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R
n £�¤�¥G¦�§ ¨

V
F : Ω 7→ R

m `Wacb/` zL^ v z�[<Y>i l Ω ⊂ R
n [ a Y�z
`Wa ~�] t0a i

F (r, θ) = (r cos θ, r sin θ)
V _

F (r, θ, ϕ) = (r sin θ cosϕ, r sin θ sinϕ, r cos θ)
V U
V r

Ω ⊂ R
3\ {(0, 0, 0)} , F (x, y, z) =

(

Cx

(x2 + y2 + z2)
,

Cy

(x2 + y2 + z2)
,

Cz

(x2 + y2 + z2)

)
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n
³�º�­E¯�» ¼M½}¼

¾�¿�À�¿3Á�ÂWÃ�¾)ÄCÅ�Ã�Æ�Á�Ç	È�É Ê3ËnÊ3ËnÊ
`Xd eX[�i l eXj�^ b/d [�eX] `Xdnduh�b6l�acx-p ]Ej l ��~ x = (x1, x2, ..., xn) , y = (y1, y2, ..., yn)

`Wacl�ac`Xl

d (x, y) = d (y, x) =

√

√

√

√

n
∑

j=1

(xj − yj)
2

`WacdnvwvK��`Wacb6d [�eX]
`Wacdnx�a j V _

1 ≤ p <∞, dp =





n
∑

j=1

|xj − yj |p




1
p

`Xdnx�a j s pcd ~ V U
d∞ = max

1≤j<n
|xj − yj |

`Wacb6d [�eX] `6acl�a���`
dp (x, y) = dp (y, x)

V _
dp = 0 ⇔ x = y

�6t0a
dp (x, y) ≥ 0

V U
ÌÍ¡ [ a�a�o s d�o�acb�o�Î ~ ` ~ÐÏ d [ h Ï ���Wo�v�Ñ dp (x, y) ≤ dp (x, z) + dp (z, y)

V r
o Ï � n s Y �/dnd�acv:` An, Bn �/d z a Y b"�/d ] dndubÒÌÓvwdnt [ `´Ñ e x�o ]

And∞ (x, y) ≤ dp (x, y) ≤ Bnd∞ (x, y)

R
n Y x, y vK��v

n = 1, A1 = B1 = 1 [ a Y�z�^)] t0a i v
[ d i t�l 0 < r

vK��vLa
x ∈ R

n vK��v
R
n s Y�[ a i �

Bp (x, r) = {y ∈ R
n|dp (x, y) < r}

V
2r z vwh ÏL[ a ~!Y p Y v ]Ô^ d ^ d B∞

V
r j acd i�[<Y�[ a i � ~ a ^ B2

��~
R
n [ a Y�z-^	] t0a i v

2



Õ ^	[<z�^
B2 = B

p ])j l j�[ acb Y V _p ]Ej l�V U
Q (x, r) = B∞ (x, r)

= {(y1, y2, . . . , yn) |xj − r < yj < xj + r; j = 1, .., n}

=

n
∏

j=1

(xj − r < yj < xj + r)

¾�¿�É�È�¿�Â
Ö ‖.‖ [ a Y�z `Wa ] dudnb/` ] `Wa ~�Y�^ `Wacl�a���` ^ ^	[�i t ^

∀x ∈ R
n

λ ∈ R
; ‖λx‖ = ‖ (λx1, λx2, . . . , λxn) ‖ = |λ| ‖x‖ V _
‖x‖ = 0 ⇔ x = 0

�6t0a ∀x ∈ R
n; ‖x‖ > 0

V U
∀x, y ∈ R

n; ‖x+ y‖ ≤ ‖x‖ + ‖y‖ V r
x ∈ R

n [<Y d ~ vKo `p
` ])[ acl ^	[�i t ^

‖x‖`pn = ‖x‖p = d (x, 0) =





n
∑

j=1

|xj |p




1
p

dp (x, y) = ‖x− y‖p

o Ï � p, q, n Y b [ d�acv:` ^ cp,q,n z a Y b"�/dndnb p, q ∈ {1, 2,∞} vK��v v:dnt [ `
∀x ∈ R

n; ‖x‖p ≤ cp,q,n‖x‖q

R
n × ³Ø©�ª�­E¶�· ¼M½�Ù

^	[�i t ^
[<])~ l

R
n YÚ^	[�i�jm~ d ^ {pk}∞k=1

��~ pk = (xk,1, xk,2, ..., xk,n) Û b/l ^ l�ac`Xl k ∈ N
vK��vKo Z dul�l�V _

p ∈ [1,∞)∪{∞} ; limk→∞ dp (p∗, pk) = 0
� ~ p∗ ∈ R

n ^)i acb/l�v�` j l���` ] a ��^�^	[�i�j�^ o
[<])~ l

R
n YÚ^	[�i�jm~ d ^ {pk}∞k=1

��~ pk = (xk,1, xk,2, ..., xk,n) Û b/l ^ l�ac`Xl k ∈ N
vK��vKo Z dul�l�V U

limk→∞ xk,j = x∗,j
� ~ p∗ = (x∗,1, x∗,2, ..., x∗,n) ∈ R

n ^)i acb/l�v�` j l���` ] a ��^�^	[�i�j�^ oV Ì Y dn� [�Y dn� [ `Wa j l���` ^ Ñ j = 1, . . . , n [ a Y>z
»W¬0Üwª}Ý�ª�Þ�ª}®Ø®Gß6¯ ¼M½nà

E ⊂ B (0, r)
o Ï � r > 0

�6dudnby� ~m^	] a j�Zá^ h�a Y b ` ~![ b/l E ⊂ R
n ^ h�a Y b ^	[�i t ^

^)i acb/l�vÔ` j l���` ]C^	[�i�j s `X`�` ] dndub
R
n Yâ^	] a j�Z {pk} ^)[<i�j vK��vâÌ

Bolzano-Weierstrass
Ñ e x�o ]

R
n s Y

U�dnx<l�d ~ ^)Z ��a ^
^	[�i t ^

r



o Ï � 0 < rx = r
` ] dudnb x ∈ E

vK��v�� ~�^	Z ac`Xx ^ h�a Y b+` ~�[ b6l E ⊂ R
n ^ h�a Y bãV _

B (x, rx) ⊂ Evwa Y tW�/t E Y `Wa i acb/l�vKo�` j l���` ]�^	[�i�j v:��v7� ~�^	[ act j ^ h�a Y bâ` ~![ b/l E ⊂ R
n ^ h�a Y bãV U

E Y�^)i acb/l ~ a ^Ô^	[�i�j�^
� ~ E vKo�Ì clusterpoint

Ñ�`Wa [<Y�e h ^ ` i acb/lE` ~�[ b/l p Vp ^)i acb/l�a fE ^ h�a Y b ^ l�ac`Wl�`Wa [<Y�e h ^ ` i acb6l ^)[<i t ^V
E Y `Wa i acb/lWä<a j s pcd ~ v:d�� ] B (p, r) [ a i � ^ 0 < r

vK��v
x ∈ E

vK��v�� ~ G v j�Z d Y�^	Z ac`Xx E o [�]E~ l
R
n ⊃ G ⊃ E

o Ï � E,G `Wach�a Y bqdn`�o�`Wacl�ac`Xl ^	[�i t ^V ÌÍa ^ o�v:� G [ a Y�z�fG s v j�Z d Y�^	Z ac`Xx G v:o ] v�Ñ)VE ⊃ B (x, rx) ∩G o Ï � 0 < rx
�/dndub

V dnx�a j d�a j d���`X`âo�d�VE vKo Z ac`Xx-d�a j d���vK��v¹� ~ ¾	Ã�å�Á�æ�É\¿3Á�ç�è\¿�Æ)Á ` ~�[ b/l E ⊂ R
n ^ h�a Y b ^	[�i t ^dnx�a j ä j a ~ �/dndub fE ⊂ ∪α∈AWα

o Ï ��`Wa Z ac`Xx�`Wach�a Y bÒv:o {Wα}α∈A
ä j a ~ vK��v�� ~â[<] acvK�o Ï � α1, ..., αn ∈ A

n ∈ N;E ⊂
n
⋃

j=1

Wαj

p ∈ R
n `6a i acb6l ^ vK��vKo E Y p ]Ej l�o f ^ h�a Y b6� E vKo [ act j�^ ` ~Ð[ d i t�l f

R
n ⊃ E ^ h�a Y b ^ l�ac`Xl ^	[�i t ^V

E Y `6a [<i�j�^ vKoÒ`WacvLa Y t�p ^ o
E
` ~ `Wacv:d�� ]�[ o ~ `6a [ act j�^ `Wach�a Y b ^ vK��vKo Ï ac`Xd Zá~ d ^ E dn��a Z d���a ^ v:dut [ `

`Wa ~�] t0a i
Bp (x, r) = {y ∈ R|dp (x, y) ≤ y}

Q (x, r) =
n
∏

j=1

[xj − r, xj + r]

o Ï � p1, p2, ..., p2n
`Wa i acb/lW`6a ] dndub Q (p, r) ^)[ act jÒ^ dud Y acbyp�ac`Wl v:dnt [ `

Q (p, r) =
2n

⋃

j=1

Q
(

pj ,
r

2

)

ÌÓ`Wacvwacb6oq`6a ~!Y>^ `Wacl zweX^ vK�)Ñ TFAE
d ��~

R
n ⊃ E ^ h�a Y b ^ l�ac`Xl´Ì Heine-Borel

Ñ e x�o ]
^	] a j�Z a ^)[ act j E

V _
E Y�^Ei acb6l�v¹` j l���` ]�[ o ~Ð^)[<i�j s `X`yo�d E s Y `Wa i acb/l6vKo ^	[�i�j vK��v"V U`Xd e b/x ] acb E

V r
ç�Ç�é<¿0ç

(1) ⇐ (3)
V _��~ A = N

Z b6dulXV ^	] a j�Z E o Z d���aclX`Wd e b/x ] acb E
� ~

Wα = B (0, α)

�/t0a ^	Z ac`Xx ^ h�a Y b a �
⋃

α∈A
Wα = R

n

4



a ~ E ⊂ ⋃α∈AB (0, α)
d ��~

E = B (0, α1) ∪ B (0, α2) , . . . , B (0, αN)

= B (0, r)

[ o ~ �
r = max (α1, α2, ..., αN )

^)] a j�Z E p���vo Z dnl�l p∗ ∈ R
n ^)i acb/l�v�` j l���` ]Ò[ o ~ E Y {pk} ^	[�i�j�^ l�ac`Xl Ö ^	[ act j E ^)~![ l

A = N
[ o ~ � p∗ /∈ E

Wα =

{

x ∈ R
n|d2 (p∗, x) >

1

α

}

ÌÍê z a i�] Ñ ^	Z ac`Xx Wα
d ��~

E ⊂ R
n\ {p∗} =

⋃

α∈N

Wα

p���v¹`Xd e b/x ] acb E

E ⊂
N
⋃

j=1

Wαj

�/d ] d ~ ` ] α1, ..., αN
[ a Y�z

r = max (α1, ..., αn) ;E ⊂ Wr

p∗
v {pk} v:oÒ`Wa j l���` ^ v ^)[ du` j�Y ` ~���^Ô^)i�Y a z�^^)[ act j E

p���v
p∗ ∈ E ⇐
(2) ⇐ (1)

V Ud i d ]Ô^	� Bolzano-Weierstras
dnx<v

(1) ⇐ (2)
V r

^	[ act j�Y E oÒd i d ]
d (0, pk) > k

o Ï � E Y {pk} ^)[<i�j ` ] dndub ^	] a j�Zá~ v E � ~
R
n Y vLa Y t�pcd ~ o�`Wa ~�[<^ vyë Ãnì@È�¾

(3) ⇐ (2)
V �

(2)
` ~ ` ] dudnb ] E o Z dul�l

~ a ^ W o [<])~ l G ⊂ R
n ^ h�a Y b ^ l�ac`Xl�aW`Wa Z ac`Xxá`6ach�a Y bCvKo W

ä j a ~ p�ac`Xl Å�¿�É\Ãní
W Y `Wach�a Y b vKo�dnx�a j�[ x j�] vKo i a Z d ~�Y vK��a ] G � ~ Ãuæ�¿�í G î í�¿�ïÃnæ<¿�í�ð�Å�Ãuï

G ~ a ^ W dn���/d [<] a ~ acl ~ ¾	È<Ç	ï
m ∈ {1, 2, ..M} �/dndub"d ��~ dnx�a j s pcd ~ s G ~ a ^ W � ~ a G =

⋃M
j=1 Gj

� ~ Ã ë�ë é-Å�æ<¿�ï�Ædnx�a j s pcd ~ s Gm ~ a ^ W o Ï �
E ⊂ ⋃α∈AWα

o Ï ��`Wa Z ac`Xx�`Wach�a Y b vKo�a ^ o�vK��ä j a ~ W = {Wα}α∈A
d ^ dp���v ^	] a j�Z E

E ⊂ Q1 = Q (0, r)

V acl [<] t�dux<a j s E W
� ~ V vwa i t�b6dux j�] r [ a Y�z` [<Z\~

Q1 = Q11 ∪Q12...Q12n

5



d ��~ Q1j = Q
(

xj ,
r
2

) ^	[ ach ^ p ] Q1j
v:� [ o ~ �

E =
2n

⋃

j=1

(E ∩Q1j)

dux<a j s pcd ~ Q2 ∩ E ~ a ^ W o Ï � Q2
a
j ∈ {1, .., 2n} �/dndubÎn` [<z a�� ] a ~ Î ^ x<d�Î ~ d ^ G ⊂ R
n ^ h�a Y b vK��ñ ç�È�À�ì�ço Ï � A s Y α1, α2, ..., αN

�/d j b i l�d ~ vKo�dnx�a jÒ[ x j�] �/dndubâ� ~g^ x<d G
G ⊂

N
⋃

j=1

Wαj

^ x<d ~ d ^ �/t ⋃M
k=1 Gk

d ��~ `Wacx<dXpcvwa�� G1, G2, ..., Gm
� ~ Î�` [<z a�� ] Î G ` [�Z�~ÌÓ` [<z a�� ] ` [<Z�~ `Wa Z x<v�` ] dndnb�Ñ�` [<z a�� ] ⋃k

k=1 Hk
� ~ p���v

^	[ act jq^ dnd Y acb"�/dndnb Ã ë É�ÈL¿�æ�Ç�¿�í�ÃnÂ
K = Q (o, r)` [<z a�� ] E o Z dnl�l E ⊂ K

o Ï �
K1 =

2n

⋃

j=1

Qi,j

Qi,j ∩ E
o Ï � {1, 2, .., 2n} Ymi�Z\~ j

`Wa Z x�vá�6dudnb Qi,j = Q
(

qi,j ,
r
2

) [ o ~ �[ d i t0lX` [<z a�� ]
K2 = Qij V ^	��^ j ^ v:d Y o Yo Ï � ^ dnd Y acb ~ h ] l β ∈ N

v:��v ^)] a i pcx�a ~�Y
Kβ = Q

(

qβ,
r

2β−1

)

V ^ b/d [�~ v�p���v¹` [<z a�� ] V ` [<z a�� ] Kβ ∩E �/t0a
Kβ ⊂ Kβ−1

o Ï �^ v7o�d (2)
d ~ l�`Ðv:v:t Y a E s Y ` ~ h ] l {pβ}β∈N

^	[�i�j v Kβ ∩E 3 pβ
^Ei acb6l [<Z�Y l^ vwa z�^ duh�b6l�acx-` ] dndub [�] acvK��Vp∗ ∈ E ^)i acb/l�v¹` j l���` ]m[ o ~Ð^	[�i�j `W`

γ : N 7→ N

limk→∞ d (p∗, pk) = 0
o Ï �o Ï � p > 0

�/dndub"p���v�V
p∗ ∈Wα∗

o Ï � α∗ ∈ A
�/dndub

p∗ ∈ Q (p∗, p) ⊂Wα∗

ÌÍê z a i�] Ñ β ≥ β∗
vK��v

pβ ∈ Kβ
�/dndnb/` ] β∗ ∈ N

vK��v ç\Â�ò�å
p∗ ∈ Kβ∗

p���vvwa i t [ x j�] β = β∗ [ a Y>z
Kβ ⊂ Q (p∗, p)Ì

β
`Wacd ^ v Ï d [ h�vwa i t ^	] � s v:dnt [ `GÑd ��~

E ∩Kβ∗
⊂ Kβ∗

⊂ Q (p∗, p) ⊂Wα∗V ^	[ dn` j ` ~�� s ^ x<d E ∩Kβ
p���v
�V _G~ v¹v Y�~ �6duvwacb6o r f U�d [�eX]ÔY�Z�[<] v z�] V �6dudnb/` ]Ô~ v e x�o ])^ dnvwvK��dut0acvwacx�a e"Y�Z�[<] v zL] ^	[<z�^

�



R
m ó

R
n ¦ T�SLô�Iwõ ¥ T�S�öÚT-N § ÷

p∗ ∈ E ^)i acb/l ^ l�ac`Wl6VT : E 7→ R
m ^ b/` z�^Ô^ l�ac`Xl�a E ⊂ R

n ^ h�a Y b ^ l�ac`Xl
T (p)

o Ï �ád Y acd Z δ = δ (ε)
�/dndnb

ε > 0
vK��v�� ~ p∗ s Y�^ x<dnh [ T T

ë Ä�¾	¿�æ�Ã�è�È ë Ä�øu¾	Ãní�ï ë Á<ø�ç�È�À�ì�ç�6dudnb/` ] a�ÌÓd i�])] n [ a i �)Ñ p ∈ B(Rn) (p∗, δ)
vK� [ a Y>z ` [�i t0a ]

T (p) ∈ B(Rm) (T (p∗) , ε)

ÌÓd i�]E] m [ a i � ^�[ o ~ �)Ñ
d ]E[ acl�aEd [�eX]ÔY�Z�[<] v z `Wacvwacb6o `Wa [�i t ^

d (T (p) , T (p∗)) < ε
a [<i t0a ] T (p) [<[ act d (p, p∗) < δ (ε)

V _
‖T (p) − T (p∗) ‖`2m < ε

a [�i t0a ] T (p) [<[ act ‖p− p∗‖`2n < δ (ε)
V U

^ h�a Y b ^ l�ac`Xl�VT : E 7→ R
m ^ b/` z�^âf p∗ ∈ E ^)i acb/l fE ⊂ R

n ^ l�ac`Xl E
ç�è\¿�Æ	Á ë í�Ç�Ã�Æ�¾	¿�æ<Ãuè�È�¾	È�À�ì�çvK��vKo Ï � δ (ε) > 0

�/dndub
ε > 0

vK��v¹� ~ G v j�Z d Y p∗ Y�^ x<dnh [ T o [<]E~ l/Vp∗ ∈ G ⊂ E
`Xx j acl

p ∈ B (p∗, δ) ∩G
�/dndub6` ]

T (p) ∈ B (T (p∗) , ε)

Ì
T(Rn) (B (p, δ) ∩G) ⊂ B(Rm) (T (p) , ε) [<] acv:�)Ñ

p
v�` j l���` ]Ð[ o ~ G Y `Wa i acb/l�vKo {pk}k∈N

^	[�i�j ë é ë-��Î�� ~ G v j�Z d Y p YB^ x<dnh [ T ù Ì Heine
Ñ e xLo ]�6dudnb/` ]

lim
k→∞

d (T (pk) , T (p)) = 0

ÌÓ` ]Ei acb ^�^	[�i t ^ v¹`Wacvwdnb6o Z d���a ^ v Y Î�oÚÑ
vK� [ a Y>z � ~ G

v í�Ç�Ã�Æ
H Ym^ x<dnh [ T o [<])~ l�VH ⊂ G ^ h�a Y b ^ l�ac`Xl�vLÎnlu� T,G,E [ a Y>z ^	[�i t ^V

