle'gXc]v�JMiq^H�_THR���etF c
U�TVWH[_L
c
N]mÊJwv

[!JMTZv�U�c³TVc
��e'�
z
c]v�JMiq^!LOTZLO[0r�JMWHTZY�e;��ezRMWHTV^!R���e<J

z = 1
WHg�N]ezc]v�JMiq^_e;��LlWHTVjHTVe'^`I 1

1−z

U�JML+g{F P
F
d (1, z)

c
TVc]T�e�LOiqWHT��
c]v�JMiq^��qJ��_L6È�JMU�Y�e4W�JMU���Y�IdRMTZI�U�N2JMe;�XW�TVU�e�JMm/^`TV[�· iG^]�_T
\�JMY�nt�qTV^�JwJMT���U�Y�[_N]L��µc
I$U�^ ∑

z2n U�JML+g{F E
F e'm/g�N]L

y�JM^`L+J
(f1, D1) , (f2, D2)

c
N]I$WHc
L
Dj
y`L
fj
W�JMTZn(iG^�JMY�TV^��µW�JM^�JMWH^��{rsTV^`^�Æ WHT�jHTZe'^`I
c
�(��N2c��¸´�U�g�L2��c
U(v(muc

�GmÊJ
D1 ∩D2 6= φ

\�[

∀z ∈ D1 ∩D2; f1 ≡ f2

W�Jwv(TZrsTVc
N�F
f =

{

f1 z ∈ D1

f2 z ∈ D2

RMN][_^�J
c]TV^��_c�e'��WHrsI³WHT�jHTZe'^`Idc��(�_N]c]L
f2
y�J
f1
��U�N2I$^�TV}`I

F c
TZn(iG^�JMY�chW�I�W�JM^`LOe�RMWHTZ^��GTZe'm/g�N�W�U�v�[�T��VgÇc
N2muJwv(e�}`IdF W�Jwv(TVrsTs�qch}`I���W�JwvOJMiG^2e;��c
U(v([�TVY�eO�
IKJMc

D
c
U(JMLOg<�

f (z)
c
TZn(iG^�JMYh��T���WGJwv�JMiG^©E¶c]e'T���NdJMWHY��|��U(J���TZN]L

D
U��_i{j�J��_Y��qJMrsW{e;��e c
^`g<j

�
Naturale Boundery

I$TVclJMWHY���U�N2JMe'�]�
TVe�N]TV[_iqNlW�JMT�jHTZe'^`I���JMrsW
qsr ïVî q ï qutst ð²â�±s§�ìs¢(±

e�JMm/g�L�[_^���WHN
��W�JMiG}`r
U�J�j ∑∞
0 an (z − z0)

n
= f (z)

c
U�}`r

Dz0,` = {z| |z − z0| < R}

JM^`TVI$U�c

Dz0,R
y`L�WHTVjHTVe'^`I

f (z)
F P

F WHrsI�WHTZU�e�JMm/^`TV[ª· iq^KW�JMrsY�et��TKWGJM[_^Z��W�c
c�e'm/g�N]clWHY��pe�gfF E

neturl boundery
I$TZc |z| = 1

�pc
I$U�^ ∑
zn c
N]mÊJwv

z = 1
U(JMLOg RwJMU�WHY

∑

1n = ∞

b�x



[_^���WHN�I$e ∑
(−1)

n
z = −1

U�JML+g
R���e<J

z4 = 1
}`I

z = i
U�JML+g

[

z + z2
]

+ z4 + . . .+ z2n

+ . . . = ∞
W�JMTZU�e�JMm/^`TV[_clW�Jwv�JMiq^`cle;��TZe'e;��RMY(JMI�L

∀n ∈ N; k = 1, 2, . . . , 2n−1, or,n =
2πk

2ω

F e�m/g<N2cle;��L�WHT�jHTZe'^`IdI$e�R���e�J]c2v(TVrsTVcle'mug<N2e�[_rsTZL�c]Y�JMY�n�c
n�JMLOipJM^�e�LOTViµU�N2JMe'�
F e<�V^`c���JMrsWHL�iqUXWHT�jHTZe'^`I�WHU(v(mÊJMN
�pc]TVn(iq^`JMY6�_TG�¸v�r�I³c
^`WK�_N]L�����JMr�Wke'��e c
U�g�c

∑

zn WHI�c
TVe�gXLOTV��U�c]e²}`IKJ]c2v(TVrsTVcle'mug<N2e�e���^`cl�qJMrsWHc]Ndc
iqWHg<clW�JM^`L+e RwJMTZg<U
��JMrsWHL�WHT�jHTZe'^`I

f (z)
c]c
Wä�¸È<U(JwJ���e'�Ç�]c
N]e

D = {z| |z| < 1}
RwJMTZJwJ��Þ�GTZTViqWHN��qI ∀z ∈ D; |f (z)| ≤ |z| TV}`I f (0) = 0

\�[!JM^�L�J ∀z ∈ D; |f (z)| < 1
R��OJMN
�OJ

∃θ0
0 ≤ θ0 ≤ 2π

; f (z) = zeiθ0
TV}`I z0 ∈ D

z0 6= 0
U(JMLOg

F (z) = f (rz)
��J��_U�^ c
r��OJMc

F (0) = f (r · 0) = f (0) = 0

F (z) = f (ζ) , ζ = rz

F c2v(TVrsTVclWHY���e'gXWHTVjHTVe'^`I
F
R���e

F (0) = 0
¡
D = {z| |z| ≤ 1} J F (z)

U(JMLOg�TZe'L+JMe�m/cl�qJMN2TV[_iqN]c
jHY<�_N

f (z) = a0 + a1z + . . .

(a0 = 0) ⇒ = a1z + a2z
2 . . .

F (z) = a1rz + a2r
2z2 + . . .

G (z) =
F (z)

z
= a1r + a2r

2z + . . .

