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Möbius T MPU TKV�W X
Y D�Z\[ ]

z ∈ C; z = x + iy = r (cos θ + i sin θ) T MP^"_ W
z1 · z2 = r1r2 (cos (θ1 + θ2) + i sin (θ1 + θ2)) Wa`,b�cFW

(
1 − i

√
3
)3 OFdfe `,g ^"h T

i cF` r =
∣∣1 −

√
3
∣∣ = 2 TKg ORjJMPU W h�MP_ `lk M b�W�m9npo"q�r�s

=

(
2

2
− i

√
3

2

)3

=
(
2
(
cos

π

3
− i sin

π

3

))3

= 8
(
cos
(
−π

3

)
+ i sin

(π

3

))3

= 8 (−1) = −8

(
i5+1
i19+1

)2 `,g ^"h T
nto"q�r�s

=

(
1 + i

1 − i

)2

=

(
(1 + i)2

(1 + i) (1 − i)

)2

=

(
2i

2

)2

= −1

zn = 2z W LNMuMvdfQ WwT Lxh�M TKb `,g ^"h T
1



nto"q�r�s
z = r (cosα + i sinα)

rn (cosα + i sinα)
n

= 3r (cosα − i sinα)

rn = 3r

r = 0 ⇒ r = 0

rn−1 = 3

r =
n−1
√

3

(cosα + i sinα)
n

= (cosα − i sinα)

cos (n + 1)α + i sin (n + 1)α = 1

(n + 1)α = 2πk

α =
2πk

n + 1

z =
n−1
√

3 (cosα + i sinα) , α =
2πk

n + 1
, k = 0, .., n

MPyzM g|{ h�M�MP} c h�Q T L V ORU~H ` ^ V Q�h g|{ ^"Q ∣∣∣z−z1

z−z2

∣∣∣ = k 1 6= k ∈ R+ `>cF`�gtc e c M W `,g ^"h T
nto"q�r�s

∣∣∣∣
z − z1

z − z2

∣∣∣∣ = k

⇒ |z − z1| = k |z − z2|
(z − z1) (z − z1) = k2 (z − z2) (z − z2)

|z|2 − zz1 − zz1 + |z1|2 = k2
(
|z|2 − z2z − z2z + |z2|2

)

(
k2 − 1

)
|z|2 −

(
k2zz2 + k2zz2 − zz1 − zz1

)
= |z1|2 − k2 |z2|2

=
(
k2 − 1

)
|z|2 −

(
k2z2 − z1

)
z −

(
k2z2 − z1

)
z +

∣∣k2z2 − z1

∣∣2

k2 − 1

⇒
∣∣∣∣
√

k2 − 1z − k2z2 − z1√
k2 − 1

∣∣∣∣
2

= |z1|2 − k2

� h�MPO V�g L m�TKW�T L�L�_�Q `,g ^"h T
az + bz + c = 0

{�g e g M { e�L i MPh TKb�TK`,V O�L g|W
T M g }�jKh�U T Mvj m�g|{ h�MPLNMPUIO�h�M TJb�m�nto"q�r�s

(ax + iay) (x + iy) + (bx + iby) (x − iy) + (cx + icy) = 0

⇒ axx − ayy + bxx + byy + cx = 0

ayx + axy − bxy + byx + cy = 0
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W j m�m�g Qah�j { U�M { O mKT M {�g e g d g d�U�M { O `
∣∣∣∣

ax + bx by − ay

ay + by ax − bx

∣∣∣∣ = (ax − bx)2 +
(
b2
y − a2

y

)

= |a|2 − |b|2

h�MPO V i cF`
|a| 6= |b|

i MPh TJb9` d T M {�g e g d g
� h g|g _�� T M { MPU m�W�` d g y {�m�W � MPU�Q�L�_�Q `,g ^"h T

{z|1 < |<z| < 3}
� gtcFT e gpm d

{z| |z − 1 + i| ≤ 1}
h�MP^"y ` MP^ gpV

1

2
≤ |z − 1 + i| ≤ 1

W h�MP^"y TKV OFj
{|z − 4i|+ |z + 4i| = 10}

W y b�g|` L
� L

z0
O W h g }�^ f ��W h { ^ W

lim
z→z0

f (z) − f (z0)

z − z0

H
f

′

(z0)
L3h�U mK` ORU T Q W�k h V�` H � gpg U

i Qay m H z0
O � T M g h ` MP^"h�MPL TKg|b h�MPQ�M ` M W MPLf� TKg j g|`,m L f ` L3h�U m }�L z0 ` d D W O g O/yfO W h g }�^ f

� L W h { ^ WH
z0
O T M g j g|`,m L W�T M g _�U m M b�W�`>c�T _FMPORU A (z0) = O (z0) = H (z0)

CR T MPLNMuMvdfQ T h�M c } T
∂u

∂x
=

∂v

∂y

∂u

∂y
= −∂v

∂x

H T M g j gp`,m L T M g _�U m M b h�MPO VlT MPQ gpg U T QO TKg j g|`,m L�L gpW }�L W O g ORyfO CR T Q g|g U�Q)M z0 T O g O/yfO TKg|`,g O/L g _ m h b�g�{�Wag _�U m M b�W � L�� k�b�W�`H
z0