G
v j�Z d Y�^ x<dnh [ T Vp ∈ H

vK��v���În� ~ G
v j�Z d Y G s Y�^ x<dnh [ T V v�Î�l��

E,G, T [ a Y>z VG = H Z b/dnl�vLÎnl ^Ð^)[<i t ^	Y o Z dul�l e x�o ]V
G
v j�Z d Y ç�Ç�¿0¾	æ T−1 (W ) ∩G ^ h�a Y b ^

R
m Y W ^	Z ac`Xx ^ h�a Y bÌ Z d���a ^ v Y Î�oÚÑ

¾�¿�æ<Ãuè�È-¾	¿3Á<¾�ò�ç\¿�¾	¿�Ã�å�Á�æ�É\¿3Á�¾�¿�è\¿�Æ)Á
Ö �6dudnb/` ] `Xd e b/x ] acb G

o Z dnl�l G v j�Z d Y G Y�^ x<dnh [ T o Z dul�lXvLÎnlu� T,G,E o Z dul�l e x�o ]
`Xd e b6x ] acb T (G)

V _V ÌÓ`Wac`�o�bÒdnx<v�Ñ ^	[ dno�b T (G)
�6t6d ��~ ÌÓ`Wac`�o�bÒdnx<v�Ñ ^)[ dno�b ^ h�a Y b G

� ~ V U
�6dudnb ] a S : T (G) 7→ G f S ^ b6` zL^ ` ] dndnbyd ��~ G v z�z Î Z\Z T � ~ V r

∀p ∈ G;S (T (p)) = p
Ì ~ Ñ

T (G)
v j�Z d Y T (G) Y�^ x<dnh [ S Ì Y Ñ

ç�Ç�é<¿0ç
v:dnt [ `úV _Z dn��acl ~ vyV U

{



^	~�Y>^�^)] v ^ ` [<��zLY�Z d���acl�V r`X`yo�d {pk} vKo ^)[<i�j `W`"vK��vKo Ï � p∗∗ ^)i acb6l�a R
n Y {pk}k∈N

^	[�i�j�^ l�ac`Xl ç\É ëv ~ d ^ �/t�` j l���` ] `Xd [ acb ])^m^)[<i�j�^ d ��~ p∗∗ v-` j lu��` ]â[ o ~ ÌÓ` [<Z�~ Ñ ^	[�i�j
p∗∗

{

pα(k)

}

k∈N

` ] dua j�]�^	[�i�j `X`�` ] dndub/a ε > 0
�6dudnb�d ��~�^ l�a���l ~ v ^ l�b j�]E^ � ~ ç�Ç�é<¿0ç

^	[�i�j `X`"o�d {pα(k)

} vKoCp�a�acd�� ] Vk ∈ N
vK��v

pα(k) /∈ B (pk, ε)
o Ï � {pk} vKoV ^)[ du` j acl�v Y dnb p∗∗ v�` j lu��` ]�[ o ~

S (v) v ∈ V
v:��v¹V Y�e d ^ ` [<i t0a ] S : V 7→ G ��~ V = T (G)

p ]Ej l Ö Ì r Ñ�` Z ��a ^ v ^	[<��ZÌÓ�6dudnb/` ] p�a�o ~�[<^ b6v Z\^ Ñ)VT (p) = v
o Ï � p ∈ G ^)i d Z d ^)i acb/l ~ d ^[ o ~ V Y {vk}k∈N

d ^ o�v:� ^)[<i�jÒZ b/dnl6VHeine e x�o ] ` [<��z�Y dnl�o ^ b6v Z\^ ` ~mZ d���aclV
S (v∗)

v�` j l���` ] S (vk)
oÒ`Wa ~�[<^ v�acl�l�ach [�Y V v∗ ∈ V ^ l�ac`Wl ^)i acb/l�v¹` j l���` ]p�a�acd�� ] V v∗ = T (p∗) ��~ p∗ = S (v∗)

p ]Ej l S (vk) = pk ∈ G ⇒ T (pk) = vk
p ]Ej l

{

S
(

vθ(k)
)} ^	[�i�j `X`qo�d {pk} = {S (vk)} vKo ^)[<i�j `X`që é ë f `Xd e b/x ] acb G

o
^ x<dnh [ T oûp�a�acdn� ] q

v�` j l���` ] pθ(k) = S
(

vθ(k)
) ~ Î � V q ∈ G ^Ei acb6l�v�` j lu��` ]

G
v j�Z d Y

T
(

pθ(k)
)

→ T (p∗)p���v�ÌÍê z a i�] Ñ À�ÃuÇ	Ã ~ a ^
R
n ^)[<i�j�^ v:oÒvwa Y t ^ V v∗ v�` j lu��` ] vθ(k) = T

(

pθ(k)
) v Y>~

T (q) = v∗ ⇔ S (v∗) = qdnx<vwa�Ñ
S (v∗) ^)i acb6l ç�¾	¿�ï ë�` j l���` ] {S (vk)} vKo1` j l���` ]�^	[�i�j `X`±ë é [�] acvK�ÌÍacl ] dnd j�^	] v ^

�

ç)Á<¾�ò�ç ë Ä ë ¿�Æ\ìGç�È�À�ì�ç
vwa Y t ^ ` ~m[ d i t ^ v�acl�l�ach [�Y p0 ∈ R

n ^)i acb/l ^ l�ac`Xl�a!vLÎnl�� G,E, T `6acl�ac`Wl ^	[�i t ^
lim

p→ p0

p ∈ G

T (p)

~ Î � G v:oÒ`Wa [<Y�e h ^ ` i acb6l ~ d ^ p0
o Z dnl�l

∀r > 0, B (p0, r) ∩G a ~ �6d [<Y d ~ ä<a j pcd ~g^ vwd�� ]
∀r > 0, (B (p0, r) \ {p0}) ∩G 6= φ�6dudnb/` ] o Ï � q ∈ R

m ^)i acb/lW` ] dndub"� ~
∀ε > 0; ∃δ > 0; p ∈ (B (p0, δ) \ {p0}) ⇒ T (p) ∈ B (q, ε)

q
v ^ a�a�o�a!�/dndnbyvwa Y t ^ o [<])~ lXd ��~

` [�i t0a ] T
o Ï � 0 < r

�/dndubWo [<Y>i�^ o�a [ x f p ∈ G
ä j acl�d ~ l�` ~ v:v limp→q T (p)

p�a ] d j�^ ^	[<zL^V
B (q, r) \ {q} v j�Z d Y�Z b/v:lXvwa Y t ^ aWÌ ^ vwa i t [ `Wacd ^ h�a Y b Y �/t/dnvwa ~ a�Ñ B (q, r) \ {q} ^ h�a Y b Y

^ b/` z�^	^ ��În� ~ q v ^ a�a�o�a!�/dndnbyvLÎnl ^ vwa Y t ^ Ì ^ vwacb6oÚÑ ^	[�i t ^
T̃ : G ∪ {p0} → R

m

[ o ~ � G ∪ {p0} v j�Z d Y p0
^)i acb/l Y�^ x<duh [

T̃ (p0) = q a
T̃ (p) = T (p) V

p ∈ G\ {p0} vK��v

8



^	] t�a i
(x, y) 7→ (x cos y, y sinx)

T (x, y) 7→ (x cos y, y sinx) (1)

vKo ^ h�a Y b s `W`mvK�-a ~ E ⊂ R
2 [ a Z�Y v [ o�x ~ Ì _ Ñ ^)Z\j acl ^ ` [���z�Y T ^ b/` z�^�[ d i t ^ v7acl�l�ach [<Y � ~^	�6[�Y\i VG s v j�Z d Y p s Y�^ x<dnh [ T oqv Y b6l G 3 P = (x, y) ^)i acb6l/vK� [ a Y�z a G ⊂ E [ a Y�z a

R
2V `Wacd [ v:b j�^ `Wacduh�b6l�acx ^ `Wacx<dnh [<] `Wacvwb Y�z�Y acl

T : E 7→ ^ b6` zL^Ô^ l�ac`Xl fG ⊂ E ^ l�ac`Xl fE ⊂ R
n ^ l�ac`Xl ^ b6` zL^ vKoq�6d Y d�� [ Ö duv:vK� [ `WacdXpcx�a ~�YV

R
m~ Î � VT (p) [ a e b/a�a ^ v:o j s ^�Y d�� [-~ a ^ fj (p) f p ∈ E

vK��vKo Ï � f1, f2, .., fm ^ duh�b6l�acx m [ d i t�l
p ∈ E

vK��v
T (p) = (f1 (p) , f2 (p) , f3 (p) , ..., fm (p))

fj :
`Wacduh�b6l�acx ^ p ] ` Z\~ vK�á��Î�� ~ G

v j�Z d Y p0 ∈ G ^)i acb6l YÔ^ x<dnh [�~ d ^ T v�Î�l ^â^ b6` zL^	^ e x�o ]vwa Y t ^ p���a ] ��VG v j�Z d Y p0
Y�^ x<dnh [ vLÎ�l ^ E 7→ R

lim
p→ p∗
p ∈ G

T (p)

`Wacvwa Y t ^ p ] ` Z�~ vK����În� ~ q∗ (q1, q2, ..., qm)
v ^ a�a�o�a!�/dndub

lim
p→ p∗
p ∈ G

fj (p)

V
j = 1, 2, ...,m [ a Y�z-f pj v ^ a�a�o�a��6dudnb

v:dnt [ ` ç�Ç�é<¿0ç
^)i acb/l YB^ x<duh [ T o Z dul�lÚVS : V 7→ R

k ^ b/` zL^ a V ⊂ R
m ^ h�a Y b ^ l�ac`Xl7V vLÎnl�� E,G, T [ a Y�z e x�o ]

S ◦ T ^ b/` zL^ d ��~ T (G)
v j�Z d Y q0 = T (p0)

^)i acb/l Yá^ x�duh [ S o Z dnl�lÚVG v j�Z d Y p0 ∈ G[ o ~ ��VG v j�Z d Y p0
Y�^ x<dnh [

(S ◦ T ) (p) = S (T (p))

S ◦ T : E 7→ R
k

S (x1, x2, ..., xm) = xj
� ~ ^	] t�a i

ç\¿�¿�Äkç\À�ÃuÉ\Æ�¾�¿�æ<Ãuè�È
p, q ∈ G

vK��v:o Ï � δ (ε) > 0
�/dndub

ε > 0
vK��v¹� ~Ð^ a�a�o ^)i d ]EY G v j�Z d Y G Y�^ x<dnh [ T ^	[�i t ^

dRn (p, q) < δ ⇒ dRm (T (p) , T (q)) < ε

G Yá^ x<dnh [ T d ��~ `Xd e b6x ] acb G
� ~ a G v j�Z d Y G s YB^ x�duh [ T : E 7→ R

m s aXvLÎnl�� G,E � ~ e x�o ]V ^ a�a�o ^)i d ])Y G v j�Z d Y
v:dnt [ ` f n = m = 1, G = E = [a, b] ^	[ b ] v ^	] a i ç�Ç�é<¿0ç

�



©�ª�¬3­!ü/¬�¸@¬�Ý�©�ªR«�©�ß�» Ù�½}¼
�6dudnb/` ] α, β ∈ R

vK��a
p, q ∈ R

n vK��v¹� ~ `Xd [�~ dul�duv¹` ~�[ b/l T : R
n 7→ R

m ^ b/` z�^ ^	[�i t ^
T (αp+ βq) = αT (p) + βT (q)

`Wa [<zL^
` ] dndnb ~ Î � VA m× n ^ h�d [�eX] d�Î z `Xt�h�acd ] T : R

n 7→ R
m `Xd [<~ dul�dnv ^ b6` zL^ vK�CV _

A = {aij}nj=1

m

i=1 o Ï �
T (p) = T (p1, p2, ..., pn) = (p1, p2, ..., pm) = q (2)

[ o ~ �
(j = 1, 2, ..,m) qi =

n
∑

j=1

aijpj (3)

ê
A
` ~ �6d ~ h�a ]gÏ d ~ T p�ac`Xl�V UV

j ^ �/acb ])Y 1 [ o ~ � T (0, .., 0, 1, 0, ..., 0)
vKo

i [ x j�]�Y d�� [�~ a ^ aij`Wa ~�Z�j acl ^ d�Î z T : R
n 7→ R

m `Xd [�~ dul�duv ^ b6` zL^�^	[ d i t ] A m× n ^ h�d [�eX] vK��dnl�o i h ] V rÌ r Ñ s a6Ì�URÑp ] b/v i � T ` ~ `Xt�h�dud ]Ô[ o ~ A ^ h�d [�eX]E^ pcd Y v T pcd Y�[ o�b ^ ` ~ �/a�o [ v [ o�x ~
(

A
(

pt
))t

= T (p)

V a � ` [<Y�Z�] v�p���vwa j�[ acb6v¹d ] o [�~ v�p�a ] d j V �
T” = ”A,A” = ”T

^ h�d [LeX] ` ] dndub ⇐⇒ det (A) 6= 0 ⇐⇒ z Î Z�Z T ��~ m = n, T : R
n 7→ R

n � ~ Ö ` [ a�� � `ãV �
A−1 d�Î z `Xt�h�acd ] T−1 a B = A−1

Cramer
b/a Z d�Î z A−1 = B ^ h�d [�eX])^ vKo {bij} �/d [<Y d ~�^ ` ~mY o Z v [ o�x ~Ð^	�W^	[ b ])Y

bij =
Mij

det (A)

A
v:o

(n− 1) × (n− 1) ^ h�d [LeX] s `X`"vKo ^�e l�l�d ])[�eWi Mij
[ o ~ �` Y � [ a ])^�^ b/` z�^ �6t6o�d ��~ V `Wacd [<~ dnl�dnv¹`Wacb/` z�^ S : R

n → R
k, T : R

k → R
m � ~

U = S ◦ T
d ��~ AT ” = ”T,AS” = ”S

� ~ aE`Xd [<~ dnl�duv ~ d ^ U : R
n → R

m

AS ·AT ” = ” S · T

10



¾	¿�ÃuÈ<ï�ÃnÂ�Ã ë ¾�¿3Á<¾	ò\ç ë ÄØøný<Ã�Ä´æ<Ã ë øW¾	Â�¿�é�¾
`Wa ~�[ b6l ∃L ∈ R; ∀x, y ∈ G; dV (f (x) , f (y)) ≤ LdG (x, y)

`Wa ] dndub ]E^ f : G 7→ V
`Wacdnh�b/l�acx ` [ a�� � `Îu¡Ld�o�x<dnvLÎ

p, q ∈ R
n vK��vKo Ï � C z a Y b �/dndubÐd ��~

R
m `Xd [�~ dul�duv ^ b6` z�^Ô^ l�ac`Xl e x�o ]

dRm (T (p) , T (q)) ≤ CdRn (p, q) (4)

[ d i t�l f
R
n s Y � ^ o�vK� p, q p�ac`Wl ç�Ç�é<¿0ç

x = (x1, x2, .., xn) = p− q

y = (y1, y2, .., ym) = T (p) − T (q)

A = {aij} T ` ~ `Xt�h�dud ]E^á^ h�d [�eX] A d ^ `
Cauchy-shwartz

p�acdua�a�o s d ~ ` ~m[ d�� � l
∣

∣

∣

∣

∣

M
∑

k=1

αkβk

∣

∣

∣

∣

∣

≤

√

√

√

√

M
∑

k=1

|αk|2
M
∑

k=1

|βk|2

o�p�a�a�� ]
y = T (x)

|yi| =

∣

∣

∣

∣

∣

∣

n
∑

j=1

aijxj

∣

∣

∣

∣

∣

∣

≤

√

√

√

√

n
∑

j=1

|aij |2
n
∑

j=1

|xj |2

p���v
d (T (p) , T (q))2 =

m
∑

i=1

|yi|2

≤
m
∑

i=1





n
∑

j=1

|aij |2
n
∑

j=1

|xj |2




=

n
∑

j=1

|xj |2
m
∑

i=1

n
∑

j=1

|aij |2

acl�v Y dnb ~ Î �
d (T (p) , T (q))2 ≤ d (p, q)

m
∑

i=1

n
∑

j=1

|aij |2

[ o ~ �áÌ � Ñ	` ~ acl�v Y dubâd ��~
C =

√

√

√

√

m
∑

i=1

n
∑

j=1

|aij |2

�6dudnb/` ] a ‖A‖HS d�Î z¹þ p ])j l Hillbert-Schmidt z a Y b ~�[ b/l z a Y b ^
‖Ax−Ay‖2 ≤ ‖A‖HS ‖x− y‖

ÿ�� ����� �������	��

������

�
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d ��~ `Xd [<~ dnl�dnv T : R
n 7→ R

m o Z dnl�l ^	[<z�^
T (Rn) = {Tp| ∈ R

n}V
T
` ~ `Wt�h�dnd ])^�^ h�d [�eX])^ vKo ^ t [�i v ^ a�a�oCacvKo i�])]E^

R
m v:o Y�Z�[<] s `X` ~ a ^

©�ª�¬�Ý�³/ü/¬}²/¸�­	Þ!¬�¶k©�ªR«�©�ß�» Ù�½�Ù
^)i acb/l Y `Xduv:d Y>~ duh�l [ x<d i f o [�]E~ l R

n Y�^	Z ac`Xx ^ h�a Y b G [ o ~ � f : G 7→ R
^ dnh�b/l�acx ^ l�ac`Wl ^	[�i t ^` ~ �/d [ d i t ]k[ o ~ ��o Ï � a1, a2, .., an

�/d [ x j�] n
�/d ] dudnb�� ~ p0 = (x1, x2, ..., xn) ∈ Gd�Î z ε (h) ^ dnh�b/l�acx ^

{

r > 0
B (p0, r) ⊂ G

; ∀h = (h1, ..., hn) ∈ B (0, r) ;

f (x1 + h1, x2 + h2, ..., xn + hn) = f (x1, x2, ..., xn)

+
n
∑

j=1

ajhj

+ε (h) ‖h‖2�6dudnb/` ] d ��~ O = (0, 0, ..., 0); ε (O) = 0
d�Î z �/t0a

lim
~h→~O

ε
(

~h
)

= 0

�/d z a i d��6d ~!Y>^ �/d [<Y\i�^ `Wa [<zL^
p0
s Y�^ x<duh [ f ⇐ p0

s Y `Wdnv:d Y�~ dnh�l [ x<d i f V _`Wacdub6v Z�^ `Wa [<� t�l ^ vK� ⇐ p0
s Y `Wdnv:d Y�~ dnh�l [ x<d i f V U

f
′

j (p0) =
∂f

∂xj
(p0)

V
f

′

j (p0) = aj
a	`6a ] dndub` ~ �6duv Y b ]���~ a p0

Y-ÏL[�z v j � i b ])^)] ¡La Z �6d ]Ei b ])^ v:�¹` ~ a�a�o ^ d�Î zÚ^	Z ��a ^ ^)[�z�^V `Xdub6v Z\^ ` [<� t�l ^Ô[ a Y�z `Xd i�])]�i�Z�^ ` [<� t�l ^ ` [�i t ^V `Wacx<duh [�~ v�acv:dnx ~yf `6acdnv Y>~ duh�l [ x<d i�^)Z d eXY�]Ô~ v p0
s Y `6acdnb/v Z�^ `6a [�� t�l ^ n ≥ 2