U�N2JMe;�]�OU(JMm/[_chc2v(TVrsTVc�e�JMm/gÇe'��c
Y���e'gÇ��JMN]TZ[_iGN2chW�I�WHe'L+iGN
G (z)

R���e
D
L�WHTVjHTVe'^`I

G
R���e

|z| = 1
e'g

G (z) =
F (z)

z

|z| = 1, |G (z)| =
|F (z)|
|z| = |F (z)| = |f (rz)| < 1

|G (z)| < 1
�qTVTZiGW�N |z| = 1

e�g6JM^`e'LOTZi

|G (z)| =
|f (rz)|

|z| , z 6= 0

f (rz) −−−→
r→1

f (z)

⇒ |f (z)|
|z| ≤ 1

47



¡ �qJMN2TV[_iqN]c�WH^`g<jHLÇ�_N]WK�_^KF RwJMTZJwJ��_chWH^`g�jHcXW�I�WGJMI�U�c
e7U�I2�_^
z ∈ D

U(JML+g |f (z)| ≤ |z| JM^�TZI$U�cF TZe'iqJMe�c
F g�JMLOi{I$TVc�c
TZn(iG^�JMY�clTV}`I�F WHTZN]TV^`YXc2v�JMiG^`L�e'L+iGW�N���JMN]TZ[_iGN2c
�qI�U�N�JMe;�

g (z) =
f (z)

z
|g (z)| ≤ 1

⇒ z 6= 0; |g (z)| = 1

g ≡ const
TV}`Ik� |g (z0) = 1| U�N�JMe;�]�2�qJMN2TV[_iqN]c�WHI�WHe�LOiqN g (z0)

�GI

|g (z)| = 1

⇒ λ = eiθ0 ; g (z) = λ

z 6= 0;
f (z)

z
= λ

f (z) = λz = eiθ0z

�

TV}`I
z ∈ D; |f (z)| < 1

¡
f (0) = 0

¡ |z| < 1
L�W�T�jHTVe�^�I

f (z)
c
^�JMWH^ c
I$n�JMW

∣

∣

∣f
′

(0)
∣

∣

∣ ≤ 1

|λ| = 1; f (z) = λz
���V�qI�RwJMTZJwJ��!J

�qmuJ
F (z) = f(rz)

z

U�T�v(m/^H��v�JMiqNdJMN
�zL+J�� c]r+�OJMc

g (z) =

{

f(z)
z

z 6= 0

a1 z = 0

f (z) = a1z + a2z
2 . . .

g (z) = a1 + a2z + a3z
2

g (0) = a1

|g (z)| ≤ 1

⇒ |a1| ≤ 1

a1 =
f ′ (0)

1!

⇒
∣

∣

∣f
′

(0)
∣

∣

∣ ≤ 1

RwJMT�JwJ���c�W�r+�OJMc

|g (0)| = |a1| = 1

e�LOiqWHN
z = 0

LzTVe'i�JMe'cl�qJMN2TV[_iqN]c
jHY���N�TZY�e²TZ}�I

|g (0)| = |a1| = 1 = const

(|λ| = 1) ⇐⇒ a1 = λ

⇐⇒ f = eiθ0z
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TV}`IfF
W
U(J��_TVN2L�e�JMm/TZghe'g�JMW�JMIkc
iqTVWHg�N2J$c]}Ge�JMmuTVg�L�g��Vrsrd¡���e�e;�OJMNG��e�JMm/TZg<L�WHT�jHTZe'^`I

f (z)
TVc
W jHY<�_N

F [!JMTVLONliqWHg�c�rsU���c
L�I$TVc
f

F
W
U(J���TZN]L�c]v�TVrsTVc�e�JMm/TZg<etiqWHg�JMN2c

Z
U�J��_TZN]L�c]v(TZrsTVc�e�JMm/g�L�RwJwv(etiGTZY�[_NÖU�}`g�WH^`g<j

�qI�T��zF
Dz, Dw

�GTZU�J��_TZN]Lz�GTZe'e;�OJMN��qTVe'mug<Nl�qTV^�JMWH^ c]r+�OJMc

Dz
f−→ Dw ⇒ Dw

V−→ Ut
ϕ−−−−→

ϕ(0)=0
Uζ

T−→ Dz

c
I$U�^��GI³c
U(JMLOrl�qc�[!JMTVLON�TViqWHg<c
� e�e'm/L�TZ}�I�F [!JMTVL+Nd�Gc
T, V

U��_I��
U�N2JMe;�

V ◦ f ◦ T = ϕ
}�I�[!JMTVL+N�iqWHg�c

ϕ

f = V −1 ◦ ϕ ◦ T−1

F [!JMTVLONliqWHg�c
f
�Gm�R���e�J

�
Z,W

�qTVU(J��_TVN]Lzc]v�TVrsTKTVe�JMmuTVg�U(JMLOgs� c
r��OJMc
Dz → Dw

WHI0c
iqTVWHg�N2J
Dz = {z| |z| < 1} y`L�g��Vrsr�J!WHTVjHTVe'^`I f (z)

c
^�JMWH^|e<�Vn
U��_I��

Dw = {w| |w| < 1}
U�N�JMe;�zF [!JMTZLON�rsU���c
L�IKJMc

f
y��pW�JMI$U�c
e�U�I��_^GF

f (0) = 0
R��OJMN]�

|λ| = 1; f (z) = λz

w = f (z) = a1z + a2z
2 + . . .

z = ψ (w)

´�JMY�c�iqWHg�c�JM^�e�LOTVi
z = ψ (w) = b1w + b2w

2 + . . .

e'LOiq^H}`I�È<U(JwJ���e;��c
N]e�c�W�I�n�JMWkTZY�e
|a1| ≤ 1

1

|a1|
= |b1| ≤ 1

⇒ |a1| = 1

⇒ |λ| = 1; f (z) = λz

F [!JMTVLONlU�N2JMe'�
� v t ïVî qutstxw â�±s§�ìs¢(±

¹�¼]À�Ùk»�¼]À�Üyp_ÀB½�»Ê¾fýS½�Ú�ßHÜ�ßÞ½_À�»/Ü¶»uÙ�ÂSÃÖ½_À�»�ê¶Û2Â�Àa¾ ë+Å�Ý
f (z) = 1

(1−z)(2−z)

c
N]mÊJwv
U(JMLOg�[_^���WHNµU(JMe'TZT�j U�J�j

z = 0
LOTVL+[ F c
^�J��_I�U�c{WGJMTVU�e�JMm/^`TV[_c³W�v�JMiq^7v�g�c
TVc]TqWGJM[_^Z��W�c
ck[!JMTZv(UpF P

F
2 ≤ |z| �qmuJ 1 ≤ |z| ≤ 2

y�L�c]U�JMifc
NdF
D = {z| |z| < 1}W�JMTZe'TVe;��W�JMiq}�r
�Gg6U�J�j³rsWHY�e�c
TVn(Y(JMI$c�e'gXe;��W�[_^