W h { ^ W
∂f
∂z

= 1
z

(
∂f
∂x

+ 1
i

∂f
∂y

) H G
∂f
∂z

= 1
z

(
∂f
∂x

− 1
i

∂f
∂y

) H X
3



W L�O W�W h�MP_�O CR T L�O/M TNcF` i TKg|mKg }�L
∂f

∂z
= 0

� Wa{ MPU m O W h g }�^ W�g _�U m M b�W � L W f (z) =

{
z5

|z|4 z 6= 0

0 z = 0
`,g ^"h T

nto"q�r�s
lim
z→0

f (z) − f (0)

z
= lim

z→0

z5

|z|4

z

= lim
z→0

z4

|z|4

= lim
z→0

ei4θ

H
θ � O g M `,T�gtc � g|g U�L `�` MPOR^ W i cF`

� O TKg j gp`,m L�L gpW � L W H � Wa{ MPU m O W h g }�^ W�g _�U m M b�W � L W f (z) = z<z ���p�1q�r
nto"q�r�s

lim
z→0

f (z) − f (0)

z − 0
= lim

z→0

z<z − 0

z

= lim
z→0

<z = 0

�CR T h�} V O T M g j `�m L�U�M { O m
∂u

∂x
= 2x

∂v

∂y
= y

∂u

y
= 0

∂v

∂y
= x

TJg j gp`�m L�L ` f
i cF`

d V M {�gNTKg j g|`,m L f `,g ^"h T
|f | = const

H `��tm�W�T M g _�U m M b�Ww`>c�T _FMPO/U T L�L�_�Q
H
f = 0

i cF` M |f | = 0 g }�L c = 0
e gpm�mlnto"q�r�s

c 6= 0
e g|m�m

f = u + iv

|f |2 = c2

u2 + v2 = c2

2uux + 2vvx = 0

2uuy + 2vvy = 0

4



CR gpb�`
ux = vy

uy = −vx

` ORU m O g _ m � L
uux − vuy = 0

uuy + vux = 0

⇒ uux − vuy = 0

vux + uuy = 0

H
u = const, v = const � ux = uy

h�MPO VW _ g h�jKQ W�` d W j m�m�g Qah�j {�W�T L�O/M TNcFmIT h�e�L
∣∣∣∣

u −v

v u

∣∣∣∣ = u2 + v2 = 0

f = const
i MPh TKb M m�` O g U�H c > 0

� gpg U T Q�L `
H
f T L�L�_�Q =f (x + iy) = y

x2+y2

H TKg j g|`,m L f `,g ^"h T
v =

y

x2 + y2

vx =
−2xy

(x2 + y2)
2 = −uy

vy =
x2 − y2

(x2 + y2)
2 = ux

∫
x2 − y2

(x2 + y2)2
dx +

2xy

(x2 + y2)2
dy =

−x

x2 + y2
+ C

⇒ u =
−x

x2 + y2
+ c

�C |¡¢¡£ ¥¤¢¦¢¦¨§\© ��oª�1q�r
Ref = u

d k,c�TKg j g|`,m L f
d g ⇐⇒ TKg|m MPQ)h W�W){ MPQa_�LNMP_�Q ` i TKg|m u TKgpm MPQ)h W�W�g _�U m M b�` W h V�W

H TKg j g|`,m L (−if)
}�L TKg j g|`,m L f

� L W h V�W
u = ex cos y `«TJgpm MPQah WwWa{ MPQ)_�L3_�Q `,g ^"h T

i MPh TKb
ux = ex cos y

uy = −ex sin y

vy = ux = ex cos y

vx = −uy = ex sin y

⇒ v = ex sin y + c (x) + c

vx = ex sin y + c
′

(x) = ex sin y

⇒ v = ex sin y + c
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Möbius
E�DF¬8E9@l­ ®

a, b, c, d ∈ C

ad − bc 6= 0
; w = az+b

cz+d
W h�MP_ W Q � W yzM g ORQ T MPU TKV�W W h { ^ W

i b MPL3O x = c
h�d gpW�T L W U g|TKV Q w = 1

z
W Qa^¯M {

c → 1

c
∞ → 0

c − i → c − i

c2 + 1

` ^ V Q ` h�d gNW U g|TKV Qwh�Q�M `>c
Ω = {Rez ⊂ 1, Imz > 0} � MPe TKWwT L W U g|TKV Q�MP} W�W U TKV�W i L ` w = 1

z−1 W�m M TKm `,g ^"h T
i MPh TKb

1 → ∞
1 + i → −i

∞ → 0

H h�Mvd g Q Ww` d g d gp` d W�V ORh ` h�O/M V � W Qa^°Q T h g Q�d `,` ^"O�h�Q)M `,c
i M TKm `,g ^"h T

(∞, i, 0) → (0, i,∞)

yzM g O/Q T U TKV�W LNMP_�Q `
` M b�cFW yfe gpW�bF�tV i MPh TKb

(z1, z2, z3, z4) =
z1 − z2

z1 − z4

z3 − z4

z3 − z4 O g _ m h�Q)M `,c
z → w

∞ → 0

i → i

0 → ∞
}�LNM

F (z) = G (w)
i cF`

w = G−1 ◦ F (z)

¡ª§C |¡¢¡£ ¥¤¢¦¢¦¨§\© ��oª�1q�r
W h V�W

H∞ T L3h�U m d i Q g h T h g|b y `\W){ MPU mITKb yzM W�T M V QadfQ±H G}�L
z2 6= 0

e gpm�m H z1 = z2 = 0
h�MPyfLxH

[z1 : z2] = [cz1 : cz2] T M `,g UJd²U ` e�Qwh g|{ ^ m
(

c =
1

z2

)
⇒ [z1 : z2] =

[
z1

z2
: 1

]