�/acdub V r
∂f
∂xj

(p)
o [ `Wd ^ pcd Y o [ a i�^	�![<Y>i Ñ p0

s Y `Wacx<dnh [ f ′

j (p) = ∂f(p)
∂xj

`Wacdnb/v Z�^ `Wa [<� t�l ^ vK��� ~ V �V
p0
s Y `Xdnv:d Y d ~ h�l [ x<d i f d ��~ Ì p0

vKo ^	Y d Y�j�Y ` ] dudnbV
p0
s Y `Wacx<dnh [�~ v¹p ^ vKoÒ`Wacdub6v Z\^ `Wa [<� t�l ^ o p0

s Y `Wacdnv:d Y�~ dnh�l [ x<d i `Wacdnh�b/l�acx�o�d�V �
Ì
R
n s YÔ^	Z ac`Xx ^ dnd Y acb Q (p0, r)

[ o ~ �)Ñ f : Q (p0, r) → R
^ dnh�b/l�acx ^ l�ac`Xl�Ì � ä�d z�j v ^)Z ��a ^ Ñ ^	] vo Ï � q1, ..., qn ∈ Q (p0, r)

`6a i acb6l/`Wa ] dndnb Q (0, r) Y h = (h1, .., hn)
vK��v¹d ��~

f (p0 + h) − f (p0) =

n
∑

j=1

hj
∂f

∂xj
(qj) (5)

V
Q (p0, r)

v:o ^)i acb/lWv:� Y `6a ] dndub�ÌÍp�a�o ~![�[�i�j�] Ñ f vKo�`Wacdnb/v Z�^ `Wa [<� t�l ^ v:��o Z dnl�l
�/d ~ h ] l sj , tj [ o ~ � f (p0 + h)−f (p0) =

∑n
j=1 (f (sj) − f (tj))

�/a�o [ vGdu` ] s v:dnt [ ` ç�Ç�é<¿0ço
Lagrange e x�o ] dnx<v¹`Wa ~�[<^ v ej = (0, ..., 0, 1, 0, ..., 0)

v&v:d Y b ]Ô[ o�d�ac`Wa ~ v z
f (sj) − f (ti) = hj

∂f

∂xj
(qj)

12



[ o�x ~ d ��~ Q (p0, r)
vKo ^)i acb/l)vK� Y `Wacx<duh [ �/t)`Wacdub6v Z�^ `Wa [<� t�l ^ vK�&vLÎnl ^�^	] v Y � ~ ^	[<zL^

θ ∈ [0, 1] [ a Y>z q = q0 + θh [ o ~ � q1 = q2 =, , ,= qn
[ a Y�z Ì��wÑ ^	Z�j acl ^ ` ~ v Y b/v

` ] dndnbm� ~ p0 ∈ G s Y `Xdnvwd Y�~ duh�l [ x<d i T o [<]E~ l T : G→ R
m ^ b/` z�^ a ^	Z ac`Xx G ⊂ R

n ^ l�ac`Xl ^	[�i t ^d�Î z ~ε : B (0, r) \ {0} 7→ R
m ^ b6` z�^Ô[ d i t�lW� ~ o Ï � L : R

n 7→ R
m `Xd [<~ dnl�dnv ^ b/` z�^

T (p0 + h) = T (p0) + L (h) + ‖h‖ ~ε (h)

V
lim~h→~0 ~ε

(

~h
)

= ~0
d ��~ B (p0, r) ⊂ G

o Ï � r > 0 [ o ~ �
Ö � ~ p0

s Y Û x�d i T o [<]E~ l6VRm v
R
n vKoq` ] d�a j�]�^ h�a Y b `W` ] T ^ b6` z�^���^ l�ac`Xl ^	[�i t ^

p0 ∈ R
n V _

B (p0, r)
Y ` [�i t�a ] T o Ï � r > 0

�/dndubúV U
�6dudnb ] a dT |p0 : R

n 7→ R
m o Ï � dT |p0 d�Î z `Wl ] a j�] `Xd [<~ dnl�duv ^ b/` z�^ ` ] dudnb V r

lim
~h→~0

1
∥

∥

∥

~h
∥

∥

∥

(

~T
(

~p0 + ~h
)

− ~T (~p0) − dT | ~p0
(

~h
))

= 0

h ∈ B (0, r) \ {0} vK� [ a Y�z�[�i t0a ] d�a e d Y>^ ^	[<zL^
` ~âY ac`���v�pc`Xdnl6d ��~ L : R

n 7→ R p0
Y `Xdnv:d Y�~ dnh�l [ x<d i T T (p) = f (p)

�/dnl ])j�] a m = 1
� ~ Î ^)] t0a i Î^	Z�j acl ^ dnx<v L

∀h ∈ R
n;L (h1, ..., hn) =

n
∑

j=1

(βjhj)

[ o ~ � f p0
s Y f vKoq`Wacdnvwd Y�~ duh�l [ x<d i�[ a Y�z � i acb ] � ^	[�i t ^Ô^ `Wa ~ ` ~ �6duv Y b ] acl ~m~ Î �

βj = aj =
∂f

∂xj
(p0)

^	[�i t ^)Y�^	z dnx�a ]�[ o ~ L `Xd [�~ dul�duv ^ b/` z�^	^ d ��~ p0 ∈ G Y `Xduv:d Y>~ dnh�l ~�[ x<d i T : G 7→ R
m � ~ p�a ] d ja � df |p0 ��~ m = n = 1

� ~ vKo ] v dT |p0 , DT |p0 d�Î z p ] a j�] aXV p0
Y T vKoqv ~ duh�l [ x<d i�^ ` ~�[ b6ld�Î z�^ l�ac`Xl ^Ô^ b/` z�^

∀h ∈ R; (df |p0) (h) = f
′

(p0)h d ��~ duv:vK� n v Y>~ m = 1
� ~

∀h ∈ R
n; df |p0 (h1, h2, ..., h3) =

n
∑

j=1

ajhj

=

n
∑

j=1

∂f

∂xj
(p0)hj

=
(

~∇f (p0)
)

· ~h

= grad (f) |p0 · ~h

~∇f (p0) =

(

∂f

∂x1
(p0) ,

∂f

∂x2
(p0) , ...,

∂f

∂xn
(p0)

)

����� ����� �������	��

������


�
�
�������
��
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fj : G 7→ R
`Wacdnh�b/l�acx

m
` [���z�Y-^ t0h ^ v ^ l�`Xdul G ⊂ R

n [ o ~ � T : G 7→ R
m ^ b/` z�^ vK� z a i dn� ^	[<z�^d�Î z

T (p) = (f1 (p) , f2 (p) , ..., fn (p))

~ε
` [�i t ^ o [ d�� � l

~ε (h) =
1

‖h‖ [T (p0 + h) − T (p0) − L (h)]

~ε
vKo

j ^ �/d Y d�� [<^ p���v

εj =
1

‖h‖

[

fj (p0 + h) − fj (p0) −
n
∑

k=1

aj,khk

]

V
dT |p0 = L

` ~ `Xt0h�dnd ]E^á^ h�d [�eX])^ (aj,k)
[ o ~ ��6dudnb/` ] a p0

Y `Xdnvwd Y�~ duh�l [ x<d i fj ⇐⇒ ∀j; limh→0 εj (h) = 0 ⇐⇒ limh→0 ~ε (h) = ~0
p���v

∂fj
∂xk

(p0) = aj,k

j
v:��v

p0
Y Û x<d i fj ⇐⇒ p0

s Y Û x<d i T ^ l�b j�]

[df |p0 ] =













∂f1
∂x1

(p0)
∂f1
∂x2

(p0) · · · ∂f1
∂xn

(p0)
∂f2
∂x1

(p0)
∂f2
∂x2

(p0) · · · ∂f2
∂xn

(p0)
...

...
. . .

...
∂fm

∂x1
(p0)

∂fm

∂x2
(p0) · · · ∂fm

∂xn
(p0)













V d Y acb z d!`Wh�d [�eX] ` ~�[ b6l
[ o ~ ε̃ ^ duh�b6l�acx�a L̃ : R

n → R
m `Wd [<~ dnl�dnv ^ b6` z�^ ` ] dndub � ~y~ Î � V i d Z d ~ a ^ L  v ~ duh�l [ x<d i�^ ^	[<z�^

L = L̃
o zLY aclXvLÎnl ^ �/d ~ l�` ^ vK��` ~ �/d ] dndnb ]

`Wa [�i t ^
V
H Y `Xdnvwd Y�~ duh�l [ x<d i T [<]E~ l H v:o ^)i acb/lWv:� Y `Xdnv:d Y�~ dnh�l [ x<d i T � ~ a H ⊂ G

� ~ V _
Ì
T (P ) = (f1, f2, ..., fn)

[ o ~ �)Ñ H vKo ^)i acb/l\vK� Y `Wacx<duh [ ∂fj

xi

`Wa [<� t0l ^ vK��� ~ a ^	Z ac`Xx H � ~ V U
T ∈ C1 (H) [<])~ lXd ��~

©´­"!B­#!Ô»±«Eªµº Ù�½nà
i d Z d ^ l�`�o ]g[ a Y�z ` [ o [ o ^ b/a Z

[f (g (x))]
′

= f
′

(g (x)) g
′

(x)

�/dnl�`�o ] dnl�o�vKo ^ dnh�b/l�acx<v
d

dt
f (x (t) , y (t)) =

∂

∂x
f (x (t) , y (t))x

′

(t) +
∂

∂y
f (x (t) , y (t)) y

′

(t)

dnv:vK� [ `WacdXpcx�a ~�Y
d

dt
f (x (s, t) , y (s, t)) =

∂

∂x
f (x (s, t) , y (s, t))xt +

∂

∂y
f (x (s, t) , y (s, t)) yt

����� ����� �������$��

������
�%
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`Xduv:d Y>~ duh�l [ x<d i T o Z dul�l�VT : G 7→ R
m G ⊂ R

n ^ l�ac`Xl�ÌÓ`Xduv:vK� ^	[ ach Y ÑG` [ o [ o ^ b�a Z e x�o ]
S
a
T (G) ⊂ W

o Z dul�l�VS : W 7→ R
k ^ b/` z�^ a ^	Z ac`Xx W ⊂ R

m ^ l�ac`Xl�V p0 ∈ G ^)i acb/l Yp���a ] ��Vp0
Y `Xduv:d Y>~ dnh�l [ x�d i S ◦ T a p0

v:o ^	Y d Y�j�Y ` [�i t0a ] S ◦ T d ��~ V q0 s Y `Xduv:d Y>~ dnh�l [ x�d i
d (S ◦ T ) |p0 = dS|T (p0) ◦ dT |p0

[d (S ◦ T ) |p0 ] =
[

dS|T (p0)

]

[dT |p0 ]

�/d ~ ` ] r > 0 [ a Y�z d ��~ B = dS|T (p0)
fA = dT |p0

p ])j l ^)Z ��a ^
∀h ∈ B (0, r) ;T (po + h) = T (p0) +Ah+ ‖h‖ ε (h)�6d ~ ` ] ρ > 0 [ a Y�z
∀u ∈ B (0, ρ) ;S (qo + u) = S (q0) +Bu+ ‖u‖ ε̃ (u)�/dndub ] o γ > 0

�/dndnb
∀h ∈ B (0, γ) ; ‖‖h‖ ε (h)‖ < ρ

2
; ‖Ah‖ < ρ

2

‖Ah‖ ≤ ‖A‖HS ‖h‖ o Ï � Y acl�o ] `Xo ^ Ñp���v
S ◦ T (po + h) = S (T (p0) +Ah+ ‖h‖ ε (h))

Y duh�lXp���v
u = Ah+ ‖h‖ ε (h) (6)d ��~ ‖u‖ < ρ

�/dndub ]
S ◦ T (po + h) = S (T (p0) + u)

= S (q0) +Bu+ ‖u‖ ε̃ (u)

= S ◦ T (p0) +B (Ah+ ‖h‖ ε (h)) + ‖u‖ ε̃ (u)

= S ◦ T (p0) +BAh+ ‖h‖B (ε (h)) + ‖u‖ ε̃ (u)

= S ◦ T (p0) + dS|q0 ◦ dT |q0 (h) + ‖h‖B (ε (h)) + ‖Ah+ ‖h‖ ε (h)‖ ε̃ (u)

o Ï � ‖h‖ ε′′ (h) ^	[ ach ^ `Xv z�Y `Xd [<~ o ^ oq`6a ~![<^ v [<~ o�l
lim
~h→0

~ε′′
(

~h
)

= ~0

d�Î z v:d z v ]�^	] a j�Z `Xd [<~ o ^ ` ])[ acl
‖h‖ ‖B‖HS ‖ε (h)‖ + ‖Ah‖ ‖ε̃ (u)‖ + ‖h‖ ‖ε (h)‖ ‖ε̃ (u)‖

≤ ‖h‖ ‖B‖HS ‖ε (h)‖ + ‖h‖ ‖A‖HS ‖ε̃ (u)‖ + ‖h‖ ‖ε (h)‖ ‖ε̃ (u)‖
= ‖h‖ (‖B‖HS ‖ε (h)‖ + ‖A‖HS ‖ε̃ (u)‖ + ‖ε (h)‖ ‖ε̃ (u)‖) d ��~
∥

∥

∥ε
′′

(h)
∥

∥

∥ ≤ (‖B‖HS ‖ε (h)‖ + ‖A‖HS ‖ε̃ (u)‖ + ‖ε (h)‖ ‖ε̃ (u)‖)
b/a i�Y v [�~ o�l

lim
~h→0

‖ε̃ (u)‖ = 0

ÌÍ�LÑ	d�Î z�[�i t0a ] u = u (h) [ o ~ �^)��]
_ �



o Z dn��a ^ vyë Ãuì@È<¾
lim
~h→0

‖ε̃ (u (h))‖ = 0

�

& ÌÓ` [ o [ o ^ v:vK� e xLo ] d Y t�v�Ñ `Wa [<zL^

W
a
G ^ h�a Y b ^ ` ~Ð[ d�� ��^ v�dnv Y>] `Wdn` i acb/l e x�o ])^ ` ~ÐZ d���a ^ v��/t0a Z�j l�v [ o�x ~ V _

` [<i t0a ] ~ε′′ (h) ^ duh�b6l�acx ^ V U

ε
′′

(h) =
B (ε (h)) +A

‖h‖

V
lim~h→~0 ε

′′

(h) = 0
o Z d���a ^ v Ï d [ hqV rY {hj}j∈N

^	[�i�j vK��v:o `Wa ~�[<^ vyb/dnx j�]Ø~ Î � V
Heine e x�o ])Y�[<��z d ^ vâvKo ] v [ o�x ~

limy→∞ ~hj = ~0
�/dndub ]�[ o ~ B (0, γ) \

{

~0
}

` [ o [ o ^ b�a Z vKoq`Wa ~�] t0a i
d�Î z T : [0, 1] 7→ R

m [ d i t�l j = 1 . . .m;ϕj : [0, 1] 7→ R
`6acx�duh [ `Wacduh�b6l�acx m `Wacl�ac`Xl�V _

T (x) = (ϕ1 (x) , ϕ2 (x) . . . ϕm (x))

V
(0, 1) Y Û x�d i T d ��~ j vK��v (0, 1) Y�^)[ d � t ϕj � ~

dT |x : R 7→ R
m

dT |x = h
(

ϕ
′

1 (x) , ϕ
′

2 (x) . . . ϕ
′

m (x)
)

[dT ] =











ϕ
′

1 (x)

ϕ
′

2 (x)
...

ϕ
′

m (x)











^ h�a Y b ^ ` ~Ð^ v:dn� ]�[ o ~
R
m Y�^	Z ac`Xx ^ h�a Y b W

d ^ d
T ([0, 1]) = {(ϕ1 (t) , ϕ2 (t) . . . ϕm (t)) |0 ≤ t ≤ 1}

p ])j l q ∈ T ([0, 1]) ^)i acb/l Ï � Y Û x<d i�~ d ^ o f : W 7→ R
^ dnh�b/l�acx ^ l�ac`Xl

S : W 7→ R;S = f

����� ����� �������(')��

������

*
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U = S ◦ T : [0, 1] 7→ R
[ d i t�l

U (t) = S (T (t))

= S (ϕ1 (t) , ϕ2 (t) . . . ϕm (t))

= f (ϕ1 (t) , ϕ2 (t) . . . ϕm (t))

dU |t = dS|T (t) ◦ dT |t
[dU |t] =

[

dS|T (t)

]

[dT |t]

=

(

∂f

∂x1
(T (t)) ,

∂f

∂x1
(T (t)) . . .

∂f

∂xn
(T (t))

)











ϕ
′

1 (t)

ϕ
′

1 (t)
...

ϕ
′

1 (t)











=

m
∑

j=1

∂f

∂xj
(T (t))ϕ

′

j (t)

�/dndub6` ] a x0
s Y�^)[ d � t v ⇐⇒ x0 ∈ (a, b) s Y Û x<d i v VV : (a, b) 7→ R

[ o ~ ��o z a i d
[dV |x0

] =
(

V
′

(x0)
)

` ] dudnb ] a t ∈ (0, 1)
vK� Y�^	[ d � t U s oÒacl�v Y dnb acl�vKo ^	[ b ]EY

U
′

(t) =
m
∑

j=1

∂f

∂xj
(T (t))ϕ

′

j (t)

Y d Z�[<^ v¹p Y a ] ��pc`Xdul�V U
d (S ◦ T ◦ U) = dS ◦ dT ◦ dU (7)

p s Y Û x<d i T [ o ~ ��d ��~ T (p) = (f1 (p) . . . fm (p))
a
E ⊂ R

n T : E 7→ R
m � ~ o Z d���a ^ v ÏL[�i ^	[<z�^

[dT |p] =







∂f1
∂x1

(p) · · · ∂f1
∂xn

(p)
...

. . .
...