∞
∑

−∞
anz

n
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RMU�JMetU(JMI�e'��TVjHU�Y6c
U�iGNlI$TVc�e'LOI�j�J��_Yhv�JMI$N
z + 1

z

c
TZn(iG^�JMY c
N]mÊJwv

a1 = 1

a−1 = 1

an = 0, n ∈ Z, n 6= ±1

{z|0 < |z| <∞} U�N2JMe'��¡ ~By`e�jHU�Y z e'��etRwJ���^Gc
}`clrsJMW�TVY�c
}���U�N
�

z0
L+TVLO[pWHg�L�j c
U(v(muc

0 ≤ r < R ≤ ∞;Dr,R = {z|r < |z − z0| < R}

c
N]muJwv�L
1

(1 − z) (2 − z)
=

1

1 − z
− 1

2 − z

��}���U�N
�
z = 0

WHI�I$i�JwJwvzWHrsiGet�qTVLOTZTVr�I$ete'LOI³¡ }���U�N
�
0
JM^�rsiqeO�

2
c
U�iqNlU�JML+gX}`I

{z|1 < |z| < 2}
}`I

f (z) =
1

1 − z
− 1

2 − z
1

1 − z
=

1

−z
(

1 − 1
z

)

=
1

−z
1

1 − q

=
1

−z
∑

qn

=
1

−z
∑

(

1

z

)n

=
∑

− 1

zn+1
, 1 < |z| <∞

�qmuJ
1

2 − z
=

1

2
(

1 − z
2

)

=
∑ zn

2n+1

WHg�L�jHLzc
U�iqN�c���v(ghJM^�e�TVLOi

D = {z|1 < |z| < 2}
WHN]TZTViqN

f (z)
c
TVn(iq^�JMY�c

f (z) =

∞
∑

k=0

− 1

zk+1
−

∞
∑

k=0

zk

2k+1
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WHTV��U�g(y�v(r�JKW�T�jHTVe�^�I
f (z)

�GmÊJ
0 ≤ r < R ≤ ∞;Dr,R = {z|r < |z − z0| < R} WHg<LOjkc
^�JMWH^ c
U(v(m/c

�¸RMTZTVU(JMetU�J�ja
K��W�JMiq}�r
U(J�jHe
f (z)

WHI�rsWHY�eXRMWHTZ^KTV}`I�F
Dr,R

W�g<LOjHL

∀z ∈ Dr,R;

∞
∑

−∞
cn (z − z0)

n

Dr,R
W�g<LOjHc�e;�{T�jHiqY�N2JMi��qJMrsW�W�W�e;��L6�!�VN]L�J

Dr,R
e'�{c]v�JMiq^�e'��L6jHe'rsc
Lh[_^`iGWHN
U(J�jHc]J

R��OJ

n ∈ Z; cn =
1

2πi

∮

Γ

f (t)

(t− z0)
n+1

�¸RMTVg<j�JMiGN2e²iqe'r�J�U�JMmu[�¡ TVe'TZLOU�m�jH^`TVI�¡ ´<U(JMI�e'g�L�¡ j�J���Y��
seroc

JMikIKJMc
Γ
U��_I2�

W�JMU�g<c
e'gzT��!JMi�jHY��_N]N³g<L�JM^�c�W�JMTVe�e;��cµWHI{v(LOI$e�TVe'L
e'm/g�N]LlJMW�JMI{\�TVe'rsc
e�U��_Y�Ike�LOIp¡ TVe�e;�
JMi IKJMc

Γ
F P

�
r < ρ < R

U��_I��
ρ
JM[!JMTZv�U<� }���U�N]clLOTZLO[{e'mug<N�IKJMc

Γ
��TZU���i_y�Jwv���JMr�W

F �GTZ^�J���I$U�clTV^��_etc]JwJ���IKJMc]J
R
y`etv�JMI$NdL+JMU�ikTV��TZe;��JMikrsiqTV^H}`I�¡ �qT���WHrs^G�GT�JMipE_�_T$�qIèF E

e�JMm/TZg<c�e'��L�WHT�jHTZe'^`I�e�WK��Y(JMc�c
TZn(iG^�JMY�c]J�U(JMe'TVTVj�U(J�jHe|´<Y�c
^2JMe�J���U(J�jHc
n = −1,−2, . . . ; cn = 0

�GI�F Q
��WHg�L�jHLziGU6I�e+� |z − z0| < R

F |z − z0| > r
�qJMrsWHc�e;��L�W�T�jHTVe�^�I�c
TVn(iq^�JMY�c

n = 1, 2, 3, . . . ; cn = 0
�GI�F b
c
r��OJMc

j�J��_Yt�qJMrsWHLh}�I�F TVN]TZ^`Y�c]N�e�Jwv(mHU�W�JMT2WHn(i
r1
e�m/g<N�JsTV^�JMn(TVrsc�e�m/g<N2c
N
R�jHi�U�WGJMT]WHn(i

R1
e'm/g�N�rsiGTZ^XF P

U��_i

f (z) =
1

2πi

∮

f (t) dt

t− z

}`IKJ2�GTZe'm/g�N�U(JML+gXTVe'e'��U�W�JMTKc
U�iqN]e�c]v�JMiq^�L+T���U�^
1

2πi

∮

CR1

f (t) dt

t− z
− 1

2πi

∮

Cr1

f (t) dt

t− z
= f (z)

F �qTVe;jHL+WHN6È<TVU�rsc�e'g7�qTVe�U�m/jH^�TZI$c�c]e'e;��c
chWHr��OJMc
L+J
F ��U��_i
j�J���Y�e¶´�JMY�c
TO��JMrsWHc��dT�v��]�<È<TVU�r�\<TZ[!JM^�J
È<TVU�rsN�L+JML+TV[®JM^`T��_g<�Þ´���L�WHI�jHLOW�N³g(�Vr�r�U�TV��i0Jwv��qJMrsWHe�U���i�j�J��_Y���JMr�W�N³c]e'e;��c���TGU�N2JMe;�
2π
�GTZY�TV[!JMNkJM^`TVcµg��Vrsr�I$ez�qI{z �qTVe;jHL+WHNµ�GTZn(TVU�rscpE|e�g��GTZe'U�m�jH^`TVIfR���e<J

2π
JM^`Y�[!JMckI$e�¡ È<TVU�rse

F U(JMe'T�jde'�µc]U�iqN]e4c
N2Jwv�c]r+�OJMc]c���rsT��OJMc]e|}`IlJM^`e�J���T2I$e�J��qTVe;jHL+WHN�JMTVc�I$e|�qTVe�U�m/jH^�TZI$c�}�IKJsL�JMLOTV[_L

n ∈ Z; cn =
1

2πi

∮

γ

f (z) dz

(z − z0)
n+1

1

t− z
=

1

(t− z0) − (z − z0)