H T e�L T M `�g UId T U ` e�Q�M m�` O g U~h�Q�M `>c (c = 1
z1

)
⇒ [z1 : 0] = [1 : 0]

}�L
z2 = 0

h�MPO V
S



i O�MPQaO TKg h�L gpm�g|` L gpW yzM g O/Q T U TKV�W i cF` H X
[z1 : z2] 7→ [az1 + bz2 : cz1 + dz2]

w−1
w+1 = λ

(
z−1
z+1

) V M {�g w = Tz W h V�W
H
T T L³L3_�Q T 3 = I `,g ^"h T

w − 1 = (w + 1)λ

(
z − 1

z + 1

)

w =
1 + λ

(
z−1
z+1

)

1 − λ
(

z−1
z+1

)

=
(z + 1) + λ (z − 1)

(z + 1) − λ (z − 1)

=
z (λ + 1) + (1 − λ)

(1− λ) z + (1 + λ)

W _ g h�jKQ�O/M TNcFmI`,b�c�` ORU `\g�{�c
(

λ + 1 1 − λ

1 − λ λ + 1

)3

=

(
c 0
0 c

)

` O/U mNW h�}�e�O g _ m � L
T 3z =

cz

c
= z

H
2 ` 0 W U gpTJV Qad 0 �ª` O g O/yfQ 5

yzM g|{ h�O ` MP^ g|Vl` dµ´�MPe `,VlWa{�g e gN` MP^ Vl` d W U TKV�W L3_�Q `,g ^°h T
W�` d W�g yfh�MuM m�g L W � ^°M 0 → 6

� gpV�{ M g M m L W e c M W
∞ 7→ 25

6H ` M b�cFW yfe g|W�T L³OFdfe m M 1 → 5 Wa{ MPU m h�e�O m
W U TKV�Ww{ M V9¶�g yzM W�` i TKgpm W h V�W




z

z0

z1

z∞


 =




t

0
1
w


 =




w

w0

w1

w∞




g }�L
z − z0

z1 − z0

z1 − z∞
z − z∞

= t

t =
w − w0

w1 − w0

w1 − w∞
w − w∞

T MP_ g h�jKQ ` h�MPO V�m
(

w1 − w∞ −w0 (w1 − w∞)
w1 − w0 −w∞ (w1 − w0)

)−1

=
1

det

(
−w∞ (w1 − w0) w0 − w1

w0 (w1 − w∞) w1 − w∞

)

H M m�` d W U TKV�W�W�W�g|W�T�T L3}�M z ◦ w−1 T L³L3_�Q mJg }�L
W�g|gpm d W M 1 → 0 T e�L ` MP^ gpV�g _�e TKg MuMP} g }�L g d gp` d W h�Mvd g Q W�g _�e ` h�O/M V d ` MP^ g|V�g _�e � MPe T i M TKm `,g ^"h T

0 → −i
h�e�O m M −1 → ∞

7



¤�¡¯ |¡¢¡¯ ·¤1¦¨¦¢§«© ���|�1q�r
ez W�g _�U m M b�W W h { ^ W

ez = ex (cos y + i sin y)

T M m M cFT
ez1ez2 = ez1+z2

H G
{z|ez = 0} = φ

H X
t ∈ R;

∣∣eit
∣∣ = 1

H ¸
gtc e c M W `,g ^"h T

∀w ∈ C; |ew| ≤ e|w|

i MPh TKb
Rew ≤ |w|

⇒ |ew| = eRew ≤ e|w|

��m M b O i M g MuMvd ��g L~h�h�MP^�j m Q�MP^"h�L�O i M g MuM g d ��g L i cF` � W�` M V�TKgpm MvjJM m MPQ Wag _�U m M b MP}�d i L c Q�MH W�g _�U
� gtcFT e�U g|TKV Q sin z

i L ` `,g ^"h T
i M TKm ¤¨¹? |¡¢¡£ ¥¤¢¦¢¦¢§ ���|�1q�r

z 6= 0; log z = ln |z| + i arg z

log z0 = {ln |z0| + iãrgz0 + 2πik}

`,g ^"h T
zw = ew log z

= e(1+i) log i

= e(1+i)(π

2 i+2πki)

= e
π

2 i+2πki− π

2 −2πk

= e
π

2 i− π

2 −2πk

= ie−
π

2 −2πk

`,g ^"h T
u = C\ [1,∞)

log ` d ¶�m�V f (z)
}�L

f (z) = log (z − 1)

8



i M TKm
f (0) = 3πi

W }�} W�W d V�m Imf (i)
L3_�Q

w = z − 1; g (w) = log w

Imf (i) = Img (i + 1)

l̃og (−1) = 3πi

l̃og (−1 + i) = 3πi− π

4
i + ln |−1 + i|

A = C\ [−1, 1]
� MPe T O ¶�m�V � gpg U � L W f (z) =

(
z2 − 1

) 1
2 `,g ^"h T

i MPh TKb
H G

f (z) =
√

z2

(
1 − 1

z

) 1
2
(

1 +
1

z

) 1
2

(
1 − 1

z

) 1
2
h�MPO V U�M { O m H T MPL { MuMPO ¶�m�V � gpg U √

z2 h�MPO V
A → C\ ((−∞, 0] ∪ [1,∞))