∂fm

∂xn
(p) · · · ∂fm

∂xn
(p)







Ö ^ dnl�o ^	Z ��a ^ `X`Xv [ o�x ~ ` [ o [ o ^ b�a Z ` [<��z�Y
+ d�Î z�^ l�ac`Xl S : R

m 7→ R
fU : R 7→ R

n ^ l�ac`Xl ^�^ b6` z�^ T [ o ~ �áÌ { Ñ Z�j acl Y o ] `�o�l
U (f) = (0 . . . f . . . 0) + p

Ì
j ^ ��acb ])Y f Ñ

S (x1, x2 . . . xm) = xj

1 ≤ i ≤ n, 1 ≤ j ≤ m
�/d z a Y b i, j [ a Y�z

©�ª@ÞE¬}²/­"¬�®´Þ,!�¯ Ù�½�-
^)Z\j acl ^Ô[ a Y�z e x�o ]

f (p0 + h) − f (p0) =
n
∑

j=1

∂f

∂xj
(pj) hj
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Ö a �W^	Z�j aclWv:o ^ o i�Z�^	j�[ t^)i acb/l�vK� Y Û x<d i�~ d ^ oC�6dul�`�o ] n vKok`Wd�o ])]â^ dnh�b/l�acx f o Z dnl�lÚV p0, h ∈ R
n `Wa i acb/l�`Wacl�ac`Xl

f ~ Î � Ñ)V Ì θ = 1 f θ = 0 [ o ~ ��`Wa i acb/l Y�^ x<dnh [ b [�~ d ^ oÒb/dnx j�] Ñ 0 ≤ θ ≤ 1; p0 + θh ^)[ ach ^ p ]o Ï � θ ∈ (0, 1)
�6dudnbâd ��~ Ì p0 + h

a
p0
` ~m[<Y�Z�]E^ Î [ o�d ^Ôzwe b�Î ^ v z-^)i acb/lWvK� Y Û x�d i

∃θ ∈ (0, 1) ; f (p0 + h) − f (p0) =

n
∑

j=1

∂f

∂xj
(p0 + θh)hj (8)

ψ (t) = f (p0 + th)
d�Î z ψ : [0, 1] 7→ R

[ d i t0l ^	Z ��a ^

p0 + th =











p01
+ th1

p02
+ th2

...
p0n

+ thn











=











ϕ1 (t)
ϕ2 (t)

...
ϕn (t)











` [ o [ o ^ b/a Z dux<v
ψ

′

(t) =

n
∑

j=1

∂f

∂xj
(p0 + th)ϕ

′

j (t) (9)

V
ϕ′
j (t) =

(

p0j
+ thj

)′
= hj

s o Y v&�/d�o�l�ao Ï � θ ∈ (0, 1)
�/dndub

Lagrange e x�o ] dnx<v
ψ (1) − ψ (0) = ψ

′

(θ) Ì��:Ñ	` ~ v Y b/l�a�Ì � Ñ s Y�Y dnh�l
V
m > 1 fRm Ï ac`Xv ^ b/dn` z�] a 0 ≤ θ ≤ 1; p0 + θh ^)i acb/lWvK� Y Û x<d i�[ o ~ T ^ b/` z�^ v�Ì ^ v:vK� ^ Ñ e x�o ]

T
v:oq�/d Y d�� [<^ ` ~ p ])j l

T (p) = (f1 (p) , f2 (p) . . . fm (p))`Wa i acb/l m v Y b6l�a f1, f2 . . . fm `Wacduh�b6l�acx ^	]gi�Z�~ vK��v¹� i acb ^�e x�o ] ` ~ v:d z x<l
j = 1 . . .m; θj ∈ (0, 1) ; p0 + θjh = pj o Ï �

∀j = 1 . . .m; fj (p0 + h) − fj (p0) =

n
∑

k=1

∂fj
∂xk

(pj)hk

^)~!Y>^Ô^	[ ach Y vLÎ�l ^ `Wa ~ a�a�o ])^ m ` ~ ��a�o [ v Z acl

(T (p0 + h) − T (p0))
t

=











f1 (p0 + h) − f1 (p0)
f2 (p0 + h) − f2 (p0)

...
fm (p0 + h) − fm (p0)











=













∂f1
∂x1

(p1)
∂f1
∂x2

(p1) · · · ∂f1
∂xn

(p1)
∂f2
∂x1

(p2)
∂f2
∂x2

(p2) · · · ∂f2
∂xn

(p2)
...

...
. . .

...
∂fm

∂x1
(pm) ∂fm

∂x2
(pm) · · · ∂fm

∂xn
(pm)























h1

h2

...
hn











L (p1, p2 . . . pm)
d�Î z acl�v Y dubWo n×m ^ h�d [�eX])^ ` ~ p ])j l

V ` Z�~m^)i acb/l ]�[ `Wacd Y d�acv:` ~ a ^ oqb [ p ~ d Y acb z d eXz�] � ~ a ^ L ^	[<z�^
`Xh�d [LeX] ` ~�[ b/l [dT |p] ^ h�d [�eX])^ d ��~ p s Y Û x<d i T s a p ∈ E

� ~ a T : E 7→ R
n s a E ⊂ R

n � ~ ^	[�i t ^`Xl ] a j�] a p s Y T vKo Jacobian
p ~ d Y acb z d ^ ` ~�[ b/l ^ vKo ^�e l�l�d ]E[�eWi�^ a Vp Y T vKoØp ~ d Y acb z d ^

JT (p) = det [dT |p] ~ Î � JT (p)
d�Î z

_ �
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T ∈ o Z dul�l�p���a ] � r > 0 [ a Y>z T : B (p0, r) 7→ R

n ^ b/` z�^�^ l�ac`Xl�a p0 ∈ R
n o Z dnl�l e x�o ]V

B (p0, r0)
Y�z Î Z�Z T o Ï � 0 < r0 ≤ r

�/dndubâd ��~ JT (p0) 6= 0
o Z dnl�l C1 (B (p0, r))

q1 = q2
d ��~ q1, q2 ∈ B (p0, r0)

s a T (q1) = T (q2)
� ~m[<] acvK�

�/dndub6` ] q1, q2 ∈ B (p0, r0)
v:��v�� i acb ^áe xLo ]E^ dux<v ^)Z ��a ^

(T (q1) − T (q2))
t

= L (p1 . . . pn) (q1 − q2)

pcvwa��
p1 . . . pn

`Wa ] dua j�] `Wa i acb/l [ a Y>z p0 = q2, p0 + h = q1 ⇒ h = q1 − q2
[ o ~ �~ Î � q1, q2 pcd Y�[<Y�Z�]E^�[ o�d ^ÔzLe b ^ v z

θj ∈ [0, 1] ; pj = (1 − θj) q1 + θjq2

(pj − p0) = (1 − θj) (q1 − p0) + θj (q2 − p0)

‖pj − p0‖ ≤ (1 − θj) ‖q1 − p0‖ + θj ‖q2 − p0‖
⇒ pj ∈ B (p0, r0)

vKo ^)[ d Z�Y vK� [ a Y�z det (L (p1 . . . pn)) 6= 0
p e b±b6dux j�] r0 > 0 Z d���a ^ v32 [�~ o�l

B (p0, r)
Y p1 . . . pn�/t0a

p1k . . . pnk ∈ B
(

p0,
1
k

) `Wa i acb/l n `Wa ] dudnb k ∈ N
vK��v¹d ��~g^ vwdnvKo Y�Z dnl�l

det (L (p1 . . . pn)) = 0

k → ∞ [ o ~ �
∀j = 1 . . . n; lim

k→0
pjk = p0

(

T ∈ C1 (B (p0, r))
)

⇒ lim
k→0

∂fj (pjk)

∂xm
=

∂fj (p0)

∂xm d ��~
lim
k→∞

detL (p1k . . . pmk) = detL (p0 . . . p0)

= JT (p0) 6= 0

^	Z l ^ v ^	[ dn` j�Y
�

»/º�ªR©�ÞW»Ø»�«X©�ß�»�»Ò®´Þ,!�¯ Ù�½14
JT (p0) 6= f T ∈ C1 (B (p0, r))

s a B (p0, r) ⊂ R
n [ o ~ � T : B (p0, r) 7→ R

n ^ b/` z�^á^ l�ac`Wl�p�a�o ~�[-Z a j dnl�/dndub ] o ρ > 0 s a r1 ∈ (0, r)
�6dudnbyd ��~ 0

B (T (p0) , ρ) ⊂ T (B (p0, r1))

T (W )
d ��~ V∀p ∈ W ; JT (p) 6= 0

�/t0a
T : W 7→ R

n ^ b/` z�^ a W ⊂ R
n ^	Z ac`Xx ^ h�a Y b ^ l�ac`Xl�dnl�o Z a j dnlV ^	Z ac`Xx ^ h�a Y b

V p�a�o ~�[<^�Z a j dul ^ vKo ^ l�b j�]Ô~ a ^ dnl�o ^�Z a j dul ^ oqa Z d���a ^ v:dut [ `
��ÿ�� ����� �������$��

������
�5

19



p�a�o ~�[<^�Z a j dnl ^ ` Z ��a ^
∀p ∈ o Ï � p∗ ∈ E ^)i acb/l7` ] dndubWo Z dnl�l ϕ : E 7→ R

^ dnh�b/l�acx<a E ⊂ R
n ^ h�a Y b ^ l�ac`Xl ^	] v

B (p∗, γ) ⊂ E
o Ï � γ > 0

�/dndub ~ Î � E vKo `Xd ] dnl�x ^)i acb/l p∗ o"ä j acl Y-Z dnl�l E;ϕ (p∗) ≤ ϕ (p)

j = 1 . . . n; ∂ϕ
∂xj

(p∗) = 0
d ��~ p∗ s Y `Wa ] dudnb pcvwa�� j = 1 . . . n; ∂ϕ

∂xj

`Wacdnb/v Z�^ `Wa [<� t0l ^ oÒ�/t Z dnl�l
[ d i t�l�a j zLY b6l ^)Z ��a ^

ej = (0 . . . 0, 1, 0 . . .1) ;uj (t) = ϕ (p∗ + tej)

t ∈ (−γ, γ) vK� [ a Y>z ` [�i t0a ] a �6^ dnh�b/l�acx
uj (0 + h) − uj (0)

h
=

ϕ (p∗ + hej) − ϕ (p∗)

h

→ ∂ϕ

∂xj
(p∗)

u
′

j (0) = ∂ϕ
∂xj

(p∗) | s Y �6dudnb u′ ` [<� t�l ^ p���v
V _ dux<l�d ~�]�^)])[ x e x�o ] � z p ~ � ] a u (t) ≥ u (0) f t ∈ (−γ, γ) vK��v

T : B (p0, r) 7→ R
n v Y b6v¹d i ��p e byb/dnx j�] ÌÓ� i acb ^Ôe x�o ])Y r0 f r0 > r1

Ñ
r1
[<Z\Y l�p�a�o ~![�Z a j dnlX` Z ��a ^d ^ d�V z Î Z�Z

Γ = ∂B (p0, r) = {p ∈ R
n| ‖p− p0‖ = r1}

^)i acb/l ^ T vKo z Î Z\Z v:vwt Y V ^ x�duh [ T s a	V ÌÍê z a i�] Ñ\`Xd e b6x ] acb ^ h�a Y b T (Γ)
�/d ]!i acbg�/d e x�o ] dnx<vb Z\[<] v Y b6` ]Òf `Xd e b/x ] acb ^ dudnl�o ^ a ^	[ act j ` Z�~Cf `Wach�a Y b�du`�o±pcd Y o [<Z�~�] d ��~ a q0 /∈ T (Γ)��~Ðf j x ~�] vwa i t

∃δ > 0; ∀q ∈ T (Γ) ; ‖q − q0‖ > δ

�/dnv Y b ] a ^	[�i�j `X`Wv��6d [<Y a z k ∈ N
vK��v ‖qk − qt‖ ≤ 1

k

o Ï � pk ∈ T (Γ)
�/dndub ��~"f ~ v�� ~ ÑÌ ^	[ du` j

V i�Y a z v:� ^ ρ = δ
3
[ o ~ � ^ l zLe

T (p1) = q1
o Ï � p1 ∈ B (p0, r1)

�/dndubWoCvLÎnh
q1 ∈ B

(

q0,
δ
3

) d ^ o�v:� ^)i acb/l�p�ac`Xl[ d i t�l
ϕ (p) = ‖T (p) − q1‖2

ϕ : B (p0, r1) 7→ R

o ^	~�[ dnl Ï � [<Z\~ a p∗ ^)i acb/l Y B (p0, r1)
s Y �/a ] dnl�d ] `Xv Y b ] a ��^ dnh�b/l�acx�o Z d���acl�ÑÌÍV

p1 = p∗ [<] acvK� T (p∗) = q1o Ï � B (p0, r1)
Y p∗ ^)i acb/l76�` ] dndnb

∀p ∈ B (p0, r1);ϕ (p∗) ≤ ϕ (p)

Ì
B (p0, r1)

`Xd e b6x ] acb ^ h�a Y b"v z�^ x<dnh [ ϕ d��)Ñ��~ Ì [ a i � ^ dul�x�Ñ p∗ ∈ Γ
� ~

⇒ T (p∗) ∈ T (Γ)

⇒ ‖T (p∗) − q0‖ ≥ δ

‖T (p∗) − q1‖ ≥ ‖T (p∗) − q0‖ − ‖q1 − q0‖

≥ δ − δ

3
=

2δ

3
�8��� ����� �������$��

������
�9
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ϕ
vKok��a ] dul�d ])^ p���v ϕ (p0) ≤

(

δ
3

)2
, ϕ (p∗) ≥

(

2δ
3

)2 ��~ a ‖T (p0) − q1‖ ≤ δ
3

v Y�~
[ a z dno ^	]y^	] v ^ dnx<v�p���vLa�`Xd ] dnl�x ^)i acb/l p∗ ~ Î � B (p0, r)

v:o
Γ ^ x�o Y v Y b/` ]â~ v� i acb ^

∂ϕ

∂xk
(p∗) = 0

k = 1 . . . n [ a Y�z
ϕ (p) = ‖T (p) − q1‖2

=

n
∑

j=1

(fj (p) − q1,j)
2

∂ϕ (p)

∂xk
=

n
∑

j=1

2 (fj (p) − q1,j)
∂fj
∂xk

(p)

eX[ x Y
0 =

∂ϕ

∂xk
(p∗)

=

n
∑

j=1

2 (fj (p) − q1,j)
∂fj
∂xk

(p)

yj = fj (p) − q1,j
�/dnl ])j�] o���dnh�d [�eX] pcx�a ~�Y�Y ac`X��v��/t�pc`Xdnl

(0 . . . 0) = (y1 . . . yn)





∂f1
∂x1

(p∗)
∂f1
∂xn

(p∗)

∂fn

∂x1
(p∗)

∂fn

∂xn
(p∗)





~ Î � j = 1 . . . n [ a Y�z 2 (fj (p∗) − qi,j) = 0
v Y b/l det{ ∂fj

∂xk
(p∗)}nj,k=1 6= 0

oyp�a�acd�� ]
T (p∗) = q1

�

[<])~ l G ⊂ E ^ h�a Y b ^ l�ac`Xl�VT : E 7→ R
m ^ b/` z�^ a E ⊂ R

n ^ h�a Y b ^ l�ac`Xl´ÌÍ¡Ld�o�x<dnv¹`Wacb/` z�^ Ñ ^	[�i t ^� ~ G Y M ¡Ld�o�x<dnv z a Y b"� z ¡Ld�o�x<dnv�d ~ l�`â` ] dudnb ] T o
∀p, q ∈ G; ‖T (p) − T (q)‖ ≤ M ‖p− q‖

o Ï � M = MG,T
z a Y b"�/dndnbyd ��~ V `Xd e b/x ] acb G a

T ∈ C1 (E) f ^	Z ac`Xx E [ o ~ ��vLÎnlu� T � ~ e x�o ]
‖T (p) − T (q)‖ ≤ MG,T ‖p− q‖

^)Z ��a ^
V ^	[ a ] b ^ h�a Y b G

o Z dnl�l�V _
(T (p) − T (q))t = L (p1 . . . pn) (p− q)t
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Ì
q
pcd Y v p pcd Y�[<Y�Z�])^ÔzLe b ^ v z `6a i acb6l p1 . . . pn

^ h�d [�eX]E^ L [ o ~ �)Ñ

MGT =

√

√

√

√

n
∑

j=1

m
∑

k=1

sup
s∈G

∣

∣

∣

∣

∂fk
∂xj

(s)

∣

∣

∣

∣

2

≥ ‖L‖HS
‖T (p) − T (q)‖ ≤ MG,T ‖p− q‖

d�Î z�^	[ a ] b G [ o ~ � MGT
` ~ ä�dnv Z�^ v [ o�x ~ Ì Z d���a ^ v e x�o ])^Ô[ `Xd3ÑÚV U

sup
s∈G

√

√

√

√

n
∑

j=1

m
∑

k=1

∣

∣

∣

∣

∂fk
∂xj

(s)

∣

∣

∣

∣

2

©�ª�.Eª@ÞX»k©�ªR«�©�ß�»k­)ªµ³Wß
C

1
¬3ü�¸R©�ª-©�ª�¬�Ý!¬3³�ü/¬3²/¸�­)ÞE¬3¶ Ù�½1:

d ��~ (a, b)
vK� Y 0 ]y^ l�a�o�a ^ x<dnh [ f ′ � ~ a z Î Z�Z a ^	[ d � t f : (a, b) 7→ R

� ~ f : R 7→ R
[ a Y�z ^	[<z�^�/t0a

f (b)
a
f (a)

� ^ acdn`Wa�ach�b6o Z ac`Wx zLe b Y ` [�i t0a ] g ^	[ d � t ^ ��acx ^Ô^ duh�b6l�acx�` ] dudnb
g

′

(y) =
1

f ′ (g (y))

V `Wacx<dnh [ `Wacdnh�b/l�acx-vKoq` Y � [ a ]�^ duh�b6l�acx�� ^ x�duh [ g′

dT |p s a p ∈ D Y Û x<d i T o Z dul�l T : D 7→ R
n ^ b6` zL^ ^ l�ac`Wl�a

R
n Ym^	Z ac`Xx ^ h�a Y b D

d ^ d ^	] vo Ï � c, r > 0
�/d z a Y b"�/d ] dudnbyd ��~ Ì JT (p) 6= 0 ~ Î � Ñ ^ ��dnx ^Ô^ b6` zL^

∀h ∈ B (0, r) ; ‖T (p+ h) − T (p)‖ ≥ c ‖h‖

Ì ^ ��acx ^�^ b/` z�^ vKo ^ h�d [�eX] Ñ A =
[

(dT |p)−1
] p ])j l ^)Z ��a ^

∀x ∈ R
n; ‖Ax‖ ≤ ‖A‖HS ‖x‖ (10)

p���v
x = dT |ph ⇐⇒ h = (dT |p)−1 x

‖h‖ ≤ ‖A‖HS ‖x‖
= ‖A‖HS ‖dT |ph‖

‖dT |ph‖ ≥ ‖h‖
‖A‖HS

(11)

�/dndub6` ] p s Y T vKoÒ`6acdnv:d Y�~ dnh�l [ x<d i v:v:t Y
∃r1 > 0; ∀h ∈ B (0, r1) ;T (p+ h) − T (p) = dT |ph+ ‖h‖ ε (h)

⇒ lim
~h→~0

~ε
(

~h
)

= ~0

p���v
∃r > 0; ∀h ∈ B (0, r) ; ‖ε (h)‖ ≤ 1

2 ‖A‖HS

22



v Y b/l B (0, r) s Y�[<] acvK�)Ñ ^	� � h vK� [ a Y>z
‖T (p+ h) − T (p)‖ = ‖dT |ph+ ‖h‖ ε (h)‖

≥ ‖dT |ph‖ − ‖h‖ ‖ε (h)‖

(11) ⇒ ≥ ‖h‖
‖A‖HS

− 1

2 ‖A‖HS
‖h‖

=

(

1

2 ‖A‖HS

)

‖h‖

Ì
c =

(

1
2‖A‖HS

) d ��~ Ñ
�

p ∈ D, JT (p) 6= 0
o Z dnl�l C1 (D) s Y T : D 7→ R

n ^ b6` zL^	^ o Z dul�l�a
R
n Y&^	Z ac`Xx ^ h�a Y b D d ^ ` e x�o ]^	Y d Y�j�Y ` [�i t0a ]Ô[ o ~ T vKo f `Xd ] acb ] `Xd���x�a ^ local inverse ~ d ^ o S = ”T−1” ^ b/` zL^)^ d ��~�6t0a

T (p) s Y Û x<d i-~ d ^ T (p)
v:o

d
(

T−1
)

|T (p) = (dT |p)−1

T
o Ï � r > 0

�6dudnb6om�6d ]Ei acb��/d e x�o ])]�Z\eXY a ] JT (p) 6= 0
� ~B^ l�ac`Xl p ∈ D [ a Y>z ^	Z ��a ^