Æ rsWHY�^q}`I
CR

e'g�J
t ∈ R

�GI
R���e 1

1−q

etg<TZm/c
e��GTZn�JMU

1

t− z
=

1

(t− z0)
[

1 − z−z0

t−z0

]

51



∣

∣

∣

z−z0

t−z0

∣

∣

∣ < 1
��g�Jwv�T |q| < 1

⇒ =
∑ (z − z0)

k

(t− z0)
k+1

Æ }`I�R�jHike'mug<Nle'gXg�^
t
�GI

Cr1

e'g
∣

∣

∣

∣

z − z0

t− z0

∣

∣

∣

∣

> 1

⇒
∣

∣

∣

∣

t− z0

z − z0

∣

∣

∣

∣

< 1

1

t− z
=

1

(t− z0) − (z − z0)

=
1

− (z − z0)
[

1 − t−z0

z−z0

]

= −
∑ (t− z0)

k

(z − z0)
k+1

°�¥�£O£�¥/â�¦�°
¥�ÏZ¢<¨�¥�¤aÕ�ÏVÓ�°�¥�£�¥�í<Õ}|�¥�ÏV¦
F W�T�jHTVe�^�I�c
^`TVIdc]TVn(iq^`JMY�c�c
L�c]v�JMiq^GÆ WHTZU�e�JMm/^`TV[0ò K c]v�JMiq^ c
U(v(muc

I$TVcdc]WHLOTZLO[_L�e�LOIµWHT�jHTZe'^`Iµc
^`TVIµc
TVn(iq^�JMY�cdc
U(JMLOg<�ªc]v�JMiq^�I$TVc�WGv�v�JMLON³WHTZU�e<JMm/^`TV[0c]v�JMiq^ c
U(v(muc
F WHT�jHTZe'^`I�R��

F e'Y�jH^GI�eX¡√
z
W�v�v�JML+NdWHTVU�L+m/e'IdW�JMTZU�e�JMm/^`TV[_L�J

log z
W�v�vOJMLONdWHTZN
jHTZU�mÊJMe²WHTZU�e�JMm/^`TV[_L c
U�g<c

°�£O£�¥/â�¦�°�ÏZ¢<¨�¥�¤aÕ�ÏVÓ�±�£�¥�í<Õ�¨�Ô0ãOÏV¤a¥�Ó
JM}Ç}`I

r = 0;Dr,ρ = {z|0 < |z − z0| < ρ} L Lourent r�JMWHTVY�LµW�JMTVe�TVe;�èWGJMiG}`r{\�JM[_^`TVI0W�JMN2TVTVi×F P
essenyial singularity

WHTVU�iqTVg�WHTZU�e<JMm/^`TV[fc2v�JMiG^
c]N]muJwv

e(
1

z2 ) = 1 +
1

z2
+

1

2z4
+ . . .

W�JMg�TVY(JMNdI$e
n = 1, 3, 5, . . .

�qmuJ
n = 2, 4, 6, . . .

W�JMTZe'TVe'��W�JMiq}`r�\�JM[_^`TVId�_T$U�N2JMe;�

e
1
z = 1 +

1

z
+

1

2z2
+ . . .

F W�JMg�TVY(JMNdWGJMTVe'TZe;�_c�W�JMiG}`rscle;��RMI2�
W�JMTZe'TVe'�pW�JMiq}`r�e;� TVY(JM[fU�Y�[_NÖF E

f (z) =
c−m

(z − z0)
m +

c−(m−1)

(z − z0)
m−1 + . . .+

c1

z − z0
+ c0 + c1 (z − z0) + c2 (z − z0)

2

F �
pole of the order m

�
m
U(v([_N�L�j�JMikc
}���U�N2I$^

c−m 6= 0
�GI�U�N�JMe;�

j�J��_Y6LOj�JMi{JMI�RwJ��_I$U6U(v([_N�LOj�JMi
m = 1

�GI

c−1 6= 0; f (z) =
c−1

z − z0
+ c0 + c1 (z − z0) + . . .

÷�õ ô�õ óZö�ö._��_ø'ù�úSû�ø<ü�M
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F
WHN]TZifWHU�rsIkRwJ��_e'L
JMI

z0
c]v�JMiq^`e

f
e;�0WHT�jHTZe'^`I�c��(�_N2cdWHN]TZTVi{�qI³c
iGTZe'[ WHTVU�e�JMmu^�TZ[ c]v�JMiq^6F Q

U(JML+gXWHT�jHTZe'^`I

Dρ = {z| |z − z0| < ρ}
F
r = 0;Dr,ρ

TViqe'rscl�qJMrsWHL
f ≡ F

U<�_I��
c]N]muJwv

z 6= 0;
sin z

z
=

z − z3

3! + . . .

z
= 1 − z2

3!
+
z4

5!

c
^�jHi�c
LOTZLO[_L�c
N�JM[_r |f (z)| �qIKJ Dr,ρ = {z|0 < |z − z0| < ρ} WHg<LOjHL�WHTVjHTVe'^`I f (z)
�qI jHY��_N

F
D0, ρ

2

y�L |f | < M
��´��

0 < m <∞ �qTVTZi³U�N�JMe;�
z0
e;�

F c
iqTVe'[pWHTVU�e�JMm/^`TZ[pc]vOJMiG^HI$TZc
z0
TV}`I

ρ <∞;D0,ρ = {z1|0 < |z − z0| < ρ} WHTZU�JMiqN]clWHg�L�jHL�RMU(JMetU(J�j c
r��OJMc

f (z) = . . .+
c−m

(z − z0)
m +

c−(m−1)

(z − z0)
m−1 + . . .+

c−1

z − z0
+ c0 + c1 (z − z0) + c2 (z − z0)

2
+ . . .