H � g U ` e W Q { e�L `>cF`�¶�m�V h g�{ ^ W�` i TKg|m h�Q)M `>ch�dfU~jJMvd b M m�g L�d�U ` e W O g O/y�O/MPO g y i M TJm H X
√

(z − 1) (z + 1) =
√

reiθr1eiθ1

=
√

rr1ei(θ+θ1)

O/MPO g y�h�e�L `
arg = e

i(θ+θ1)

2 + e
i4π

2

g|m d { _�Q)M
ei0 = ei 4π

2

H � gpb�m�V h g|{ ^ W�` i TJgpm M g M m�g d i g L�h�Q)M `>c
ºC |¡"¤? ·¤1¦¨¦¢§«© ���|�1q�r

(dz = dx + idy) ⇒
∫

c

(u + iv) dz =

∫

c

udx − vdy + i

∫

c

vdx + udy

OFdfe `,g ^"h T
∫

c

(1 + i − 2z) dz

h�dfL c
c = {(1 + i) t|t ∈ [0, 1]}

»



z = t + it
i MPh TJb

∫ 1

0

(1 + i − 2 (t − it)) (1 + i) dt = (1 + i)

(∫ 1

0

(1 − 2t) dt + i

∫ 1

0

(1 + 2t) dt

)

= (1 + i)
((

t − t2
)∣∣1

0
+ i

(
t + t2

)∣∣1
0

)

y2 = x
h�dfL c�` h�^ªj m�g L³M T MPL T L�OFdfe `,g ^"h T

z = t2 + it
i cF` i MPh TKb

∫

c

(1 + i − 2z) dz =

∫ 1

0

(
1 + i − 2

(
t2 − it

))
(2t + i) dt

= (1 + i) i

∫ t

0

dt + (2 (1 + i) − 2)

∫ 1

0

tdt

+ (−2i + 4i)

∫ 1

0

+4

∫ 1

0

t3dt

= (1 + i) i + i − 2

3
i + 1

=
4

3
i

` h�^ªj m�g L�OFdfe `,g ^"h T
c =

{
z|
∣∣∣∣z +

1

2
i

∣∣∣∣ =
1

2
, Rez < 0

}
;

∫

c

z cos z

h�d g MPU ` h�M TJb�m i cF` M TKg j g|`,m L W�g _�U m M b�W i MPh TKb
∫ i

0

z cos zdz =

∫ i

0

z cos zdz

= z sin z|i0 −
∫ i

0

sin zdz

= (z sin z + cos z)|i0

= i
e−1 − e1

2i
+

e−1 + e1

2
− 1

= e−1 − 1

e c M W `,g ^"h T
∣∣∣∣∣∣∣

∫
|z| = 2

Rez ≥ 0

dz

z2 + 1

∣∣∣∣∣∣∣
≤ 2π

3

10



i M TKm
max

∣∣∣∣
1

z2 + 1

∣∣∣∣ =
1

min |z2 + 1|{
z| |z| = 2

Rez ≥ 0

}
z2

−→ {z| |z| = 4}

{z| |z| = 4} z+1−−→ {z| |z + 1| = 4}
min

∣∣z2 + 1
∣∣ = 3

max

∣∣∣∣
1

z2 + 1

∣∣∣∣ =
1

3

h�Q�M `>c

⇒

∣∣∣∣∣∣∣

∫
|z| = 2

Rez ≥ 0

dz

z2 + 1

∣∣∣∣∣∣∣
≤

∫
|z| = 2

Rez ≥ 0

∣∣∣∣
1

z2 + 1

∣∣∣∣ dz

≤ 1

3

∫
|z| = 2

Rez ≥ 0

dz

=
2π

3

g dzMPU T e�yzM m j b dfQ
∮

c

f (z)

z − z0
dz = 2πif (z0)

OFdfe `,g ^"h T
I =

∫
ez

z2 − 9

|z| = 2 ` M ` yfQ W h�dfL c
H � MPe TKWw`>c O g j g|`,m L gtc I = 0

i MPh TKb
`,g ^"h T

I =

∫
ez

z2 − 9
dz

|z − 3| = 1 ` M ` yfQ W h�dfL c
i MPh TKb

I =

∫

|z−3|=1

ez

(z+3)

(z − 3)
dz

(couchy fomula) ⇒ = 2πi
e3

6
=

πie3

3

11



`,g ^"h T
I =

∫
ez

z2 − 9
dz

|z| = 4 ` M ` yfQ W h�dfL c
i MPh TKb

I =

∫
ez

z2 − 9
dz

(
1

z2 − 9
=

1

6

1

z − 3
− 1

6

1

z + 3

)
⇒ =

1

6

∫
ez

z − 3
dz − 1

6

∫
ez

z + 3
dz

=
1

6

(
2πie3 − 2πie−3

)

=
2iπ

3
sinh 3

H
C =

{
x + iy|x2 + y2 = 1, y ≥ 0

} ∫
C

dz√
z ¼ OFdfe `,g ^"h T

}�L
y = x, x ≤ 0

´ g h�e�h�MPO V M √1 = 1 `,g ^"h ¶�m�V h�MPO V i MPh TKb
∫

c

dz√
z

= 2
√

z|−1
1 = 2i − 2

y = −x, x ≤ 0
´ g h�e�h�MPO V

= 2
√

z|−1
1 = −2i− 2

` M ` yfQ W O/Mvdfe�M ¶�m�V�W O/Mvdfe gtc h V ORh W�g _�U m M b h�MPO V h�Q)M `,c
�|½:o£¾9ra¿�À�oªÁ

f (z) =
1

2πi

∮

Γ

f (ξ)