∀h ∈ B (0, r)
h 6= 0

; ε (h) [ d i t�l�V ^	Z ac`Xx ^ h�a Y b ~ d ^ W = T (B (p, r))
a
B (p, r) YÚz Î Z�Zd�Î z

T (p+ h) − T (p) = dT |ph+ ‖h‖ ε (h)

B (p, r)
v z W s ] `Xd ] acb ]�^ ��acx ^�^ b/` z�^	^ ` ~ p ]Ej l�V lim~h→~0 ~ε

(

~h
)

= ~0
p�ac`Xl ^ x�Î z ao Z dul ^ v [ o�x ~ vLÎnl ^Ô^	] v ^ x�Î z T−1 d�Î z

∀h ∈ B (0, r) ; ‖T (p+ h) − T (p)‖ ≥ c ‖h‖ÌÍp e b [ `Wacd r > 0
o�a [�i v Ïw[�e h�l ^	�WÏL[ ach�v�duvwa ~ ÑÕ<; [ d i t�lWV q = T (p) B (T (p) , r2) ⊂W

o Ï � r2 > 0 [<Z�Y l
∀u ∈ B (0, r2) ;h (u) = T−1 (q + u) − T−1 (q)

⇒ T (p+ h (u)) − T (p) = T
(

T−1 (q + u)
)

− q

= q + u− q = u

[ d i t0l 0 6= u ∈ B (0, r2)
vK��v

ε̃ (u) =
1

‖u‖
[

T−1 (q + u) − T−1 (q) − (dT |p)−1 u
]

^)~![ l e xLo ]E^ ` ~mZ d���a ^ v¹d i �
lim
~h→~0

~̃ε
(

~h
)

= ~0

v Y�~
ε̃ (u) =

1

‖u‖
[

h (u) − (dT |p)−1
u
]

=
1

‖u‖ (dT |p)−1
[dT |ph (u) − u]

‖ε̃ (u)‖ ≤ 1

‖u‖ ‖dT |ph (u) − u‖
∥

∥

∥(dT |p)−1
∥

∥

∥

HS

����� ����� �������$��

������
�=?>
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`Wa ~�[<^ v�b/dnx j�] p���v
1

‖u‖ ‖dT |ph (u) − u‖ −−−−→
u→∞

0

v Y�~
1

‖u‖ ‖dT |ph (u) − u‖ =
1

‖u‖ ‖T (p+ h (u)) − T (p) − ‖h (u)‖ ε (h (u)) − u‖

=
1

‖u‖ ‖u− ‖h (u)‖ ε (h (u)) − u‖

=
‖h (u)‖
‖u‖ ‖ε (h (u))‖

[ o ~ �
u → 0

��~ ÌÍê z a i�] Ñ ^ x�duh [ T−1 o�v:v:t Y
⇒ h (u) → 0

^	[�i t ^)^ dux<v [<] acv:�
⇒ ‖ε (h (u))‖ → 0

` ]Ei acb ^	] v Y acl Z ��a ^ v Y�~ V ^	] a j�Z ‖h(u)‖
‖u‖

`Wa ~�[<^ v [<~ o�l
‖T (p+ h) − T (p)‖ ≥ c ‖h‖

~ Î � h = h (u) [ o ~ � eX[ x Y ∀h ∈ B (0, r) c [ a Y>z
‖u‖ ≥ c ‖h (u)‖

ÌÓ� i acb e x�o ] dnx<v�Ñ z Î Z�Z\^ vwv:t Y
h (u) = 0 ⇐⇒ u = 0

[<] acv:�
‖h (u)‖
‖u‖ ≤ ‖h (u)‖

c ‖h (u)‖ ≤ 1

c

�

^	Z ac`Xx ^ h�a Y b Ω ⊂ D
d ^ `ÐV vLÎnl ^�e x�o ])^ vKoâ�6d ~ l�` ^ v:��` ~ ` ] dudnb ]�[ o ~ T ∈ C1 (D) ^ l�ac`Xl ^ l�b j�]^ b/` zL^)^�~�^ `6a!V p ∈ Ω

v:� [ a Y�z JT (p) 6= 0 s a z Î Z�Z T : Ω 7→ R
n o Ï �

T−1 (W ) 7→ Ω

T−1 ∈ C1 (W )
d ��~ W = T (Ω) [ o ~ �

p ])j l ^)Z ��a ^
∀p ∈ Ω;T (p) = (f1 (p) . . . fn (p))

∀q ∈W ;T−1 (q) = (g1 (p) . . . gn (p))

d ��~
[

dT−1|q
]

= {aij (q)} =

{

∂gi
∂xj

(q)

}
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V `Xdnv:d Y�~ dnh�l [ x<d i T−1 � i acb ^áe x�o ])^)] d��p ])j l
[

dT |T−1(q)

]

= {bij (q)} =

{

∂fi
∂xj

(

T−1 (q)
)

}

p���v�`6acx�duh [ bij (q)
p���v�V

Ω Y�^ x<dnh [ ∂fi

∂xj

�/t0a)V
Ω
v
W ]�^ x<dnh [ T−1 oqp�a�a�� ]

d
(

T−1
)

|T (p) = (dT |P )
−1

dT−1|q = dT−1|T−1(q) p���v
{ai,j (q)} = ({bi,j (q)})−1

��acl�duvwacx ^ V �6dul�a�o α, β [ a Y>z bα,β (q) Y �/d ] acl�duvwacx¹vKo ^ l ]�~ d ^ aij (q) [<])[ bâb/a Z dux�vV
q
vKo ^ x<duh [-^ duh�b6l�acx ~ d ^ ai,j (q)

p���v-Ì
p ∈ Ω

vK��v
JT 6= 0

d��)Ñ j x ~ ` ]�~ v ^ l�� ])YÌÍê z a i�] Ñ
�

©�ª@¯6ªR©�·6»Ø©�ª�¬}²´«E¸@ª�ÞW»�®´Þ,!�¯ Ù�½A@
`Wa ~�] t0a i

y ^	[ d i t ] f (x, y) = 25 ^)~ a�a�o ]E^ (3, 4) ^)Y d Y>j�Y f (x, y) = x2 + y2 = 25 ^	~ a�a�o ])^ Õ�Õ ^ l�ac`Wl-V _^	Y d Y>j�Y o Ï � x = 3
vKo ^	Y d Y>j�Y ` [�i t�a ] Y (x) ^)[ d � t ^ duh�b6l�acx�` ] dnb [<] acvK��Vx vKo ^ duh�b6l�acx��

f (x, y) = 25 ⇐⇒ y = Y (x)V
x = 3 [ a Y>z `Wa Z x<v Y ′

(x)
` ~ÐY o Z v [ o�x ~ Y (x) [ a Y�z-^	Z�j acl z a i d ~ vKoÒ`6a [�] v^	] ac` j�^	[ d � tW` ~�[ b/l Y ′

(x) Y a�o�d Z�^áÏ dnv ^ `Wa Implicit function ^	] ac` j�^ dnh�b/l�acx�` ~![ b/l Y (X)

d

dx

(

x2 + Y 2 (x)
)

= 0

V
x = 3

vKo�` ] d�a j�]�^	Y d Y�j�Y x vK��v
x
dnx<v [ a � t�l

f
′

1 (x, Y (x)) + f
′

2 (x, Y (x))Y
′

(x) = 0

⇒ Y
′

(x) = −f
′

1 (x, Y (x))

f
′

2 (x, Y (x))V
x = 3, Y (3) = 4 [ o ~ ��`Wa Z x<v�v Y�~Ðz a i d ~ v Y (x)

v ^	Z�j acl
oqvK�

c z a Y b�a (x∗, y∗) ^)i acb/l�a f (x, y)
Î ^)i�])Z l�Î ^ duh�b6l�acx ^ l�ac`Xl�ÌÓb6d�a i�]�~ v�Ñ���a���d j

f (x, y) = c

^	[ d � t ^ dnh�b/l�acx-` ] dudnb6o Z d���a ^ v [ o�x ~ Ì ∂f
∂y

(x, y) 6= 0
vwvwa��)Ñ)�/d ] d ~ ` ] �/d ~ l�` Y

Y : (x∗ − δ, x∗ + δ) → R

(x∗, y∗)
vKoq` ] d�a j�] ÌÓ`Xd i�]E] a i

R
2 s Y Ñ ^	Y d Y�j�Y o Ï �

y = Y (x) ⇐⇒ f (x, y) = c ` ~ÐY o Z v [ o�x ~ p���a ] �
− f

′

1 (x∗, y∗)

f2
2 (x∗, y∗)

= Y
′

(x∗)

�8B�� ����� �������$��

������
�=C=
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V ^ duh�b6l�acx�v Y b/v�`6a [ o�x ~ pcd ~ ( 5√
2
, 5√

2

) v z���~ f (x, y) =
(

x2 + y2 − 25
)

(x− y)
2 ^ l�ac`Wl-V U

¡wv Z v�pc`Xdul (2, 2, 1) ^Ei acb6l Y�^	] t0a i v ��~ f (x, y) = x2 + y2 + z2 = 9 ^ l�ac`Xl�V r
~f (x, y, z) = ~c ^ l�ac`Xl-V �

~f (x, y, z) =

{

x2 + y2 + z2

x+ y + z

~c =

(

9
0

)

`Wacl�a [ `Wx�pcd ~g��~ aEv:t z�]�Z\e o ] � z�[ a i � Ï ac`Xd Z � ^ `Wacl�a [ `Xx ^�[<] acvK�[<Z�Y l6� ~ ` ~!� ` ] a z v
~c =

(

9
5

)

s `Xvw`´Ñ�` ] dua j�]�^)Y d Y>j�Y `Wa [�i t ] x (z) , y (z)
`Wacdnh�b/l�acxÚ`Wa ] dudnb"V (2, 2, 1) ^)i acb/l�v Y a [ b�d ] acb ] p�a [ `XxvKoØÌÓ`Xd i�])]
z = 1

(2, 2, 1)
vKoq` ] d�a j�] `Xd i�])] s `Xv:` ^	Y d Y�j�Y o Ï �

~f (x, y, z) = ~c ⇐⇒ x = X (z) , y = Y (z)

~f (~x, ~y) = ~c ^ dnh�b/l�acx ^Ô^ l�ac`Xl ¾�¿�É\¿0¾�í�çÔ¾�¿�Ã�è)ÁLÂ�¿�æ�ç�å)æ�ÄGÉ
d�Î z D Y�^)i acb/lWv:��p ]Ej l�a D ⊂ R

n+m ^	Z ac`Xx ^ h�a Y b ^ l�ac`Xl f n,m ∈ N
�/dnl�ac`Xl e x�o ]

~p = (~x, ~y) ∈ D,~x ∈ R
m, ~y ∈ R

n

^ b6` z�^Ô^ l�ac`Xl
F : D 7→ R

n

F ∈ C1 (D)

Z dnl�l ~c ∈ R
n ^	z a Y b ^Ei acb6l ^ l�ac`Xl

^ h�a Y b ^ V _
E =

{

~p ∈ D|~F (~p) = ~c
}

6= φ

V ^ b/d [�~ v
∃ ~p∗ =

−−−−→
( ~x∗, ~y∗) ∈ E; ~x∗ ∈ R

m, ~y∗ ∈ R
n eX[ x Y V Ud�Î z F̃ : B(n) (~y∗, r∗) 7→ R

n ^ b/` zL^Ô[ d i t�l�V r
F̃ (~y) = F ( ~x∗, ~y)o Z d eXY>^ v�p e byb/dnx j�] r∗ > 0 [ o ~ �

B(m+n) ( ~p∗, r∗) ⊂ D

[<] acvK�
y ∈ B ( ~y∗, r∗) ⇒ −−−−→

( ~x∗, ~y) ∈ B(m+n) ( ~p∗, r∗)

U3�



vwacb6o ^	� d ~ l�` ��~ F (x, y) = f (x, y)
a
m = n = 1

� ~ vKo ] v�Ñ JF̃ (y∗) 6= 0
o Z dul�l�V �Ì ∂f

∂y
(x∗, y∗) 6= 0

d ~ l�`Xv
R
n Ï ac`Xv

R
n s Y�[ a i � ^ b6du` zL] F̃ Y v��6dno�l

Ã�D�ï
vK��vKo Ï � Φ ∈ C1 (B ( ~x∗, r))

�/t0a
Φ : B(m) ( ~x∗, r) 7→ R

n ^ b/` zL^ a r > 0 [ x j�] �6dudnb^)i acb/l
−−−→
(~x, ~y) ∈ B(m+n) ( ~p∗, r) o Ï �

F (~x, ~y) = c ⇐⇒ ~y = Φ (x)

[<] acvK�
E ∩ B(m+n) ( ~p∗, r) = B(m+n) ( ~p∗, r) ∩

{(

~x, ~Φ (~x)
)

|~x ∈ B(m,n) ( ~x∗, r)
}

�/d Y dn� [<^ vK�-vKo `Wacdub6v Z\^ `Wa [<� t�l ^ vK��` ~�[<] acvK� dΦ| ~x∗

Y a�o�d Z v7`6a e d�o `Wa z�Y acl�vLÎnl ^�e x�o ])^	] ^ l�b j�]ÌÍacvKo Y d�� [ vK��a ~ Ñ)`Wa ^	��^ ` [ d � t ] `Wa z�Y acl/`Wa ~�Z\j acl ^ VΦ vKo
F
(

~x, ~Φ (~x)
)

= ~c

d�Î z T : D 7→ R
n+m ^ o i�Zá^ b/` z�^Ô[ d i t�l ^	Z ��a ^

~T (~x, ~y) = (x1, x2, . . . , xm, f1 (~x, ~y) , f2 (~x, ~y) , . . . , fn (~x, ~y)) =
−−−−−−−−−→(

~x, ~F (~x, ~y)
)

~F (~x, ~y)
v:o

j ^ÔY dn� [<^ ` ~ p ])j�] fj (~x, ~y) [ o ~ ���~ VT ∈ C1 (D)
o [ a [�Y

[

dT |(x,y)
]

=

























1 · · · 0 0 · · · 0
...

. . .
...

...
. . .

...
0 · · · 1 0 · · · 0

∂f1
∂x1

... ∂f1
∂xm

∂f1
∂y1

· · · ∂f1
∂yn

...
. . .

...
...

. . .
...

∂fn

∂x1
· · · ∂fn

∂xm

∂fn

∂y1
· · · ∂fn

∂yn

























B =
{

∂fj

∂yk
(~x, ~y)

}n

j,k=1

^ h�d [�eX])^ vKoÒdul ] d�p�ac` Z ` ^�z�Y�[<^�/t0a
JT (x, y) = detB = det

{

∂fj
∂yk

(~x, ~y)

}n

j,k=1 eX[ x Y
JT ( ~x∗, ~y∗) = JF̃ ( ~y∗) 6= 0

[ a Y�z o Ï � r1 > 0
�/dnduby�6d ]Ei acb"�/d e x�o ] dnx<v�p���v

Ω = B ( ~p∗, r1)
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eX[ x Y
R
n+m s Y�^	Z ac`Xx T (Ω) ��~ ∀~p ∈ Ω; JT (~p) 6= 0

ä j acl Y V z Î Z�Z T : Ω 7→ R
m+n ��~

∃r2 > 0;B (T (p∗) , r2) ⊂ T (Ω)

[<Z�Y l�Ì T (p∗) = q∗
Ñ

r = min (r1, r2)

[ d i t�l
T−1 : B (~q∗, r) 7→ R

m+n

~T−1 (~x, ~y) =
−−−−−−−−−−−−−−→(

~U (~x, ~y) , ~V (~x, ~y)
)

U (~x, ~y) = (ψ1 (~x, ~y) , . . . , ψm (~x, ~y))

V (~x, ~y) = (ψm+1 (~x, ~y) , . . . , ψm+n (~x, ~y))

��~
~T−1
(

~T (~x, ~y)
)

=
−−−→
(~x, ~y)

⇒ ~T−1 (~x, F (~x, ~y)) =
−−−→
(~x, ~y)

−−−−−−−−−−−−−−−−−−−−−−−−−→(

~U
(

~x, ~F (~x, ~y)
)

, ~V
(

~x, ~F (~x, ~y)
))

=
−−−→
(~x, ~y)

⇒ ~U
(

~x, ~F (~x, ~y)
)

= ~x

~V
(

~x, ~F (~x, ~y)
)

= ~y

[ d i t�l
Φ (~x) = ~V (~x,~c)

~T ( ~p∗) =
−−−−−−−−−−−→(

~x∗, ~F ( ~x∗, ~y∗)
)

= ( ~x∗,~c)

B(m) ( ~x∗, r) Y ` [�i t0a ] Φ
p���v

~x ∈ B(m) ( ~x∗, r) ⇒ −−−→
(~x,~c) ∈ B(m+n) (~q∗, r)

Φ ∈ C1 (B (~q∗, r))

T
(

T−1 (x, y)
)

= (x, y)

T (U (x, y) , V (x, y)) = (x, y)

(U (x, y) , F (U (x, y) , V (x, y))) = (x, y)

U (x, y) = x, F (U (x, y) , V (x, y)) = y

∀ (x, y) ∈ B(m+n) (p∗, r) ;F (x, V (x, y)) = y

y = c
� ~�eX[ x Y

F (x, V (x, c)) = c

F (x,Φ (x)) = c
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y = Φ (x) ⇒ (x, y) ∈ E

(x, y) ∈ E ⇒ F (x, y) = c

y = V (x, F (x, y)) = V (x, c) = Φ (x)

�

[dΦ|x] Y a�o�d Z
Ṽ (y) = V (x∗, y) [ d i t�lXdut0acv:l ~ Õ ñ�pcx�a ~�Y V _

T−1 (x, y) = (x, V (x, y))

[

dT−1|(x,y)
]

=

(

Im×m Om×n
A

′

n×m B
′

n×n

)























1 0 0 · · · 0
. . .

...
. . .

...
0 1 0 · · · 0

∂ψm+1

∂y1
(x, y) · · · ∂ψm+n

∂ym
(x, y)

...
. . .

...
∂ψm+1

∂yn
(x, y) · · · ∂ψm+n

∂yn
(x, y)























p ]Ej l

B
′

=









∂ψm+1

∂y1
(x, y) · · · ∂ψm+n

∂ym
(x, y)

...
. . .