W�JMU�rsI��qTVe'TZN]LzJMIf��U(JMe'TZT�j¶�
T
U(J�j³IKJMc³�¸RMTVTZU�JMe+�

L
U�J�jK� e<�Vn

c−1 = c−2 = c−3 = . . . = 0

Æ rsT��OJM^

m ∈ N; c−m =
1

2πi

∮

γ

f (z) dz

(z − z0)
−m+1

(γr = {z| |z − z0| = r}) ⇒ =
1

2πi

∮

γr

f (z) (z − z0)
m−1

dz

∀ε > 0; |c−m| < ε
c
I$U�^

|c−m| ≤ 1

2π

∮

|z−z0|=r

|f (z)| |z − z0|m−1 |dz|

<
M

2π

∮

|z−z0|=r

|z − z0|m−1 |dz|

=
M

2π
rm−1

∮

|z−z0|=r

|dz|

=
M

2π
rm−12πr

= Mrm < ε

⇒ r = m

√

ε

2M

F JM^`U�N]muJ |c−m| < ε
}`I

r = m
√

ε
2M

U(JMLOghR���e
Ë
Residue Theorem

Î]°�Ï�¢�§�Ô©±�Ò]Ð(Ô¶¦
U(JMLOg c
U�g�c

n = −1; cn =
1

2πi

∮

f (t) dt
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��WHTZU�I��|�
c−1 Residue

y`e²I�U�iq^

f (z) = . . .+
c−m

(z − α)m + . . .+
c−1

z − α
+ c0 + c1 (z − z0) + . . .+ cm (z − z0)

m

1

2πi

∮

f (z) =
1

2πi

∮

∑

cm (z − z0)
m

=
1

2πi

∑

cm

∮

(z − z0)
m

=
c−1

2πi

TVe'e;��RMY(JMI$L
1

2πi

∮

(z − 1)
m−1

f (z) =
c−m

2πi

��U<��}`^

1

2πi

∮

dz

(z − α)
m =

{

0 m 6= 1

1 m = 1

�
Residue Theorem

� jHY��_N
U�Y�[_N]e²jHU�Y

D
y�LhWHTVjHTVe'^`I

f
F
D
´<JMW�LhU(JMm/[

(Seroc)
�ZRwJMm/c2�$JMi

γ
¡
D
�qJMrsWHLzWHTVjHTVe'^`I

f
c
^�JMWH^

W�Jwv�JMiq^`chW�I�RMN][_^
R��OJMN
�6F
f
e;��WHTZU�e<JMm/^`TV[�c]v�JMiq^�\�I�RMTVI

γ
e�g���rsTZ^�^KF W�JwvOv�JMLONzW�Jwv�JMiq^
e;��TVY(JM[

z1, z2, . . . , zp
TV}`I

γ
T��Vg�W�JMY�i�JMN
� W�JMTVU�e�JMm/^`TZ[_c

∮

f (z) dz = 2πi

p
∑

j=1

c−1,j

R��OJ ∮
|zi−z|<ε

f (z) = 2πic−1 (zi)
e'gX�qTVe'U�m�jH^`TVI$c
�qJ���[�IKJMc�e'U�m�jH^`TVI$c c]r+�OJMc

∮

γ

f (z) =
∑

i

∮

|zi−z|<ε

f (z)

=
∑

i

2πic−1 (zi)

e'U�m�jH^`TZI�c�WHI�I�n(N e'TZm/U�W

I =
1

2

∫ ∞

−∞

dt

1 + t2
=

∫ ∞

0

dt

1 + t2

F WHTVU�I�� WHU�}�g�LzI$n(N]^
W�JMTZU�e<JMm/^`TV[�W�Jwv�JMiq^�}`I

Γr = Cr∪Ir }�IKJ Cr = {|z| = R, ImZ > 0} , Ir = [−R,R]
e�JMe'[_N�U�n(TZ^

R���e�J
z = i

iqUXT�jH^�JwJMe'U�JM^�e
z = ±i �Gc

∫

Γr

f (z) dz = 2πiRes (f (z)) |z=i

c
I$U�^
R → ∞ \<TZI���^

∫

C+

R

f (z) dz → 0
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∫

Γr

=

∫

C+

R

f (z) dz +

∫

IR

f (z) dz

∣

∣

∣

∣

∫

C+
r

dt

1 + t2

∣

∣

∣

∣

≤
∫ |dt|

|t|2 − 1

=
1

R2 − 1

∫

|dt|

=
πR

R2 − 1
−−−−→
R→∞

0

degP+2 ≤ JM}2c�jHT��_e�iqTVY�[_N]c�TVI$^`WHc�U�N�JMe;��F TV�_N]N]c�U�TZn(che'g Q 6= 0
�qmuJ ∫ P (t)

Q(t)dt
c
U�g<c
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degQ

LO��rs^
1

1 + z2
=

1

(1 + i) (1 − i)
=

α

z + i
+

β

z − i

=
1

2

i

z + i
− 1

2

i

z − i

⇒
∫

ΓR

1

1 + z2
=

1

2i

∫

ΓR

1

z − i
⇒ = π

�+�Vc
[ R���e

π = lim
R→∞

∫

Γr

dt

t+ 1
=

∫ ∞

−∞

dx

1 + x2

I =
π

2
�GTZg�vOJMT$JM^`I�� r�TZ^`^HF WHTVY(JMe'TZr�´<U(v

1

1 + z2
=

c−1

z − i
+ c0 + . . .

z − i

1 + z2
= c−1 + c0 (z − i)

lim
z→i

z − i

1 + z2
= c−1

z − i

1 + z2
=

z − i

(z − i) (z + i)
=

1

z + i

−−−→
z→i

1

2i

W�Jwv�vOJMLONdW�JMTZU�e�JMm/^`TV[�W�Jwv�JMiq^`e²jHU�Y
D
y`LzWHT�jHTZe'^`I

f
�qI

D
�qJMrsWHL�W�TVY�U(JMN2JMU�Ndc
TZn(iG^�JMY c
U(v(m/c

c
Y��_c�e'g��qJMe'�XU�N2I$^�I$e²¡ c
Y��_c�e�g4W�JMU�L�jHn(N
W�Jwv�v�JML+N�· iq^]e;�{WHTZY(JM[_^�TZI
c]U�v�TV[µW�JMTVc]e4c
e�J���T c
U�g�c
F c
U(v(m/c
L

T��Vg
D
y`L
f
e;�p�qTV[_Y�I$c�WHI�RMN2[_^�F

D = D ∪ ∂D ��JMr�W�L�WHTVY�U(JMN2JMU�N
f (z)

TZc
W�jH^�N�JMm/U�I$c
jHY��_N
{a1, a2, . . . , ak}
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f
e'�p�qTVL�jHiqc�W�I�R��OJMN
��RMN][_^GF{m1,m2, . . . ,mk} �GTZTZJML+UX�Gg

{b1, b2, . . . , bn}
F {p1, p2, . . . , pn} �GTZTZJML+TVU�c��qg�GTZTViµTV}`I

1

2πi

∮

∂D=r

f
′

(z) dz

f (z)
=

k
∑

j=1

mj −
m
∑

j=1

pj

bj
L�j�JMiµL+TVLO[fU�JMe�TVT�jµU(J�jHetrsJ�jHTZY�L U�L+[_c

f (z) =

∞
∑

l=−pj

aj (z − bj)
l

� aj

(z−bj)
pj

y`N�e'TZrsWHN�U(J�jHc�U�N�JMe;�]�]F LOj�JMiGclTZJML+TVU�c
pj
U��_I��

e²L+e��qT��_^H}`I
(log f (z))

′

= g (z)

g (z)
U(JML+gXWHTVU�I��_c�jHY<�_N�WHI�e'TVg�Y�^�J

c
N2e
TZ}`Ik�

t
T�JMLOTVU�Nq�

t
U�Y�[_N�[_Y�IKy

α
F P

at 6= 0; f (z) = at (z − α)
t
+ at+1 (z − α)

t+1
+ . . .