ξ − z
dξ

∫
|z|=2

cosh(iz)
z2+4z+3

OFdfe `,g ^"h T
i MPh TKb

=

∫

|z|=2

cosh (iz)

(z + 1) (z + 3)

=

∫

|z|=2

cosh(iz)
(z+3)

(z + 1)

= 2πi
cosh (−i)

2

∫
|z−1|=1

sin πz
(z2−1)2

OFdfe `,g ^"h T
Â"Ã|Ä Â"Ã|Ä Ã|ÅªÅªÆ�Ç�È£É ÊtËÍÌRÎ

12



T MPh�}�^ m�`�T e�yzM m i MPh TKb
f (n) (z) =

n!

2πi

∫

Γ

f (ξ)

(ξ − z)
n+1 dξ

∫

|z−1|=1

sin πz

(z2 − 1)
2 =

∫

|z−1|=1

sin πz

(z+1)2

(z − 1)
2 dz

=

(
sin πz

(z + 1)
2

)′

|z=12πi

=

(
π (z + 1)

2
cosπz − 2 (z + 1) sin πz

(z + 1)
4

)

z=1

2πi

=
−π4

16
2πi = −π2

2
i

∫
|z|=2

cosh zdz

(z+1)3(z−1)

OFdfe `,g ^"h T
i MPh TKb

∫

|z|=2

cosh z

(z + 1)
3
(z − 1)

dz

= −1

2

∫

|z|=2

cosh z

(z + 1)
3 dz

−1

4

∫

|z|=2

cosh z

(z + 1)
2 dz − 1

8

∫

|z|=2

cosh z

z + 1
dz

+
1

8

∫

|z|=2

cosh z

z − 1
dz

= −1

2

2πi

2!
cosh 1 +

1

4
2πi sinh 1 − 2πi

1

8
cosh 1 +

1

8
2πi cosh (1)

¤? |¡¯ ·¤1¦¨¦¢º«© ���|�1q�r
T MPy m�` i TKg|mKW dfU W } � LNM R = 1

lim sup n
√

|an|
T MPy m�cFTKW yzM g�{ h9h�dfL c f (z) =

∑∞
0 anzn r�o£¾�Ï£¿��|q�o�Ð

lim
n→∞

|an|
|an+1|

T MPy m�cFTKW�W � MPe T~T L³L3_�Q ∑∞
0 cos (in) zn `,g ^"h Ti MPh TKb

R =
1

lim sup n

√
|cos in|

cos (in) =
e−n + en

2

lim sup n

√
|cos in| = lim sup n

√∣∣∣∣
e−n + en

2

∣∣∣∣

= lim sup e
n

√
e−2n + 1

2
= e

⇒ R = e−1

GÑ¸



{
z| |z| < e−1

} T MPy m�cFTKW � MPe T i cF`
� g|V M {�g � g h�Mvj

1

1 − z
=

∞∑

0

zn, |z| < 1

ez =

∞∑

0

zn

n!

cos z =
∞∑

0

(−1)
n

(2n)!
z2n

sin z =

∞∑

0

(−1)
n

(2n + 1)!
z2n+1

T MPL3O WwT M g _�U m M b�W�` d�h�M `,g|g j�h�Mvj ` e�M TKb L�_�Q `,g ^"h T
1

(1−z)2
H G

1
z+a

H X
1

(z+1)(z+2)

H ¸
i MPh TKb
H G

1

(1 − z)2
=

(
1

1 − z

)′

=
(∑

zn
)′

=
∑

(zn)
′

=
∑

nzn−1

H X
1

z + a
=

1

a

1

1 + z
a

=
1

a

∞∑

n=0

(−1)
n
(z

a

)n

g|b�` h�M TKb�m H ¸
A

z + 1
+

B

z + 2
=

1

(z + 1) (z + 2)

14



`,g ^"h T
1

(1 + z) (1 + z2) (1 + z4)
=

1 − z

(1 − z) (1 + z) (1 + z2) (1 + z4)

=
1 − z

(1 − z2) (1 + z2) (1 + z4)

=
1 − z

(1 − z4) (1 + z4)

=
1 − z

1 − z8
=

1

1 − z8
− z

1 − z8

=

∞∑

0

z8n −
∞∑

0

z8n+1

=

∞∑

0

anzn, an =





0 else

1 n = 8k

−1 n = 8k + 1

}�L�H
z + 1 ` d T MPUI}�e�O�e TJb f (z) = sin (2z + 1) `,g ^"h T

f (z) = sin (2 (z + 1) − 1)

= sin 2 (z + 1) cos 1 − sin (1) cos 2 (z + 1)

= . . .

i h�M ` U�Qwh�MvjxL3_�Q sin3 z `,g ^"h T
h�Q�M `>c sin z = eiz−e−iz

2i

i MPh TKb
sin3 z =

e3iz − 3eiz + 3e−iz − e−3iz

−8i

z
(1−z2) sin z

W�g _�U m M b�` H0 ` d W O g ORyfO�h�Mvj ` e�M TKb O � g y b L�L `,W � g Q { UIQ W ¸ T L�L�_�Q `,g ^"h Ti MPh TKb
z

1 − z2
(
z − z3

3 + z5

5! − . . .
) =

z

z −
(
1 + 1

3!