...
∂ψm+1

∂ym
(x, y) · · · ∂ψm+n

∂ym
(x, y)









Ì [
dT−1|(x,y)

] [

dT |(x,y)
]

= I
d��)Ñ�d ��~

B
′

= B−1

A
′

+B
′

A = 0

A
′

= −B−1Ad Y d�� [ v:� [ a Y�z `Wa ~�Z\j acl/`Xl�`Wacl (x, y) = (x∗, y∗) [ o ~ ��`Wach�d [LeX]E^ d Y d�� [ ` ~ a�a�o ^
[dΦ|x]

`Wa ^	��^ V U
F (x,Φ (x)) = c

x ∈ Bm (x∗, r)
vK��v

fj (x1, . . . , xm, ϕ1 (~x) , . . . , ϕn (~x)) = cj

xk
dux<v&`Xdub6v ZB[ a � t�l

0 =
∂cj
∂xk

=
∂f

∂xk
(x∗, y∗) · 1 +

n
∑

α=1

∂fj
∂yα

(x∗, y∗)
∂ϕα
∂xk

α = 1, 2, . . . , n; ∂ϕα

∂xk
(x∗)

�/d ] v z l n Y `Wacd [<~ dnl�duv&`Wa ~ a�a�o ] n vKo�`�� [<zL] acl�v Y dub
��� �(��� �������	��

������
�=FE

U �
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j�Z d Y f vKokÌÓ��a ] dul�d ] Ñ���a ] d j b ]á~ d ^ p∗ s o [�]E~ lWV f : E 7→ R
^ x<dnh [�^ duh�b6l�acx f

R
n ⊂ E ^ l�ac`Xl ^	[�i t ^Ì

f (p) ≥ f (p∗)
Ñ
f (p) ≤ f (p∗)

� ~ E s vÌÓ�/a ] dnl�d ] a	��a ] d j b ] v�`Xx<`Wa�o ]m^ v:d ]Ô~ d ^ ��a ])[�eXj b ~ Ñ
^	[<z�^

V �/a ] d j b ] aE�/a ] dnl�d ] `Wa i acb/lW`6a ] dndub ⇐ `Xd e b6x ] acb E
� ~ V _`Wa [<� t�l ^ d ��~ E vKo"`Xd ] dnl�x ^)i acb/lE�/t p∗ � ~ a E v j�Z d Y F vKo"��a ])[�eXj b ~ ` i acb6l p∗ � ~

p = p∗ Y `Wa j x ~ ` ] `Wa ] dudnb p ^ � ~ ∂f
∂xk

`Wacdnb/v Z�^
[ d i t�l ^	] t�a i

f (x) = x2 + y2 − 4x− 4y

f : D 7→ R

[ o ~ �
D =

{

(x, y) |x ≥ 0;x2 + y2 ≤ 25
}

��a ])[�eXj b ~ Û b6l ~ h ]a Y �/dndnb/` ]Ô��~ D vKoqd ] dul�x ^ b6v Z�Y ��a ])[�eXj b ~ o�d!� ~ p�a [ `Xx
∂f

∂x
(x∗, y∗) = 0

∂f

∂y
(x∗, y∗) = 0

V
(2, 2) ^)i acb/l Y b [-^	[ acb ^	�^ xLo Y�~ d ^ d ��~ `Wd ] dul�x ~ v���a ])[�eXj b ~ ` i acb/lW� ~~ Î � L s Y p∗ �/a ]E[�eXj b ~ � ~ L = {(x, y) |x = 0, y ∈ [−5, 5]} [ o�d ^ b6v Z\Y

p∗ = (0, x∗)

^ dnh�b/l�acx ^
ψ (y) = f (0, y) = y2 − 4y

~ Î � [−5, 5] zwe b ^ d Y t�v y = y∗ Y ��a ])[�eXj b ~ o�d
ψ

′

(y∗) = 0 ⇐⇒ y∗ = 2

y∗ = ±5
a ~�/acb z�^ vKo�b/v Z�Y

U =
{

(x, y) |x2 + y2 = 25
}

vKo ��a ])[�eXj b ~ o�x Z l −π
2 ≤ θ ≤ π

2 ;u (θ) = f (5 cos θ, 5 sin θ) [<��z `Xdnduh�b6l�acx ^ l Y lV (−π
2 ,

π
2

) zLe b ^ v z u
u (θ) = 25− 20 cos θ − 20 sin θ
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V ^ x�o ^ v z f vKoÒ�/d�� [<z�^ � ^ (−π
2 ,

π
2

) v z u (θ)
vKo Õ ù �/d�� [<z�^

θ = ±π
2

`Wa i a�o Z `Wa i acb/l
u

′

(θ) = 0 ⇒ θ =
π

4
(

5√
2
, 5√

2

) `Wd e l�a�acv [-^Ei acb6l [<] acvK�
f (2, 2) = 4 + 4 − 8 − 8 = −8

f (0, 2) = 4 − 8 = −4

f (0, 5) = 25− 20 = 5

f (0,−5) = 25 + 20 = 45
(

5√
2
,

5√
2

)

= 25− 4
√

225 = 25
(

1 − 4
√

2
)

d i dnd ]�eXzL] ��pcx�a ~�Y ac`Wa ~á[ ac`Xx<v�`Wa [ o�x ~ o�d ^	� vwdnt [ ` Y f v:oÐ` i�Z acd ])^�^	[ ach ^ v:v:t Y ^	[<z�^
f (x, y) + 8 = (x− 2)

2
+ (y − 2)

2 − 8

V �/acb z v z f vKoÒ��a ])[�eXj b ~ o�acx<d Z v ^ duluo ^�e d�o
[−5, 5] zwe b Y ϕ (y) = f

(

√

25− y2, y
) V _
V U

^�e dno ^ d Y vKo Û � l [ t�v�dnvwx<a���` e dno
C s ��acb zLY�z a Y b ÏL[<z `Xv Y b ] o g (x, y) C1 s Y�^ dnh�b/l�acx-a ~ h ] •

g (x, y) = x2 + y2

Ì
g = const

a ~ Ño�d�� ~ C vKo ^ h�b�`Wa i acb/l6a ~ h ] •

(0, 5) , (0,−5)

~∇g (x, y) = ~0 ^	Y o (x, y) ∈ C
`Wa i acb6l/a ~ h ] •^	~ a�a�o ])^ ` ~ `Wa ] dub ]�[ o ~âf Ì ^)~ a�a�o ] pc`Wacl C s Y o d ~ l�` ^ Ñ C s Y (x, y)
`Wa i acb/l ~ h ] •

~∇f (x, y) + λ~∇g (x, y) = ~0

V Û � l [ t�v�v:x�a�� ~�[ b6l λ o i�Z�^�^ l�`�o ])^ λ ∈ R
vKoq�6d ~ ` ]�Ïw[<z�[ a Y�z

`Wacv Y b6` ]�[ o ~ `Wa i acb/l ^ p ] ` Z\~�Y `Wa Z x<v�v Y b6` ] C s Y f vKo��/a ]E[�eXj b ~�^ Ì Ïw[�i�Y�^	Z ��a ^	^ Ñ ^ l zLeV acl�d ~�[�^ o ^�e dno Y
�/dnvwx<a���dnl�o�aE�6duh�acv:d ~ dnl�o�� z � z x ^ Û � l [ t0v&` e dno�v ^ dul�o ^	] t�a iV �/d z a Y b A,B,C f (x, y, z) = Ax+By + Cz

d ^ `�/d Z\e o ] dul�o Ï ac`Wd Z C d ^ d
x+ y + z = 0

x2 + y2 + z2 = 1

P � �(��� ����� P ��

������
�=RQ

r _



o Ï � g1, g2 ∈ C1
(

R
3
) `Wacdnh�b/l�acx-dn`Xoqa ~ h ] •

g1 (x, y, z) = c2, g2 (x, y, z) = c1

c
vKo ^Ei acb6l6vK� Y

C
vKo ^ h�b�`Wa i acb/l6a ~ h ] •p ^	Y�[ o ~âf o�d!� ~ (x, y, z) ∈ C

`Wa i acb6l/a ~ h ] •
~∇g1 × ~∇g2 = ~0

~ Î �
rank

(

∂g1
∂x

∂g1
∂y

∂g1
∂z

∂g2
∂x

∂g2
∂y

∂g2
∂z

)

< 2

�6dudnb/` ] �6d ] d ~ ` ] λ1, λ2
[ a Y>z o Ï ��o�d!� ~ (x, y, z) ∈ C

`Wa i acb6l/a ~ h ] •

∇f (x, y, z) + λ1∇g1 (x, y, z) + λ2∇g2 (x, y, z) = ~0

�/a�o [ v¹�6dul�a [�Z�~�^ �6d ~ l�` ^ dul�o�` ~ �/t�pc`Xdnl ^	[<z�^

rank







∂f
∂x

∂f
∂y

∂f
∂z

∂g1
∂x

∂g1
∂y

∂g1
∂z

∂g2
∂x

∂g2
∂y

∂g2
∂z






< 3

Ì Û � l [ t�v�v:x�a���ä ~gz dnx�a ]�~ v¹d j d j�Y�^�Z a j dul Y�^ o z�] v>Ñ Û � l [ t�vÐdnv:x�a���v z dnvwvK� ^�e xLo ]E^
G ∈ o Ï � fG : D 7→ R

n ^ b/` zL^�^ l�ac`Xl n,m ∈ N,Rm+n vKo ^	Z ac`Xx ^ h�a Y b s `W` D
d ^ `o Ï ��V ^	[ act jq^ h�a Y b E ⊂ D

d ^ `âVC1 (D) 3 f : D 7→ R
^ duh�b6l�acx ^ l�ac`Xl C1 (D)

∀~x ∈ E;G (~x) = ~0 Ì
G (~x) = ~0 ^	Y o ~x /∈ E

o�dnoqp���`Xd3Ñv:dn� ] B(m+n) (p∗, r) [ a i � ^�f r > 0
vK��v�� ~ E

vKo ç�è	Áá¾	À�¿3ÁLÂ ~ d ^ p∗ ∈ E ^)i acb/luo [<])~ l^)i acb/l
p /∈ E;G (p) = ~0 o Ï � p1 ∈ E ^)i acb6l6` ] dudnby� ~

∀p ∈ E; f (p) ≤ f (p1) d ��~
E
vKo ^ h�b"` i acb/l p1

a ~ V _d�Î z ` [�i t0a ]m[ o ~ T : D 7→ R
n+1 ^ b/` zL^ v¹a ~ V U

T (p) = (G (p) , f (p)) v ~ duh�l [ x<d i o�d

[dT |p1 ] =



















∂g1
∂z1

∂g1
∂z2

· · · ∂g1
∂zn+m

∂g2
∂z1

∂g2
∂z2

· · · ∂g2
∂zn+m

...
...

. . .
...

∂gn

∂z1

∂gn

∂z2
· · · ∂gn

∂zn+m
∂f
∂z1

∂f
∂z2

· · · ∂f
∂zn+m


















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o Ï � p1
s Y

rank [dT |p1 ] ≤ n

o Ï � ^ l�ac`Xl ^ h�a Y b6v�� ~ ` ^)Y g1, . . . , gn ` ~ acl [<Z\Y � ~ G (p) = (g1 (p) , . . . , gn (p))
p ])j l ^	[<zL^

∀p ∈ E; rank [dG|p] = n

d ~ l�`Xv¹vwacb6o�ÌRS�S�Ñ�d ~ l�` ^���~
~∇f (~p) =

n
∑

j=1

λj ~∇gj (p∗)

Ì
m+ n =

�/dnl�`�o ])^Ô[ x j�] > n =
�6duh�acv:d ~�^Ô[ x j�] Ñ λ1, . . . , λn

�/d ] d ~ ` ] �/d z a Y b [ a Y�z
^)Z ��a ^

G (p) = (g1 (p) , . . . , gn (p))

p ])j v Z aclÔV �6dudnb/` ] ÌRS�SµÑWo Z dn��acl�V ^ h�b�` i acb/l ^ l�d ~ a/�/a ] d j b ] ` i acb/l p1
o Z dnl�l��~ f (p) = gn+1 (p)

T (p) = (g1 (p) , g2 (p) , . . . , gn+1 (p))

Û b6l ~ v p1
~ b/a�a i o ^	~�[ l�a f �6dudnb/` ]±~ vÒÌRS�S�Ñ ^ v:dnvKo YCZ dnl�l A = [dT |p1 ]

p ])j l�ap�ac`Xl�ÌÓ��a ] dul�d ] ` i acb/l ~ v¹�6t0a�Ñ	�/a ] d j b ]
rankA = n+ 1

(n+ 1) × ^ h�d [�eX] `Wa [ h�acd [ o ~ A ^ h�d [�eX]E^ vKoØ`Wa i a ])z n + 1
o�d�o z�Y acl [�] acvK�

{1, . . . ,m+ n} Y �/d ] vKo��/d [ x j�] α (1) , α (2) , . . . , α (n+ 1) [<Z�Y l�V ^ ��dux ^ (n+ 1)o Ï �
B =

{

∂gi
∂xα(j)

(p1)

}n+1,n+1

i=1,j=1

s a ]E[ x z h Y l ` [<Z�~ α (1) = 1, α (2) = 2 . . .
o Z dnl�lÔV a ��^ ^ ��dnx ^	^Ò^ h�d [�eX]E^"~ d ^

m = 1
� ~ Ñ x ∈ R

n+1, y ∈ R
m−1; p = (x, y) Y ac`���l�V �6dul�`Xo ]E^ ��a�o�d [<Ym^ duh eo Ï � f p e bqb6dux j�] r > 0 [<Z\Y l&V p1 = (x1, y1)

Õ þ p ]Ej l eX[ x Y Ì p = x Y ac`���l e a�o�xd�Î z S : B (x1, r) 7→ R
n+1 ^ b/` zL^Ô[ d i t�lWV Ì ^	Z ac`Xx D Ñ B (p1, r) ⊂ D

S (x) = T (x, y1)

= (g1 (x, y1) , g2 (x, y1) , . . . , gn+1 (x, y1)) v Y�~
x ∈ B (x1, r) ⇒ (x, y1) ∈ B (p1, r) p ~ d Y acb z d Y o Z l

JS (X1) = detB

= det

{

∂gi
∂xα(j)

(p1)

}n+1,n+1

i=1,j=1

6= 0
�(��� �(��� �������(')��

������
�=?�
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Js (x) 6= �/t0a
B (x1, r)

Y�z Î Z�Z S o f r > 0 [ x j�]E^ `Xl e b ^ d [�Z�~ dnvwa ~�Z dnl ^ v [ o�x ~^ h�a Y b ^ o zLY l�d ^	��] x ∈ (x1, r)
v:��v

0

W = S (B (x1, r))

o Ï � ρ > 0
�/dndubyV ^)Z ac`Wx ~ d ^

B (S (x1) , ρ) ⊂ W

p ∈ B (p1, r)
vK��v:o Z d eXY>^ v¹d i ��p e b [ `6acd i a z r > 0 Z b6dul Ï d [ h-� ~
G (p) = ~0 ⇐⇒ p ∈ E

Y ` ~ h ] l (0, 0, . . . , f (p1) + ρ
2

) ^)i acb/l ^ Ì ^ h�bã` i acb6l ~ v p1
d�� Z dnl ^ v [ o�x ~ Ñdn�

B (S (x1) , ρ)

S (x1) = (0, 0, . . . , f (p1))

o Ï � p+ = (x+, y1) ;x+ ∈ B (x1, r)
^)i acb/lX�/dndnb"p���v�ÌG (x1, y1) = ~0

d��)Ñ
S (p+) =

(

0, 0, . . . , f (p1) +
ρ

2

)

= (g1 (p+) , g2 (p+) , . . . , f (p+))

~ Î �
g1 (p+) = g2 (p+) = . . . = g (p+) = 0

v Y>~âf p+ ∈ E
�6t�a

f (p+) > f (p1)

�

½n¬�¸�! ­E¶�·�¯±©�ª�¬@«)Ý�º�©�ª�­"TMÜw¸-©�­"TMß/³Ø©�ª�¬0®´¬3­X«q©�ª@¶�ªK«E¸VU3ª�¬�¯ à�½}¼
V Ì
R
n s Y E ^ h�a Y b"v z f ^ dnh�b/l�acx�vKo�dnv Y acv:t6��a ])[�eXj b ~ o�acx<d Z v¹o�a [<i�~ v ^	�X~ o�acl�Ñ

`Wa [�i t ^
V
p0 ∈ R

n ^Ei acb6l�v:o ^	Y d Y�jC^ v:dn� ] o ^ h�a Y b Y ` [�i t0a ] �6dul�`�o ] n vKo f ^ duh�b6l�acx ^ l�ac`Xl�V _`Wa�a�o�a/`Wa ] dudnb ∂f
∂xj

(p)
`Wacdnb/v Z�^ `6a [�� t�l ^ vK�á� ~ f

v:o�`Xd e d [ b ^)i acb6l ~ d ^ p0
o [�]E~ lV

p = p0
s Y�| s v

f (p) ≤ f (p0)
o Ï � r > 0

�6dudnbm� ~ d ] acb ] ÌÓ�/a ] dnl�d ] Ñ\�/a ] d j b ] ` i acb/l ~ d ^ p0
o [�]E~ l-V UvK��v

(f (p) ≥ f (p0))

p ∈ B (p0, r)

^)i acb/l p0
d ��~ ÌÓ�/a ] dnl�d ] Ñ��/a ] d j b ] ` i acb/l p0

� ~ a p0
s Y `Wa ] dndnb `Wacdnb/v Z�^ `Wa [<� t�l ^ vK�"� ~ ^	[<z�^V `Xd e d [ bacv ~ ��`Wa i acb/l6d ] acb ] �/a ] dnl�d ]Ô~ v��6t�a)d ] acb ] ��a ] d j b ]Ô~ v�p ^ oq`Wacd e d [ b"`6a i acb6l/`Wa ] dndnb�v Y�~V äL��a ~ `Wa i acb6l6`Wa ~�[ b/l

r �



`Wacl�ac`Xl ^	] t�a i
f1 (x, y) = x2 + y2

f2 (x, y) = −x2 − y2

f3 (x, y) = x2 − y2

f4 (x, y) = xy

f5 (x, y) = Ax2 + 2Bxy + Cy2

V
(0, 0) s Y `Xd e d [ b ^)i acb6lWo�d f1, . . . , f5 o�d�`Wacdnh�b/l�acx ^ v:��vV äL��a ~ o�d f3, f4 s v f �/a ] d j b ] a	��a ] dul�d ] o�d f1, f2

A < 0 f ��a ] dul�d ] A > 0
� ~ B2 < AC [ a Y>z VB2 > AC [ a Y>z äL��a ~ o�d f5 v�d�� Z d���a ^ v [ o�x ~V �/a ] d j b ]V V V duacv:`

B2 = AC
� ~

ÌÓdul�o [�i�j�] `Wa [<� t�lW` [<��z�Y `6acd e d [ b"`Wa i acb6l6vKoqdux�a ~ b i a Y o�duv:vK� e x�o ] v�Ñ ~ a Y>]
M, (n× n)

`Xd [�eX] d j�^ h�d [�eX]�^ l�ac`Wl
ÌÍpcd e acv Z v¹`XdnvwdnvKoÚÑ)pcd e acv Z v¹`Xd Y acd Z M d�� [�]E~ l-V _

Positive Definite (Negitive Definite)V ÌÓ�/dnv:duvKo�o ])] Ñ	�/d Y acd Z o ])] � ^ M vKoq�6dud ] h z�^ �6dn� [�z�^ vK��� ~d ~ l�`Wv�vLacbWo ^	� d ~ l�` ^)[�z�^
∀x 6= ~0 ∈ R

n;xtMx > 0

(

∀x 6= ~0 ∈ R
n;xtMx < 0

)

p�a j ��v ~�^ v z �6d [�Y d ~�^ a6`Xdnl�a j ��v ~ Λ f `Xduv:l�act0ac` [ a ~ L [ o ~ � M = LtΛL
d��V �/dnd ] h zL^ �/d�� [<zL^ b�acd i�Y Λ
vKo

[<])~ l ��~ duv:dnvKoØo ])]"i�Z�~ d ] h z�ÏL[�z `Wa Z x�vLa6d Y acd Z o ])]"i�Z�~�z Î z `Wa Z x�v M v-o�d�� ~ V UV Î�äL��a ~ `Xh�d [�eX] Î ~ d ^ M s o
~ d ^ M s o [<]E~ l | s ] �/dua�a�o a ~ �/dnl e bg�/vwa���a ~mf | s v7�/dua�a�o�a ~ �6duvwa i t M vKo z Î zL^ vK��� ~ V r