α
e;��c
^�jHikc
LOTZLO[_L�U�JMe�T�j�U(J�jµ�GTZU�j�JMY

= (z − α)
t
(αt + αt+1 (z − α) + . . .)

= (z − α)t
Q (z)

t
U(v([_N

α
e;��TV^`TVTZY�JMI��qJMrsWkF

Q (α) = at
�GmuJ2WHTVjHTVe'^`I

Q
U���I��

log (f (z)) = t log (z − α) + logQ

TV}`Idc
WHL+TVL+[_L+J
α
y`L�WHTVjHTVe'^`I

f
y�J
α
y`Lz�GTZ[_Y�I

t
�_T

f (z)
y`et�GIµ¡ U�N�JMe;�

log
′

(f (z)) =
t

z − α
+
Q

′

(z)

Q (z)
=
f

′

(z)

f (z)

⇒ Res

(

f
′

(z)

f (z)

)

= t

t
U(v([_N�L�j�JMi_y

α
�qIèF E

f (z) =
1

(z − α)
tQ (z) =

1

z − α

{

Q (α) +Q
′

(α) (z − α) + . . .
}

⇒ log (f (z)) = log
(

(z − α)
−t
)

+ logQ (z)

= −t log (z − α) + logQ (z)

f
′

(z)

f (z)
=

Q
′

(z)

Q (z)
− t

z − α

⇒ Res
f

′

f
= −t
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��L�j�JMi{JMI�[_Y�I_�]JM^`TZI�U�c�c]v(TZr�I�c
LOTZWK��L0F Q

t ∈ Z\ {0} ; f (z) = (z − α)
t
Q (z)

f
′

f
=

t

z − α
+
Q

′

(z)

Q (z)

A = C
TV^��fL+e;�_L+J

A = B
rsT��OJM^

A = B = C
W�JM^`g�jµc
N]�zJM^`e��_T c
r��OJMc
F
A = B

e<�Vn F P
�qTV^`WK�_N�TZJM^`T��pg<n(L+^

W = f (z)

dW = f
′

(z) dz

dW

W
=

f
′

(z) dz

f (x)

R���e

1

2πi

∮

f
′

(z) dz

f (z)
=

1

2πi

∮

rn

dW

W
=

{

1 circels the point

0 else

î�îÊïZîÊï qutstxw â�±s§�ìs¢(±
�ñjH^`N2JMmuU�I$c�jHY��_N�W�U�}`g�L2�Çc
�_JMUhjHY��_N�W�r+�OJMc

�GTZY�W�J��_Nd�GTZ[_Y�I�RMTVI
f + g

y�J
f
etT��hrsTZ^�c]e�U�W�JMNÉF P

rsTV^`^HT��

f (z0) = 0

}�I
g (z0) = 0

e<�V^Z�OJ
z0
y�L��GTZN]g�Y

k

f (z) = (z − z0)
k
Q (z)

g (z) = (z − z0)
k
G (z)

�qmuJ
f1 = Q (z) , f2 = G (z)

rsiqTV^H}`I

|z − z0|k Q (z) < |z − z0|k G (z)

⇒ Q (z) < G (z)

h = f + g,Q = f+g
f

= h
f

= 1 + g
f

U�TZv�m/^XF E
�qTV[_Y�I$c�U�Y�[_N

N0 (Q) = N0 (h) = N0 (f + g)

[_Y�I�U���I��

T (z0) 6= 0; f = (z − z0)
m
T (z)

1

f
=

1

(z − z0)
m

1

T (z)
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(|g| < |f |) ⇒ N0 (h) = N0 (f + g) = N0 (f)

N0 (Q) −N∞ (Q) = N0 (h) −N0 (f) = N0 (f + g) −N0 (f)

F jH^�N�JMm/U�I$c
jHY��_N�WHI
Q
e'gXe�TVg�Y�^

Q = 1 +
g

f
∣

∣

∣

∣

g

f

∣

∣

∣

∣

< 1

Q = 1 + V (z)

F JM^`N]TVTZ[fjH^`N�JMm/U�I�c
jHY��_N�Y(�Vg�J |V (z)| < 1
e'LOI

f (z)
e'�p�qTV[_Y�I$c
U�Y�[_N�WHI�I$n(N c
N]muJwv

f (z) = z +
z2

3
+
z10

2
+

1

10

D = {z|1 < |z| < 2} ��JMr�W�L
F TZ^`JMn(TZrsc]J]TZN]TZ^�Y�c�e�JMm/TZg<Lz�qTV[_Y�I$c�U�Y�[_NlWHI³r�iqTV^ RwJMU�WHY

rsiGTZ^]�qI
TZ^�JwJMe'UtI�e|R���e<Js�GTZ[_Y�IlRMTVI
c
Y��_c�e'g�e'LOI
D = D1−D2

WHI
�qTVU�i�JMr�JM^`IlT��tLOeÇ�qT��_^
F I$e�JMI�c
Y��_clWHI

rsiGTZ^HTV^�JMn(TVrsc�e'm/g�N]clU(JMLOg
h = f + g

f =
z10

2

g = z +
z2

3
+

1

10
|z| = 2 ⇒ |f | > |g|

R���e
N0 (f + g) = N0 (h) = 10

TVN]TZ^`Y�c
e'm/g�N]clU(JMLOg
D2 = {z| |z| < 1}

h (z) = z +
z2

3
+
z10

2
+

1

10
h (z) = f1 + g2

f1 = z

f2 =
z2

3
+
z10

2
+

1

10 TV}`I

|f1 (z)| = |z| > 1

3
+

1

2
+

1

10
≥
∣

∣

∣

∣

z2

3
+
z10

2
+

1

10

∣

∣

∣

∣

= |f2 (z)|

TV}`I
|f1| > |g1|
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1 = N0 (f1) = N (f1 + f2) = N0 (h)
F WHg<LOjHL��GTZN]g�Y