)
z3 +

(
1
5! + 1

3!

)
z5 + . . .

=
1

1 −
(
1 + 1

3!

)
z2 +

(
1
5! + 1

3!

)
z4 + . . .

=
1

1 − 7
6z2 + 21

120z4 + . . .

=
1

1 −
(

7
6z2 − 21

120z4 − . . .
)

i cF` M |t| < 1
i jKU~U gpb yfQ z

h�MPO V
=

∑
(t)

n

=
∑(

7

6
z2 − 21

120
z4 − . . .

)n

= 1 +

(
7

6
z2 − 21

120
z4 − . . .

)
+

= 1 +
7

6
z2 − 21

120
z4 +

49

36
z4 + . . .

G1Ò



Ó  |¡¯ ·¤1¦¨¦¢º«© ���|�1q�r
h�Mvj W i M TKm nt��q�o����|q�o�Ð

∞∑

k=−∞
ak (z − z0)

k

g��pV L3_�Q m � g Q { U�Q W�T L
ak =

1

2πi

∮

Γ

f (z)

(z − z0)
k+1

dz

0 < |z − 1| < 2
� MPe T O i g|g h�M ` h�Mvj ` e�M TKgpb L3_�Q � f (z) = 1

(z2−1)2
i M TKm `,g ^"h T

i MPh TKb
an =

1

2πi

∮

Γ

1
(z−1)2(z+1)2

(z − 1)
n+1

=
1

2πi

∮

Γ

1
(z+1)2

(z − 1)n+3

}�LNM
n ≤ −3

h�MPO V i cF`
an = 0

n > −3
h�MPO V

an =
1

2πi

∫ 1
(z+1)2

(z − 1)
n+3

=
1

(n + 2)!

(
1

(z + 1)
2

)(n+2)

|z+1

. . . =
(−1)

n+2

(z + 1)n+4

(n + 3)!

(n + 2)!

=
(−1)n+2

(2)
n+4 (n + 3)

� X � i MPh TKb
f (z) =

1

4

(
1

z − 1
− 1

z + 1

)2

=
1

4

(
1

(z − 1)2
+

1

(z + 1)2
− 2

1

(z − 1) (z + 1)

)

=
1

4

(
1

(z − 1)
2 +

1

(z + 1)
2 + 2

1

1− z2

)

=
1

4

1

(z − 1)
2 +

1

4

(
1

(z + 1)
2 +

1

z + 1
− 1

z − 1

)

=
1

4

1

(z − 1)
2 +

1

4

(
1

z − 1

)
+

1

4

(
1

(z + 1)
2 +

1

z + 1

)

16



gtc O ` � g d m
1

z + 1
=

1

2 + (z − 1)

=
1

2

1

1 + z−1
2

=
1

2

1

1 + z−1
2

=
1

2

∑
(−1)

n (z − 1)
n

2n

1

(z + 1)
2 = −1

2

( ∞∑

n=0

(−1)
n (z − 1)

n

2n

)′

= −1

2

∞∑

n=1

(−1)n n (z − 1)
n−1

2n

H T MPy m�cFTKW�W � MPe T�T L V ORU � z ` d T MPUI}�e�O�h�Mvj ` e TJb�` f (z) = z2 cos 1
z

`,g ^"h T
i MPh TKb

cosW =

∞∑

n=0

(−1)
n

W 2n

(2n)!

|z| > 0
h�MPO V y cFTKg d { e W h�Mvj W i cF` M |W | < ∞ h�MPO V y m|cFTJW h�Mvj W

cos
1

z
=

∞∑

n=0

(−1)
n

z2n (2n)!

=

0∑

k=−∞

(−1)
−k

z2k

(−2k)!

h�Mvj W i cF`
f (z) =

∞∑

n=0

z2−2n

(2n)!
(−1)

n

`,g ^"h T
f (z) =

2z + 1

z2 + z − 2H � g h�d b L W � g e�M TKgpb�W�`>c H z ` d T MPUI}�e�O�e TJb�`
|z| < 1, 1 < |z| < 2, 2 < |z| h�MPO V e TJb�m i cF` � z = 1,−2 T M g h ` MP^ m�g y T M { MPU m i MPh TJb

f (z) =
1

z + 2
+

1

z − 1

|z| < 2,
1

z + 2
=

1

2

1

1 + z
2

=
1

2

∞∑

n=0

zn

2n
(−1)

n

|z| < 1,
1

z − 1
= − 1

1− z
= −

∞∑

n=0

zn

17



z ` e TKb�`�k�g h�_ 1
z−1

h�MPO V e�M TKgpb�W � gpm�gpg O W�TJV ORjKO
∣∣∣∣
1

z

∣∣∣∣ < 1;
1

z − 1
=

1

z

1

1 − 1
z

=
1

z

∑ 1

zn

gpm MP_ g e W�{ _ W h�MPO V
∣∣∣∣
2

z

∣∣∣∣ < 1,
1

z + 2
=

1

z

1

1 + 2
z

=
1

z

∑ (−1)n 2n

z2

g h�U gpV�W U ` e�O�H h�Q {FW�T L3e�yzM mNg��pV�TKV OFj W�` d g|m MP_ g e W M g Q gpm�b�W yzM g�{ h W�T LwORd�e ` i TKgpm � W h V�W �T MPy m�cFTKW�W yzM g�{ h T LxMPh�MPO V OFdfe m M�h�Mvj W�` d gp`�gp` d W O m } W�T L�h�Q�M `>c � n < 0
U ` e W�T L³e�U gpm� h�Q {�W�T L3e�yzM m O � gp` ^"Qad W }�Q 1