(Degenerate)
`Xl�a�acl ]

vKo ^	e l�l�d ])[�eWi�^ m = 1, . . . , n
vK��v�� ~ pcd e acv Z v�`Xd Y acd Z A = {aij} n × n ^ h�d [�eX] Ö Sylvester e x�o ]

(−1)m det {aij}mi,j >
Ö Îup ] d j�^ x�duv Z�] Î {aij}mi,j v:o ^	e l�l�d ])[�eWi�^ � ~ pcd e acv Z v´`Xdnv:duvKo�a f `Xd Y acd Z�~ d ^ {aij}mi,jV

0

n = 2 Z b/dnl ^	] t0a i
M =

(

A B
B C

)

V Înäw��a ~ `Xh�d [�eX] Î M [<[ act B2 > AC ��~ ( x y
)

(

A B
B C

)(

x
y

)

= Ax2 + 2Bxy + Cy2

V
A < 0

pcd e acv Z v¹`Xduv:dnv:oqa ~ A > 0
pcd e acv Z v¹`Xd Y acd Z M ��~ B2 < AC

^ dnh�b/l�acx ^ l�ac`Xl ^	Z ac`Xx ^ h�a Y b D ⊂ R
n d ^ ` e x�o ]

f : D 7→ R

Z dnl�l�VD s Y `Wacx<dnh [ a�`Wa ] dndub dnl�o [�i�j�] F vKo�`Wacdnb/v Z�^ `Wa [<� t�l ^ vK� [<] acvK� f ∈ C2 (D)
o Z dnl�l[<] acvK��Vp0

s Y f vKo Hessian
`Xh�d [�eX] M d ^ `yVp0 ∈ D s Y `Xd e d [ b ^Ei acb6l f v�o�dno

M =

{

∂2f

∂xixj

}n

i,j=1 d ��~
r �



d ] acb ] �/a ] dnl�d ] ` i acb/l p0
��~ pcd e acv Z v¹`Xd Y acd Z M � ~ V _d ] acb ] ��a ] d j b ] ` i acb/l p0
��~ pcd e acv Z v¹`XdnvwdnvKo M

� ~ V U
d ] acb ] äL��a ~ ` i acb6l p0

��~ Înäw��a ~ `Xh�d [�eX] Î M � ~ V r
V `Wa [ b6v�vLa���d�vK� ^Ô��~ `Xl�a�acl ] M � ~ V �

^	Z ��a ^V Ì
C2 s Y `6acdnh�b/l�acx [ a Y�z ¡ [<~ a�a�o e x�o ] v:v:t Y `Xd [LeX] d jÒ^ h�d [�eX] M Ö ^)[�z�^ ÑV

(h1, . . . , hn) = h ∈ B (0, δ) ^	z a Y b ^)i acb6l zLY b6lWVB (P0, δ) ⊂ D s o Ï � δ > 0 Z b/dnlV ÌÓvwa i t [ `Wacd zLe b Y acvwdnx ~ a�Ñ [−1, 1] s Y ` [�i t0a ] u Vu (t) = f (p0 + th) [���z `Wdnh�b/l�acx [ d i t�ls a ^	[ d � t u ` [ o [ o ^ b/a Z dnx<v

u′ (t) =

n
∑

j=1

f ′
j (p0 + th)hj =

n
∑

j=1

∂f

∂xj
(p0 + th)hj

Ö p���a ] ��V Ì f ∈ C1 �6t�p���vwa f ∈ C2 d��)Ñ

d2u

dt2
(t) =

n
∑

j=1

d

dt

[

f ′
j (p0 + th)hj

]

=

n
∑

j=1

(

n
∑

k=1

f ′′
jk (p0 + th)hjhk

)

= (h1, . . . , hn)M (p0 + th) (h1, . . . , hn)
T

=
〈

h,M (p0 + th)hT
〉

Ì
M (p) =

{

∂2f
∂xi∂xj

(p)
}n

i,j=1

Ñ
V ∂
∂xj

(

∂f
∂xk

)

= ∂2f
∂xj∂xk

= (f ′
k)

′
j = f ′′

kj
Ö p�a ] d j v z�^	[<z�^

p ∈ B
(

p0,
δ
2

) vK��vwa
x ∈ R

n vK��v ϕ (x, p) =
〈

x,M (p)xT
〉 ÌÓ�6dul�`Xo ] 2n

vKoÚÑ ^ dnl�o [<��z `Xdnh�b/l�acx [ d i t�lV‖x‖ = 1
� zf ^	] a j�Z a ^	[ act jk~ d ^ d�� f `Xd e b6x ] acb ^ h�a Y b�a � VK =

{

(x, p) ∈ R
2n : ‖x‖ = 1, p ∈ B

(

p0,
δ
2

)} [ d i t�lV
K
v z o�Î ])Y�^ x�duh [ ϕ p���v�V f ∈ C2 s o�p�a�acd�� ] K s Y�^ x<duh [-~ d ^ ϕ : K → R

s aV
u (1) = u (0)+u′ (0)·1+u′′ (θ)· 12 s o Ï � θ ∈ (0, 1)

�6dudnb6o�v Y b/l!Vu ^ duh�b6l�acx<v [ acv:dud e ` Z\j acl)` ~ v:d z x<lV Ì
f
vKoq`Xd e d [ b Û b/l p0

d��
u′ (0) = 0

ÑV Ì
θ ∈ (0, 1)

v Y>~ s �6d [�Z�~ �6d [�Y\i dul ] vK� Y a h s Y a p0
s Y d�acv:` θ Ñ)Vu (1) = u (0) + 1

2u
′′ (θ)

p���vV
v = h

‖h‖
[ o ~ � f (p0 + h) − f (p0) = 1

2

〈

h,M (p0 + θh)hT
〉

= 1
2 ‖h‖

2
ϕ (v, p0 + θh) s v¹vwacbWo ^	�

0 > λ2
�6t�o�dua6ÌÓd ] h z�[ a e b�a y Ñ M (p0) y

T = λ1y
T f 0 < λ1

z Î z o�dWp���v�V äL��a ~ `Xh�d [�eX] M (p0)
Z dul�lV ‖y‖ = ‖z‖ = 1 s o Z dnl ^ v [ o�x ~ VM (p0) z

T = λ2z
T s o Ï � z ∈ R

n s as o Ï � δ1
�6dudnb

p → M (p)
`6acx�duh [ vwv:t Y V

ϕ (y, p0) =
〈

y,M (p0) , y
T
〉

= 〈y, λ1y〉 = λ1 > 0V
p ∈ B (p0, δ1)

v:� [ a Y�z ϕ (y, p) > λ1

2V
p ∈ B (p0, δ2)

vK��v
ϕ (z, p) < λ2

2 < 0 s o Ï � δ2 > 0
�/dndnb�a

ϕ (z, p0) = λ2 < 0 f ^)] a i pcx�a ~!YV
B (p0, r)

s Y p0 + 1
2ry

f p0 + 1
2rz

`Wa i acb/l ^ r ∈ [0, δ]
vK��v�V

δ = min (δ1, δ2)
Z b/dnl

f

(

p0 +
1

2
ry

)

− f (p0) =
1

2

r2

4
ϕ

(

y, p0 +
θ1
2
ry

)

>
r2

4

λ1

2
> 0

^	] a i pcx�a ~�Y
f

(

p0 +
1

2
rz

)

− f (p0) =
1

2

r2

4
ϕ

(

z, p0 +
θ1
2
rz

)

<
r2

4

λ2

2
< 0

r �



V äL��a ~ ` i acb6l ⇐ d ] acb ] �/a ] dnl�d ] ` i acb/l ~ v¹�/t0a	d ] acb ] ��a ] d j b ] ` i acb6l ~ v p0
[<] acvK�� ^ Ñ M vKoÒ�/dnd ] h z�^ �/d�� [<z�^ ` ~ λ1, λ2, . . . , λn

s Y p ])j l6V pcd e acv Z v�`Xd Y acd Z M (p0) = M s oq` z � Z dnl�l^ h�d [LeX] ` ] dudnb6o z a i d�V j ∈ {1, 2, . . . , n} vK��v λj ≥ α s o Ï � 0 < α
�6dudnbPV Ì ^)��]Ò^	� �6dul�a�o Z�[ � ^	Ym~ vV

Λ = diag (λ1, . . . , λn)
[ o ~ � M = L−1ΛL s o Ï ��Ì LT = L−1 Ñ L `Xduv:l�act0ac` [ a ~

∥

∥LxT
∥

∥ =

√

〈

(LxT )
T
, (LxT )

T
〉

=

√

〈

xT , (LTLxT )
T
〉

=
√

〈xT , IxT 〉 = ��~ ‖x‖ = 1
� ~

V√〈xT , xT 〉 = ‖x‖ = 1V ÌÓ`Wd i duv:b/a ~â^	]E[ acl6` [<] o ] `Xduv:l�act0ac` [ a ~y^ h�d [�eX] Ñv Y b6l�a y =
(

LxT
)T p ])j l ‖x‖ = 1

� ~ x ∈ R
n vK��v

ϕ (p0, x) =

=
〈

x,
(

M (p0)x
T
)T
〉

=
〈

x,
(

LTΛLxT
)T
〉

=
〈

(

LxT
)T
,
(

Λ
(

LxT
))T
〉

=
〈

y,
(

ΛyT
)T
〉

=

n
∑

j=1

yjλjyj =

n
∑

j=1

λjy
2
j ≥

n
∑

j=1

αy2
j

= α ‖y‖2
= α > 0

�/dndnb
K ∩ B2n ((x, p0) , δ0)

s Y (z, p)
vK��vwa

x
vK��v:o Ï � δ0 > 0

�6dudnb
K s Y o�Î ])Ym^ x<dnh [ ϕ s o�p�a�acd�� ]V〈

x,
(

M (p)xT
)T
〉

≥ α
2 > 0

v Y b/l p ∈ B (p0, δ0)
vK��a ‖x‖ = 1

� ~ x vK��v eX[ x Y Vϕ (z, p) > α
2V ‖x‖ = 1

� z x ` [ d Z�Y�Y d�acv:` ~ v δ0 Ö Y a�o Zs oÒv Y b6l h ∈ B
(

p0,min
(

δ
2 , δ0

)) vK� [ a Y>z�f p���v
f (p0 + h) − f (p0) =

‖h‖2

2
ϕ (v, p0 + θh) ≥ ‖h‖2

2

α

2
≥ 0

o�d ��~ `Wacduv:dnv:o�pcvwa�� λ1, . . . , λn
� ~ o��6d Z d���a ] dnt�acv:l ~ d [<] t�v�pcx�a ~!Y Vp0

s Y d ] acb ] ��a ] dul�d ] o�d f s v ~ Î �V `Xl�a�acl ] M s o ^)[ b ])Y v:x e v�acl�dnv z ä<a j�Y v�V p0
s Y d ] acb ] ��a ] d j b ] ` i acb6l f s vÖ `Wa ~�Y�^ `Wa ~�] t0a i�^ dnx<v¹äL��a ~ ` i acb/l6a ~ d ] acb ] ��a ] dnl�d ]�f d ] acb ] ��a ] d j b ] p���`Xdud�o ^)~![ lV

p0 = (0, . . . , 0)V
f (x1, . . . xn) =

∑n
j=1 x

4
j
Ö ��a ] dul�d ]V

f (x1, . . . xn) = −∑n
j=1 x

4
j
Ö �/a ] d j b ]V

f (x1, . . . xn) = x3
1
Ö äL��a ~

�

H7IKJ�T H�¦ n óWH T�SLI:õ�ö J�Swô ¥ S £ N ¥ S ó IRI I T ¤XK S�J Y

V ÌÓ�6dul�`Xo ] dul�oØÑ n = 2
vKo ^)[ b ])Y b [ v:x e lV ` [ o [ o ^ b�a Z dnvwdnt [ ` Ö Û ~mY vKo

(x0 + h1, y0 + h2)
s o Ï � h = (h1, h2)

[<Z\Y l�V (x0, y0)
vKom`Xd [ a i � ^	Y d Y�j�Y `Xdnvwd Y�~ duh�l [ x<d i f s o Z dul�l�V _d ��~ t ∈ [−1, 1]

v:��v
u (t) = f (x0 + th1, y0 + th2)

[<��z `Wdnh�b/l�acx [ d i t�l�aEa �W^	Y d Y�j�Y
u′ (t) = f ′

x (x0 + th1, y0 + th2)h1 + f ′
y (x0 + th1, y0 + th2)h2

x (t) = x0 +
p ])j l7� ~ d ��~ (x0, y0)

vKo ^	Y d Y�j1^ `Wa ~�Y `Wacx<duh [ a�`6a ] dndub f ′′
xx, f

′′
xy, f

′′
yx, f

′′
yy,

� ~ V U
th1, y0 + th2

u′′ (t) = f ′′
xx (x (t))h2

1 + f ′′
xy (x (t))h1h2 + f ′′

yx (x (t))h2h1 + f ′′
yy (x (t))h2

2

= f ′′
xx (x (t))h2

1 + 2f ′′
xy (x (t))h1h2 + f ′′

yy (x (t))h2
2

” =

(

h1
∂

∂x
+ h2

∂

∂y

)2

f (x (t)) ”

r {



f ′′′
xxy = f ′′′

xyx =
Ñ\¡ [ a�a�o e x�o ] `Xv z x ^ d [<Z\~ pc`Wacl ^	] a i�Y a�o�d Z V (x0, y0)

Y d Y>jy[ a i � Y f ∈ C3 s o Z dnl�l�V rs oØÌ ^	] a i ��a f ′′′
yxx

u′′′ (t) = f ′′′
xxx (x (t))h3

1 + 3f ′′′
xxy (x (t))h2

1h2 + 3f ′′′
xyy (x (t))h1h

2
2 + f ′′′

yyy (x (t))h3
2

” =

(

h1
∂

∂x
+ h2

∂

∂y

)3

f (x (t)) ”

t ∈ (−1, 1) s a ‖h‖ ≤ r s a f ∈ Cn (B ((x0, y0) , r))
� ~�f n ∈ N

v:��vKo�`Wa ~�[<^ v [ o�x ~"^ duh�b/a i l�d ~ ` [<��zLY�6dudnb/` ]

u(n) (t) =
n
∑

j=0

hn−j1 hj2

(

n

j

)

∂n

∂xn−j∂yj
f (x (t)) ” =

(

h1
∂

∂x
+ h2

∂

∂y

)n

f (x (t)) ”

Ö o Ï � θ ∈ (0, 1)
�/dndub

B ((0, 0) , r) s Y h = (h1, h2)
v:��v�d ��~ f ∈ Cn+1 (B ((x0, y0) , r))

� ~�e x�o ]
f (x0 + h1, y0 + h2) =

n
∑

m=0

1

m!

(

h1
∂

∂x
+ h2

∂

∂y

)m

f (x (0)) +
1

(n+ 1)!

(

h1
∂

∂x
+ h2

∂

∂y

)n+1

f (x (θ))

V Ì
x (t) = (x0 + th1, y0 + th2)

Ö ` [ a�� � `´Ñ
limn→∞

1
(n+1)!

(

h1
∂
∂x

+ h2
∂
∂y

)n+1

f (x (t)) s o Ï ��vB�/d ])[ act�o f ∈ C∞ v z �/d ~ l�`Co�d´� ~ Ö ^	[<z�^
��~ t ∈ [−1, 1] [ a Y�z

f (x0 + h1, y0 + h2) =

∞
∑

m=0

1

m!

(

h1
∂

∂x
+ h2

∂

∂y

)m

f (x (0)) ”” = e(h1
∂

∂x
+h2

∂
∂y )f (x (0)) ””

ç�Ç�é<¿0ç

f (x0 + h1, y0 + h2) = u (1)

= u (0) + u′ (0) · 1 +
u′′ (0)

2!
12 + · · · + u(n) (0)

n!
1n +

u(n+1) (θ)

(n+ 1)!
1n+1

Y duh ^ v Ï d [ h�b [ acdno�� z V [0, 1]
v z u (t) ^ dnh�b/l�acx<v i d Z d ^ l�`�o ] vKo ^ dnh�b/l�acx [ a Y�z�[ acv:dnd e ` Z�j aclXacl�v z x ^V ` [ o [ o ^ b�a Z � z �/d ]!i acb ^ �/d Y a�o�d Z\^)]

�

I ó�¥[Z$I JwI�M ORS £\HØ¤ ]
^�_ ËnÊ ^ Ë ^�`�`ba ÆBç�ï�è�È�ç

v:dut [ `
I =

∫

R3

fχw

W =
{

(x, y, z) |x2 + y2 ≤ z ≤ 1
}
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p�a [ `Xx
I =

∫∫

R2

χE (x, y)

(∫ 1

z=x2+y2

f (x, y, z) dz

)

dxdy

=

∫∫

E

(∫ 1

z=x2+y2

f (x, y, z) dz

)

dxdy

��~
W =

{

(x, y, z) | (x, y) ∈ E, x2 + y2 ≤ z ≤ 1
}

E =
{

(x, y) ∈ R
2|x2 + y2 ≤ 1

}

��~ f (x) =
(

x2 + y2
)

z
� ~

I =

∫∫

E

(

(

x2 + y2
)

z2

2

)1

z=x2+y2

dxdy

=

∫∫

E

(

x2 + y2
)

2
−
(

x2 + y2
)3

2
dxdy

=

∫ 1

x=−1

∫

√
1−x2

y=−
√

1−x2

(

x2 + y2 −
(

x2 + y2
)3

3

)

dydx

E = {x ∈ [−1, 1] ;u (x) ≤ y ≤ v (x)}

v ^ a�a�o ^	� v [ t e l�d ~ �6dul�`Xo ] `Xx<v Z�^ ` Z�j acl/dnx<v Y a�o�d Z v ^ dnl�o ^ o�dut
I =

∫ 1

r=0

∫ 2π

0

(

r2

2
− r6

2

)

rdθdr

^ duh [ t e l�d ~�^�[ o ~ � ∫
R3 fχW

Y a�o�d Z�[ a Y>z ` [�Z�~"^	Z�j acl Y ac`X��v�pc`Xdul/v�Î�l�� W [ a Y�z` ~ `6a ^	� v Ï d [ háÌ y dux�v¹a ~ Ñ x dux�v ~ d ^Ô^ l�a�o ~![<^
W = {(x, y, z) | (y, z) ∈ G, u (z, y) ≤ x ≤ v (y, z)}

Y ac`���v¹vK��acl ��~
I =

∫∫

G

(

∫ v(y,z)

x=u(y,z)

f (x, y, z) dx

)

dydz

��~
G =

{

(y, z) |y2 ≤ z ≤ 1
}

z = x2 + y2

x2 = z − y2

x = −
√

z − y2 = u (y, z)

x =
√

z − y2 = v (y, z)

v Y b6l�a

I =

∫∫

G

∫

√
z−y2

x=−
√
z−y2

f (x, y, z) dydz
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D ^ h�a Y b�`X` ^ l�ac`Xl�a C1 (W ) s Y T : W 7→ R
d ^ b/` zL^�^ l�ac`Wl�a W ⊂ R

d ^	Z ac`Xx ^ h�a Y b ^ l�ac`Xl e x�o ]�/dndub6` ] o Ï �
R
d s Y `Xdnvwd Y�[ t e l�d ~g^ dnh�b/l�acx χD V _V