10 − 1 = 9
[_Y�I$WHN

h
c]^�iq[_N

e'�ª���qTV[_Y�I$c�U�N�JMe;�]�
�qT��_U(J��_c�U�Y�[_N�WHI�I�n(N e'TZm/U�W
h (z) = 3z5 − 1 + z2 − z

D = {z| |z| < 1}

r�iqTV^ RwJMU�WHY
f = 3z5 − 1

g = z2 − z

T��hL+e²�qT��_^
|f | ≥

∣

∣3z5
∣

∣− 1 = 2

|g| ≤
∣

∣z2 − z
∣

∣ ≤ 2
�ñjHY<�_N2eXv�JMm/TV^`L���RwJMTZJwJ�� W�Jwv�JMiq^�W�JMTZc
e�W�JMe�J���THU�N�JMe;�

W�Jwv�JMiq^�JMe'I����_T$�qI��_Y�rs^qR���e
|g| = 2

⇒ |z (z − 1)| = 2

⇒ z = −1

|f (−1)| = |−3 − 1| = 4
F c]Y<�_c�e'g |f | > |g| JM^`TVI$U�c�R���e

N0 (f) = N0 (h)

|z| < 1;N0

(

3z5 − 1
)

}`I
3z5 = 1

z5 =
1

3
N0 (f) = N0 (h) = 5

c
IKJwJ��_N
� c
I$U�cµ��c��!JMU6jHY��_NG� e'TZm/U�W
azn = ez

F c]v�TVrsTVcle�JMm/g�L�W�JM^�JMU�WHY
n
i�JMTZv(L��_T

a > e
U<�_I��

RwJMU�WHY
h (z) = azn − ez

h (z) = f + g

f = azn

g = ez

|f | = a > e

|g| =
∣

∣ex+iy
∣

∣ = ex ≤ e1

|g| ≤ e < a ≤ |f |
N0 (g + f) = N0 (h) = N0 (f) = n

o��



c
g�JMLOi
f
TZ}�I

CW
y�Lhc
Y(JMY�n�c
^`TVI

C
e;�pc
^�JMN]WHc��GIKJ]c
N]e;�

f (z)
�GIµ��e'TZL+JMTZe4jHY��_N]e�c
e'e;��cG� jHY<�_N

¡
z0
LOTZLO[kR�jHide�JMm/gte;�Xe'�µc]^`JMN2WHc�TZ}`I

z0
y�LXWHTVU�iqTVg²WHTVU�e�JMm/^`TZ[kc]v�JMiq^2�_T

f
y�e|�GI³��[_U�jK�_U�TZJwJ�� jHY��_N

F U(J��_TVN2c�e;��Lzc
Y(JMY�n�c]^�TZc
c
^`g<jlRMTZI
JMU(JMLOg<�

z0
L+TVL+[�R�jHi�e�JMm/g²�GTZTVi�U�N2JMe'����c]e'TVe;�_LXc]r+�OJMc�U�N�JMe;�]�+c
}��tU�L�v�RMTZI�� �ON rsTV^`^ c
r��OJMc

�qTVN]TZTVipU�N�JMe;�
A = {z|0 < |z − z0| < ρ} c
^�JMN]WHc³e;�ª�qTVe;�_N2L�R�jHi�e�JMm/g��qTVTZifU�N2JMe;��c
^�J���^�p´��

a, b

|f (z) − a| > b > 0
TV}`IdW�I�}`c�c
L+TVL+[_Lhc
N�JM[_r�Jq�

z0
y`LzrsU<��L�I$e�e'L+I_�

z0
LOTVL+[fWHTVjHTVe'^`I

g
�GIµÆ jHY<�_N2c�WHI�U�T���}`^

U�TZv(mu^
z ∈ A

U(JMLOg6TV}`I�F c
iqTVe'[pWHTVU�e�JMmu^�TZ[pc2v�JMiG^�I�TZc
z0

g (z) =
1

f (z) − a

|g (z)| =

∣

∣

∣

∣

1

f (z) − a

∣

∣

∣

∣

≤ 1

b
<∞

z = z0
Lzc
iqTVe'[pWHTVU�e�JMm/^`TZ[piq^$�_T

g
e�U�N�JMe;�

g (z) =
∑

ck (z − z0)
k

R���e
g (z) = (z − z0)

n
G (z)

=
1

f (z) − a

G (z0) 6= 0
R���e

n ≥ 0

f (z) − a =
1

g (z)
=

1

(z − z0)
n
G (z)

f = a+
1

G (z)

1

(z − z)
n

F [_Y�I�L
n
U�v�[_N�L�j�JMiµ�_T

f
e;�0JM^�TZI$U�clU�N2JMe'�

�_TK�GI�WHTVU�I��_cljHY<�_N2L WHU(J���}`W
I =

∫ ∞

−∞

P (x)

Q (x)

= lim
R→∞







∫ R

−R

P (z)

Q (z)
dz +

∫

|z| = R

Im (z) > 0

P (z)

Q (z)
dz







e'gz[_Y�I$WHNkJM^�TZI
Q
y�JKc2v(TVN2L�WHTZU�I��_c�jHY��_N]L
�_N]WK�_c
e�RMWHTZ^�TV}`I

deg (p) + 2 ≤ deg (Q)
�qmuJ

F U�TZn(c
� ´'�z�qTVg�L�j��qTVN�JM^`TVe�JMYXTZ^��

P,Q
¡
m ∈ N

c
TZc
T6�¸Rwv�U�J�· }He;�|�]c
N]e'c
degQ ≥ degP + 1

Cr = {z| |z| = R, Im (z) > 0} U��_I2��e'g6e;��WH[_^
∫

Cr

eimz P (z)

Q (z)
dz −−−−→

R→∞
0

ôL\�õ ô�õ óZö�ö._��_ø'ù�úSû�ø	� Q
x ~



~�á v t î r ïZîÊï qutstxw â�±s§�ìs¢(±
â+Ò]¥�íXâ�ÏZâ�Ó�°
ÏZ¢�§�Ôªâ�¥/Ô7ÏZÌ

f (z) =
c−m

(z − a)
m + . . .+

c−1

(z − a)
+ c0 + . . .

Resf (z) |z=a = c−1

m = 2
rsiqTV^

g (z) = f (z) (z − a)
2

= c−2 + c−1 (z − a) + . . .

}`I
[

f (z) (z − a)2
]
′

= c−1 + . . .

⇒ lim
z→a

[

f (z) (z − a)
2
]
′

= c−1

m = 3
U(JMLOg

f (z − a)3 = c−3 + c−2 (z − a) + . . .
[

f (z − a)
3
]
′′

= 2c−1 + . . .