R

LNM W yzM g|{ h W M z = 1
t

h�MPO V
r�oª�|q���oª�ÍÁª�|À�r�oªÔFo£¾�ÁH T L3} Wa{ MPU m ORQw´�MPe W O g O/yfO k h VlTK` O/UIQ W�g _�U m M b�W�W h�MPO VlWa{ MPU m L g|W�TJ{F{ MPO/Q Wa{ MPU m H G

H W U g|` yÖÕ U m � Lf�H h�Mvj Ww` d�h�U g|V U ` e i g LH OFjJMPU � O��
gpb MPy g h�U gpV�W U ` e WH TKg h�U gpV � ^¢�H g|b MPy i g L g h�U gpV�W U ` e W

H T M b�V�T y W Õ U m H � � O T M g h ` MP^ m�g y W�` d�^°MPy W Q log z
H X

gpb MPy i g L g h�U g|V U ` e W�g|W�gz{�g Q T }�L a > 0
� ^¯M

a < |z − z0| < b TKV ORjKO�y m|cFT Q�h�Mvj²× � L W h V�WH
z0 `,V � M `>c�{�g ^ W�`�W�gpWag i TJgpm L ` i g|{�V M

W�g _�U m M b�W�` d T M g h ` MP^ m�g y T M { MPU mI`,c�T L�L3_�Q 1

z2e
1
z

`,g ^"h T
z = 0

L gpW M TKg j g|`,m L�L `�W�g _�U m M b�W�W ORd T e�L Wa{ MPU mKT Q g|g U i MPh TKb
1

z−2e
1
z

= z−2
∞∑

n=0

(
1

z

)n
1

n!

H g h�U gpV ^¯MPy mKTKg h ` MP^ m�g y Wa{ MPU m i cF`
z0 = 0

O T M g h ` MP^ m�g y W ^°MPy T L�U�M { O W Qa^°M {
sin z − z

cos z − 1

0 ` d T O/U�M m Q W�W O g O/yfO�h�M `,g|g jxh�Mvj ` e TKb�m i MPh TKb
z − z3

3! + . . . − z

1 − z2

2! + z4

4! + . . . − 1
=

− z
3! + . . .
1
2 + z2

4!}�L3M
z = 0

O T M b�g _�h�d T M g j g|`,m L T M g _�U m M b9` d W U�M ` e�M m�` O g U
= 0

Â�ØªÄ Â�Ä Ã|ÅªÅªÆ�Ç�È£É ÊtËÍÌ�Ù
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H TKg j gp`,m L g
� ^°M

g (z0) 6= 0
h�dfL c f (z) = g(z)

(z−z0)
n c � ^�OFjJMPU~h g|{ ^ W�` i TKgpm W h V�W

`,g ^"h T
f (z) =

ez

1 − cos z

� � O T M g h ` MP^ m�g y W ^°MPy W Q V ORU
i MPh TKb

f (z) =
ez

1 −
(
1 − z2

2! + z4

4! + . . .
)

=
ez

z2
(

1
2! − z2

4! + . . .
)

M m L3_�Q�h�Q�M `>c
f (z) =

1

z2
g (z)

H
2
h { yfQwh�jJMPU � 0

}�L
g (0) 6= 0

� ^°M TJg j gp`�m L g (z)
h�dfL c

0
O T M g h ` MP^ m�g y W�` dµ^°MPy W Q e

1
z `,g ^"h T

e
1
z

i MPh TKb
e

1
z =

∞∑

n=0

(
1
z

)n

n!

Wa{ MPU m z0
}�L

z0 ` d T O/U�M m Q W O g O/yfO W Q�MPyfe�M TKg j g|`,m L f
� L � T M g h ` MP^ m�g y T M { MPU m U�M `,g y ` i Q g h���j b dfQH

f ` d W U gp` y TKg h ` MP^ m�g y
W h V�W

lim
z→z0

f (z) = w ∈ C

H W U g|` y TKg h ` MP^ m�g yÚÕ U m i gpg _�Q
lim

z→z0

f (z) = ∞

H TKg h ` M b�TKg h ` MP^ m�g yÚÕ U m i gpg _�QH TKg h�U gpV z0
}�L � gpg UxL `�` MPO/^ W � L

gtc�V M {�g M TKg j g|`,m L f (z)
i M TKmÛr��pÐa�t��Á"Ü�Ý���Þ�¾�Áªoªsl��½5À�s�Ü�r�oªÔFo£¾�Á

f (z0) = 0

� L
z0 W){ MPU m O � ` d²h { y � n i Qay m

f (z) = (z − z0)
n

g (z)

H
g (z0) 6= 0 TKg j gp`,m L g (z)

� ^°M
f ≡ 0

L � } n = ∞ � g|b MPy n
� g h�U�Q gpm d � g Q g|g U�}�L

19



V M {�g M W){�g e g3` MP^ V O TKg j g|`,m L f `,g ^"h T
∣∣∣∣f
(

1

n

)∣∣∣∣ < e−n

H
f T L�L�_�Q

|f (0)| = lim
n→∞

∣∣∣∣f
(

1

n

)∣∣∣∣
≤ lim

n→∞
e−n = 0

H gpb MPy 0 ` d�h { y W�gtc e gpm�m f (0) = 0
L � }

f (z) = zmg (z)

g (0) 6= 0

}�L
(

1

n

)m ∣∣∣∣g
(

1

n

)∣∣∣∣ < e−n

⇒
∣∣∣∣g
(

1

n

)∣∣∣∣ ≤ nme−n

H W e m�Wa`\W h g|T yfO g (0) = 0
}�L

¤¢ß? |¡¯ ·¤1¦¨¦¢º«© ���|�1q�r
`,g ^"h T

1
z+z2

H G
z2

1+z4

H X
1

sin πz

H ¸
i MPh TKb

jJMvd b ORjJMPU � W 0,−1 T M g|` h�MP^ m�g y W�T M { MPU m�W H G

lim
z→z0

P (z)

Q (z)
(z − z0) =

P (z0)

Q
′ (z0) }�L

P (z) 6= 0
h�dfL c

Res

(
0,

1

z + z2

)
= 1

Res

(
−1,

1

z + z2

)
= −1

TKg h�L�d²L�_�Q m � g h b yfQ�à � 4
√
−1 T M g h ` MP^ m�g y T M { MPU m }�L�H X

Res

(
z2

1 + z4
,

4
√
−1

)
|z= 4

√
−1 =

z2

4z3
=

1

4
· 1

4
√
−1

20



W�m�c Q W�T Lxh�MP}�^ m H � g jJMvd b � g OFjKU � W H z ∈ Z
� W�T M g h ` MP^ m�g y T M { MPU m 1

sin πz

H ¸
∀z ∈ Z; π cosπz 6= 0

W�m�c Q W jJMvd b ORjJMPU i cF` M3H W�m�c QaO�jJMvd b 0
h�Q)M `>c

P

Q
′

=
1

π cosπz
|z=n

= (−1)
n 1

π

a ∈ R+ h�MPO V ∫∞
0

x2dx

(x2+a2)2
MPOFdfe `,g ^"h T

i MPh TKb
∫ ∞

0

x2dx

(x2 + a2)
2 =

1

2

∫ ∞

−∞

x2dx

(x2 + a2)
2

=
1

2

∫ ∞

−∞

x2dx

(x2 + a2)
2

OFjJMPUáH
ai W){�g e gpW³T M g h ` MP^ m�g y W }�LÖH h�d g|W�`,V�W�Wa{ }�Q T L3} W³W�g _�U m M b�W f (z) = z2

(z2+a2)2
h g�{ ^ m

` MPO/^ W�T L³e�U gpm }�L�H � gpm d'h { yfQ

lim
z→ai

(
z2 (z − ai)2

(z − ai)
2
(z + ai)

2

)′

= lim
z→ai

(
z2

(z + ai)
2

)′

= lim
z→ai

2z (z + ai)
2 − 2 (z + au) z2

(z + ai)
4

= lim
z→ai

2z (z + ai) − 2z2

(z + ai)
3

= lim
z→ai

2zai

(z + ai)
3

=
2 (ai)

2

8 (ai)
3 = − i

4a

i cF`
∫

I+II

z2

(z2 + a2)
dz = −2πi

i

4a

=
π

2a }�L
degQ ≥ DegP + 2

� L ` ORL
lim

R→∞

∫

IIR

P

Q
= 0

`,g ^"h T
a > 0; I =

∫ ∞

0

x sin x

x2 + a2

` h�^"j m�g L W�T L�OFdfe
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gtc O ` � g d m i MPh TKb
I =

1

2

∫ ∞

−∞

x sin x

x2 + a2
dx

I =

∫ ∞

0

Imeix

x2 + a2 e�U gpm }�L
∫ ∞

0

Im

(
xeix

x2 + a2

)
= I

i cF`
I =

1

2
Im

∫ ∞

−∞

(
xeix

x2 + a2

)
dx

TKg h ` MP^ m�g y Wa{ MPU m e�U gpm
∫

I+II

zeiz

z2 + a2
dz = lim

R→∞

∫

I+II

= 2πi
e−a

2

i { h�M�Õ } ` d W Q `�Wwgpb�`
lim

R→∞

∫

II

zeiz

z2 + a2
= 0

W MuMvd ` h�^ªj m�g L W i cF`
1

2
2πe−2 1

2
=

πe−a

2

� g|m�T d�Q TJb�` e W�V _�O m ∫ 2π

0
R (cosx, sin x) `,g ^°h T

eix = z

cosx =
z + 1

z

2

sin x =
z − 1

z

2i

dx =
−i

z
dz

H i MPh TKb�` ORU m MaORd�e m
∫∞
0

sin x
x

MPOFdfe `,g ^"h TH
0 ��`�¶ L�d gNg Mvj g O W U gpb yfQ i jKU a

h�MPO V }�L x sin x
x2+a2

e�U gpm i MPh TKb
∣∣∣∣
∫ ∞

0

sin x

x
−
∫ ∞

0

x sin x

x2 + a2

∣∣∣∣ =

∣∣∣∣∣

∫ ∞

0

sin x
(
x2 + a2

)
− x2 sin x

(x2 + a2) x

∣∣∣∣∣

=

∣∣∣∣
∫ ∞

0

a2 sin x

(x2 + a2) x

∣∣∣∣

≤ a2

∫ ∞

0

1

x2 + a2
dx

= a2 π

2a
=

πa

2
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