⇒ lim
z→a

[

f (z − a)
3
]
′′

= 2c−1

TVe'e;��RMY(JMI$L c
U�g�c

lim
z→a

[f (z) (z − a)
m

]
(m−1)

(m− 1)!
= c−1

°
ÏZ¢�§�Ô�±�°�Ò]ÏZÔ
∫ 2π

0
dθ

(a+b cos θ)2
; a > b > 0

e;�pe'U�m�jH^`TZI�c�L+J��_TZr c]N]muJwv
�GTZ^`WK�_N�TZJM^`T�� RwJMU�WHY

eiθ = z; 0 ≤ θ ≤ 2π

cos θ =
eiθ + e−iθ

2

=
z + 1

z

2

dz = ieiθdθ

= izdθ

dθ =
dz

iz
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}`I

I =

∮

|z|=1

1
(

a+ b
z+ 1

z

2

)2

dz

iz

I =
1

i

∮

|z=1|

dz

z

4z2

(2az + bz2 + b)
2

=
4

i

∮

|z=1|

zdz

b2 (z − z1)
2
(z − z2)

2

=
4

ib2

∮

|z=1|

zdz

(z − z1)
2
(z − z2)

2

=
4

ib2

∮

|z=1|

zdz

(z − z1)
2
(z − z2)

2

�qT��_U(J��_c

z1,2 =
−a±

√
a2 − b2

b
z1z2 = 1

T�jH^�JwJMe'U�R���e�F
z1 = 1

z2

TV��c]v(TVrsTZc�e�JMm/TVg�eXTZ^`JMn(TZr�v�r�IKJKTZN]TZ^�Y�v(rsIµ�GmuJ
a > b

TV���GTV��N2Nd�qc
TV^��
JM^`e

z1 =
−z +

√
a2 − b2

b e'L+iG^

I =
4

ib2

∮

[

z

(z − z1)
2
(z − z2)

2

]

dz

=
4

b2
(2π)Res

z

(z − z1)
2 (z − z2)

2 |z=z1

=
8π

b2
lim

z→z1

[

(z − z1)
2
z

(z − z1)
2 (z − z2)

2

]
′

=
8π

b2
lim

z→z1

[

z

(z − z2)
2

]
′

=
8π

b2
lim

z→z1

(

(z − z2)
2 − 2z (z − z2)

(z − z2)
4

)

=
8π

b2

(

(z1 − z2)
2 − 2z1 (z1 − z2)

(z1 − z2)
4

)

= −8π

b2

(

z2 + z1

(z1 − z2)
3

)

= −8π

b2







− 2a
b

(

2
√

a2−b2

b

)3







=
2πa

(a2 − b2)
3
2
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°�¥�¦+¨�Ô�±
RwJMWH^�R��OJ

D
U��_ikj�J��_Y6��JMrsWHL�c
Y�TVn(U

f
c
^�JMWH^

morera
jHY��_N

∮

c

f (z) dz = 0

F
D
y�L�WHT�jHTZe'^`I

f
TZ}�I�F

D
´�JMWHL�I$n(N]^�J�RMTVg<j�JMiGN2e²iqe'r
JMc
��e'��JMi

c
U��_I��

U�T�v(m/^�R���e�F ´<U�v�L�TZJMe'WµI$ete'U�m�jH^`TVI$c c
r��OJMc

F (z) =

∫ z

z0

f (t) dt

TV}`I

F
′

(z) = f (z)

F WHTVjHTVe'^`I�R���e�J2U(v([�e;��N�WHU�}`m/^K�_T
F (z)

etT���W�JMU�}`m/^`c�e'��WHI
f (z)

y`e���TKR���e
�

[_^�^`N2U�Y�c�RwJMU�iGg
U(J��_TVN2cle;��e�LOTV��U�c]e²c
n(U�^

sin (x+ y) = sinx cos y + sin y cosx
c
N]muJwv

sin (z + w) = sin z cosw + sinw cos z

U(JML+gXrsT��OJMc
etc
n(U�^ RwJMU�WHY

y ∈ R; sin (z + y) = sin z cos y + sin y cos z

e;��e'ghW�JMc]v(}`N��qc�W�Jwv(TZrsTVc�WHrs[!JM^�Y���gh}�IKJ�c
^�J���^qc
rs[!JM^�c
z ∈ R

T��_N]N2c�U�TZn(c�e'g
F �qJMrsWHc

w ∈ C
rsiqTV^

sin (z0 + w) = sin z0 cosw + sinw cos z0

F U(J���TZN]c�e;��e�RwJ���^HWGJwv(TVrsTVc]N2J
w ∈ R

U(JMLOg6RMI��h�qmuJ
°
¢�Ì
§�â�Ô©Ìs¨*|�°�ÏVÕ�§�¨(Ô ¨�¢�¤�Ò]Õ�Ï�§�â�¥/Ô7ÏZÌs¨h°
ÏZ¢�§�Ô©±�Ò]Ð(Ô7¦�â
Ô¶¥�¦�ÏZÔ

��ò`JML��_r e'TZm/U�W

0 < λ < 1; I =

∫ ∞

0

xλ−1

1 + x
dx

U�r�L+^��pc
TZn(iG^�JMY�c RwJMU�WHY

f (z) =
zλ−1

1 + z

U�rsLO^�J
R > 1, ε > 0, δ > 0

U���I���Æ c
TVn(U�m�jH^`TZIde�JMe'[_NdU�rsLO^

C1 = BR (0, R) , C2 = Bε (0, ε) , C3,4 = Imz = ±δ
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=
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RMI���U�rsLO^

=
e(λ−1) ln ρeiθ(λ−1)
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z = −1
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U(JMLOghR���e
0 ≤ θ < 2π
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ε
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(
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)
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→ 0,
∫

CR
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(

1 − e2iπλ
)
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I =
−2πie−iπλ

1 − e2iπλ

=
e−2iπλ2πi

eiπλ − e−iπλ

=
π

sinπλ
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∣

∣

∣
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∣

∣
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∣
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∣

∣

∣
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∣
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ρ
�fTVI$^`WHL�¡ c
r�JMWHYhc]n�JMLOiqe
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f (z0) = 0

W�JMTZe'e;��c�WHe'L+m/c�TVe'LzrsTV^`^ c]r+�OJMc
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W�È<TVL+JMU(JMc�jHY��_N

fn � f

�
D
e;��W�JMT�jHiqY�N2JMi{W�JMn�JML+i�y�WHWke'g��¶�VN]L2�
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