D s Y `Xdnv Y acv:t z Î Z�Z T V U
V ^	] a j�Z a ^ x<dnh [ f : D 7→ R

^ dnh�b/l�acx ^ l�ac`Xl
∫

Rd

fχD =

∫

Rd

χT (D)f
(

T−1
)

|J |

^	] t�a i
T (u, v) = (u cos v, u sin v)

^ ËuÊ�Ë ^�`�`bc ÆBç�ï�è�È�ç
^	] t�a i

T (x, y) =
(

√

x2 + y2, arctan
y

x

)

D =
{

(x, y) | (x− a)2 + y2 ≤ a2, x2 + y2 ≥ ε2
}

⇒ T (D) = {(r, θ) | − α (ε) ≤ θ < α (ε) , ε ≤ r ≤ 2a cos θ}
T−1 (r, θ) = (r cos θ, r sin θ)

JT−1 (r, θ) =

∣

∣

∣

∣

cos θ −r sin θ
sin θ r cos θ

∣

∣

∣

∣

= r

v [ t e l�d ~�^ ` ~mY o Z l
∫

R2

fχD =

∫

R2

χT (D)f · T−1 |JT−1 |

V vwacx���v [ t e l�d ~ v Y a�o�d Z ` Z�j acl6` [<��z�Y
=

∫ α(ε)

−α(ε)

[

∫ 2a cos θ

r=ε

f (r cos θ, r sin θ) rdr

]

dθ

Y o Z v�a j l�` f (x, y) =
(

x2 + y2
)α � ~ α ∈ R

p�ac`Xl ^ v ~ o
∫

R2

fχD

α ∈ R
vKoÒ�/dnl�a�o��/d�� [<z�[ a Y�z s vLÎnl�� D [ o ~ �

^	] t�a i
T−1 (r, θ, ϕ) = (r sin θ cosϕ, r sin θ sinϕ, r cos θ)

JT−1 (r, θ, ϕ) = r2 sin θ

� ~ vKo ] v�VD v z�z Î Z�Z a Y�e d ^ ` [�i t�a ] T o Ï � D ⊂ R
3 [ a Z�Y v�acl�dnv z

D =
{

(x, y, z) |0 < x2 + y2 + z2 ≤ a2, x2 + y2 > 0, y 6= 0
}

T (D) = {(r, θ, ϕ) |r ∈ (0, a] , θ ∈ (0, π) , ϕ ∈ (0, 2π) , ϕ 6= π}
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p���v
∫

R3

χD =

∫

χT (D) |JT−1 |

=

∫

T (D)

(

r2 sin θ
)

=

∫

(0,π)×(0,2π)

∫ a

r=0

r2 sin θdrdθdϕ

=

∫∫ (

a3

3

)

sin θ

=

∫ 2π

0

(

2
a3

3

)

dϕ =
4

3
πa3

ÌÓ`Wacd [ a i ��`Wa e l�d i�[ a ~ acb Ñ!pcx�a ~ ac`Wa ~�Y T, T−1 [ a Y�z ^	] t�a i

D =

{

(x, y, z) |
(

x− a√
2

)2

+

(

y − a√
2

)2

+ z2 ≤ a2, x2 + y2 + z2 > ε2

}

∫

χD
(

x2 + y2 + z2
)α Y o Z v ^ h [ l

T (D) =

{

(r, θ, ϕ) | − π

4
≤ ϕ ≤ 3π

4
, 0 ≤ θ ≤ θ, 0 ≤ r ≤ u (θ, ϕ)

}

x2 − 2ax√
2

+
a2

2
+ y2 − 2ay√

2
+
a2

2
+ z2 ≤ a2

x2 + y2 + z2 ≤
√

2a (x+ y)

r ≤
√

2ar sin θ (sinϕ+ cosϕ)

r ≤
√

2a sin θ (sinϕ+ cosϕ)

p���v
∫

R3

fχD =

∫

(

f ◦ T−1
) ∣

∣J−1
T

∣

∣χT (D)

=

∫ ϕ= 3π
4

ϕ=−π
4

∫ π

θ=0

∫

√
2a sin θ(sinϕ+cosϕ)

r=0

r2α+2 sin θdrdθdϕ

(α > 0) ⇒ =

∫ ϕ= 3π
4

ϕ=−π
4

∫ π

θ=0

∫

√
2a sin θ(sinϕ+cosϕ)

r=0

r2α+2 sin θdrdθdϕ

=

∫ ϕ= 3π
4

ϕ=−π
4

∫ π

θ=0

(√
2a sin θ (sinϕ+ cosϕ)

)2α+3

2α+ 3
sin θdθdϕ

=

( √
2a

2α+ 3

)2α+3
∫ ϕ= 3π

4

ϕ=−π
4

sin2α+4 θdθ

∫ π

θ=0

(sinϕ+ cosϕ)
2α+3

dθdϕ = ∗

sinϕ+ cosϕ =
√

2
(

sinϕ cos
π

4
+ cosϕ sin

π

4

)

=
√

2 sin
(

ϕ+
π

4

)
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d�ÃuÂ0¾	ÄGÉ�¾	æ ë Ç)ç ë ç�Ç	í�¿�Â0çBÈ<Æ\í�ç
^ duh�b6l�acx ^�~ Î � V p i�[ a Û � dnx<v ^)i d i�] E ⊂ R

d ^ h�a Y b�vK��v T : R
d 7→ R

d `Wd [<~ dnl�dnv ^ b/` z�^g^ l�ac`Xl ^ l zLe�/t0a)p i�[ a Û � dnx<v ^)i d i�] T (E) ^ h�a Y b ^ �/t6d ��~ VRd s Y p ] d [ dnx<v¹`Xdnv:d Y�[ t e l�d ~ χE
∫

Rd

XT (E) = |det [T ]|
∫

Rd

χE

∫

Rd

fχD =

∫

f ◦ T−1χT (D)

∣

∣J−1
T

∣

∣

^)Z ac`Wx W f T ∈ C1 (W ) fRd s Y p ] d [ dnx<v Õ � `Xduv:d Y>[ t e l ~ χD
D ⊂W ⊂ R

d

f z Î Z�Z T : D 7→ R
d

`Xd e b/x ] acb D
V _

T (D) Y JT−1 6= 0
V U

Ì
D s v j�Z d Y Ñ D s Y Ì ^	] a j�Z a�Ñ ^ x<dnh [ f V r

o Ï � I1, . . . , IN `Wa Y dn` s d �6d ] dudnb ε > 0
vK��v ⇐⇒ p ] d [ dnx<v�`Xdnv:d Y�[ t e l�d ~

R
d ⊃ E ^	] v

∂E ⊃ ∪Nj=1Ij �/t0a
N
∑

j=1

Vd (Ij) < ε

V `Xdnv:d Y�[ t e l�d ~ χT (D)
��~ f = χD

Z dul�lW� ~ p���v
det [T ] 6= 0 z Î Z�Z `Xd [<~ dnl�dnv ^ b/` z�^ T : R

d 7→ R
d o Z dnl�l •d ��~

R
d s Y `Xdnvwd Y�[ t e l�d ~ χD � ~ ^	] v

∫

Rd

χT (D) = |det [T ]|
∫

χD

Vd (T (D)) = Vd (D) |det [T ]|`Xdnl�a j ��v ~â^ h�d [�eX] �/t0a)�/dnb Z�[<] v z ` [<] a�oqt�Î ~ [T ]
d�� Y v&�/d�o�l

[T ] =











λ1 0 · · · 0
0 λ2 · · · 0
...

...
. . .

...
0 0 · · · λn











�/d ])[ act�v�b�a [ x�` ] dudnb A d× d ^ h�d [�eX] vK��v s d× d ^ h�d [�eX] vKo�ÌÓd [ vwacx�b�a [ x�Ñ e x�o ]
A = U ∧ V

Y v�a ] d�o�V `Xdnl�a j ��v ~ ∧ s aEt�Î ~ U, V [ o ~ �
|detA| = |det∧|

P � ��� ����� P ��

������
�=R�
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p ^ T d Y dn� [ vK��vKo ` [�� t�l ^ D ��~ Îup e b i�~�] Î D ä j acl Y�f v Y�~mf e x�o ])^�Z a j dnl Y a ] � f fD fW f T o Z dul�l •� i acb ^ÔY vKo ^ dux<v¹p���v¹VD s Y�z a Y b eXz�] � f a	`Xd [<~ dul�dnv eXzL] � T VD Y �/d z a Y b eXz�] �
∫

Rd

fχD ≈
∫

Rd

f (p)χD , p ∈ D

= f (p)

∫

χD ≈ f (p)
(

” det
[

T−1
]

”
)

∫

χT (D)

∫

χT (D) ≈ JT (p)

∫

χD

|JT−1 (T (p)) JT (p)| = |JI | = 1

V a � v�a � `Wa [<� `Wacl e b i a ~�] `Wach�a Y bÒvKo i a Z d ~ v D ` ~ b [ x<lWV e x�o ])^ÔZ a j dnl Y a ] � D,W, T, f •

D = ∪Nj=1Dj

[<] acvK�
χD (p) =

N
∑

j=1

χDj
(p)

p���v
∫

χDf =

N
∑

j=1

∫

χDj
f

pj ∈ Dj , qj = T (pj)
[<Z\Y l

≈
N
∑

j=1

f (pj) |JT−1 (T (p))|
∫

χT (Dj)

=

N
∑

j=1

∫

f (pj) JT−1 (T (pj))χT (Dj)

=

N
∑

j=1

∫

f
(

T−1 (qi)
)

χT (DJ ) |JT−1 (qj)|

≈
N
∑

j=1

∫

f · T−1χT (DJ ) |JT−1 |

∀q ∈ Dj ; f
(

T−1 (q)
)

≈ f
(

T−1 (qj)
)

JT−1 (q) ≈ JT−1 (qj)

∪Nj=1T (Dj) = T (D)

a � v�a � `Wa [<�
∑

χT (Dj) = χT (D)

I =

∫

(

f ◦ T−1
)

|JT−1 |
N
∑

j=1

χT (Dj)

=

∫

(

f ◦ T−1
)

|JT−1 |χT (D)

� r



e�¬3ª@ªR«feX¬�Ý�­)ÜK®G¸@¬3ü�ªge�¬�¯/ªR«)ß 0�½}¼
^ x<dnh [�^ b6` z�^ a [a, b]

��a j�Z�zwe b��/dndub�� ~ �/acb z�~ d ^ Γ ⊂ R
d ^ h�a Y b6o [<])~ l d ∈ N

Õ  p�ac`Xl ^	[�i t ^
Γ = γ ([a, b])

o Ï � γ : [a, b] → R
d

`Wa ~�] t0a i
V ��acb z�~ d ^ [a, b] Y f vKoqä [ t ^Ô��~ γ (t) = (t, f (t)) ^ x<duh [ f : [a, b] 7→ R d = 2

V _
V �/d Y a Y d j � | � z t [ a Y acb γ (t) = (cos t, sin t, 6t) [a, b] = [0, 100π] d = 3

V U
o Ï � j = 1, 2; fj : [0, 1] 7→ [0, 1]

`Wacx<duh [ `Wacduh�b6l�acx-`6a ] dndub Peano
dux<v f Γ = [0, 1] × [0, 1] f d = 2

V r
{(f1 (t) , f2 (t)) , 0 ≤ t ≤ 1} = [0, 1] × [0, 1]

`Wa ~�Y>^ `Wacl�a���` ^ `Wacv z�Y γ `Wacd [LeX]E[ x-`Wact�h ^ duv zLY Γ
��acb z�Y b [ vwx e l s ä j aclXd ~ l�`yä�d j acl ^	[<zL^

γ (a) = γ (b)
oqdnvwa ~meX[ x z Î Z�Z γ •V

x1, x2, . . . xN [a, b] s Y `Wa i acb/lWvKoqdnx�a jÒ[ x j�])Y duvwa ~geX[ x�`Wa [ d � t�`Wacduh�b6l�acx�p ^ γ vKoq�6d Y dn� [�^ vK� •vK�
(xj−1, xj)

zLe bkvK� Y o Ï � a = x0 < x1 < x2 < . . . < xN = b
d�Î z [a, b]

` ~ b/v Z v [ o�x ~V
xj
s a xj−1

Y ÌÓd i�i h s i�Z ÑEvwa Y t0v�`6acx ~ a�o [ o ~ `Wacx<dnh [ `Wa [<� t�lW`Wacv zLY γ vKoq�6d Y d�� [<^`Wa ~�] t0a i
[a, b] = [0, 1] ; γ (t) =

(

t, t2
) V _

[a, b] =
[

0, π2
]

; γ (t) =
(

sin t, sin2 t
) V U

V `Wacl�a�oC`Wacd [�eX])[ x�`Wact�h ^ ä�a j pcd ~ o�d���acb z vK��v [a, b] = [0, ln 2] ; γ (t) =
(

et − 1, (et − 1)
2
) V r

`Wacb�acv Z�^ vK�&vKo ^ h�a Y bÔd�Î z Γ
vKo ÏL[ a ~B[ d i t�l z Î Z�Z `Wd [�eX])[ x ^ t�h ^ d�Î z pc`Wacl ^ ��acb z Γ

� ~ d�¿3Á�ò ë Äfh�È�¿�ï`Wacdux�a j�^
a = t0 < t1 . . . < tN = b ��a ])[ x�a j�^ ` ~m��~

L (Γ) = sup







N
∑

j=1

|γ (tj) − γ (tj−1)|







V ÏL[ a ~�^g[ d i t�l
` [�i t ^ vKo±�6d ~ l�` ^ ` ~ �/dndnb ] γ s a a ≤ t ≤ b

� ~ γ (t) = (γ1 (t) . . . γN (t))
ÌÓvwacbWo�pcx�a ~�Y Ñ e x�o ]d ��~ V �/acb z�^

L (Γ) =

∫ b

a

√

√

√

√

d
∑

j=1

(γ′ (t))
2
dt <∞

V
L [ a Y�z `Xd [�eX])[ x ^Ô^ t�h ^	^ ` [ d Z\Y>Y duacv:` ~ v L (γ)

oqvLÎ�h ^	[<zL^
Γ
�/acb z ac`Wa ~ v�`Wacdn� [�zÐi�Z s i�Z `6act�h ^ p ^ dn`�o γ̃ :

[

ã, b̃
]

7→ R
d s a γ : [a, b] 7→ R

d � ~+^	Z ��a ^	^ p�acd zL[
o Ï ��V v z a ψ : [a, b] 7→

[

ã, b̃
] z Î Z�Z�^ b/` zL^ ` ] dndubWo��/d Z dn��a ]

γ (t) = γ̃ (ψ (t))

i � ��� ����� P =C%

���



d�Ãu¿�¿3Ágd�Ã ë È�ì}å)Â�Ã�ï c ËnÊ3ËnÊ
Å�¿�Ä ï�È�ì�¿�í�É ë ÈLì}åEÂ�Ãuï

Ì ^	[�i t ^	Y a ~�Y a ^ o�Ñ)�6d ~ l�`â` ] dndnb ] o ^ t�h ^ v z�Y γ �/acb z p�ac`Xl ^	[�i t ^v j�Z d Y Γ s Y�^ x<dnh [ f o±ÌÓ`Wa e o�x��Wo�v�Ñ Z dnl�l�VΓ ⊂ E ⊂ R
d [ o ~ � f : E 7→ R

^ dnh�b/l�acx ^ l�ac`Wl�6d [ d i t ] d ��~ VΓ
∫

Γ

fds =

∫ b

a

f (γ (t))

√

√

√

√

d
∑

j=1

|γ′ (t)|2dt

v [ t e l�d ~�^���~ f ≡ 1
� ~ ÑWV ^ t�h ^)^ ` [ d Z�Y>Y duacv:` ~ v ^	� v [ t e l�d ~âÏL[<z o Z dn��a ^ v�Ì ^	Y a Z a�Ñ [ o�x ~Ì

Γ Ïw[ a ~â~ a ^
Y ac`���v�pc`Xdnl ^	[<z�^

L (Γ) =

∫ b

a

|γ̇ (t)| dt

d�Î z `Wa ~�[<^ vwa
γk (tj) − γk (tj−1) = (tj − tj−1) γ

′

k (ck,t) V [�Y\i ac`Wa ~ v��6d z dut ] o
ÃuÂ�ÄCì�¿�í�É ë ÈLì}åEÂ�Ãuï
Y p ])j l ^	[�i t ^

∫

Γ

~F · d~r

d�Î z a ~
∫

Γ

ϕ1dx1 + ϕ2dx2 + . . .+ ϕddxd

^ l�ac`Xl ^ ~F : Γ 7→ R
d ^ b/` z�^�~ a ^ ~F s a Γ s v j�Z d Y Γ s Y `Wacx<dnh [ `Wacduh�b6l�acx�p ^ ϕ1, . . . , ϕd

[ o ~ �d�Î z
~F (p) = (ϕ1 (p) , ϕ2 (p) , . . . , ϕd (p))

Ì
R
d s Y�^)i acb6l6�/acb ])Y Ñ [ a e b/a�a�� ~F (p) s v j�Z du` ^ v�v Y acb ] Î ^	[�i t ^ Î

∫

Γ

~F · d~r =

∫ b

a





d
∑

j=1

ϕj (γ (y)) γ
′

j (t)



 dt

s a γ : [a, b] 7→ R
d `Wact�h ^ dn`Xo [ a Y�z�[<Y>i ac`Wa ~Øi d ] ` ~ a ^ v [ t e l�d ~�^ÒÏL[�z o Z dn��a ^ v [ o�x ~�6dudnb/` ] oÒd ~ l�` Y Ì ^	[�i t ^	Y acl Y `���oÚÑE�6d ~ l�`â`Wa ] dndnb ]Ô[ o ~ Γ

�/acb z ac`Wa ~ v γ̃ :
[

ã, b̃
]

7→ R
d

γ̃ (ã) = γ (a)

γ̃
(

b̃
)

= γ (b)

^	Z�j acl ^)] V Ï acx ^ �/dnv [ t e l�d ~�^ p ] d jÒÏ acx ^ � ~ ` [<Z�~
∫

Γ

~F · dr =

∫ b

a

~F (γ (t)) · γ
′

(t)

|γ′ (t)|
∣

∣

∣γ
′

(t)
∣

∣

∣ dt (12)
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[ d i t0l ��~�f γ′

(t0) 6= ~0
o Z dnl�l γ (t0) = p0

o Ï � t0 ∈ [a, b]
�/dndub1V

Γ
�/acb z�Y p0

^)i acb/l ^ l�ac`XlÏ � γ : [a, b] 7→ R
d ^ t�h ^ o�d Γ

��acb z vKo Z dnl�l�Vγ′

(t) [ a e b�a�a ^ p�a�a���� p0
s Y Γ s v�b6dno ])^ p�a�a���` ~b/d�o ])^Ô^)i d Z d ^�[ a e b�a!` ~ T̂ (p) s Y p ])j l (a, b) s Y�^)i acb/lWvK� Y 0 s ]�^ l�a�o�a ^ x<duh [�f ` ] dudnb ~γ′ o� ~meX[ x Y V Ì Γ v j�Z d Y Ñ Γ ÏL[ a ~ v p o ^ x<dnh [�^ dnh�b/l�acx�a � Vγ ^ t�h ^)^ vKo ^	] t ]EY a p ^)i acb/l Y Γ

v
oÒv Y b/l�Ì _ UMÑ s Y�Y dnh�lX� ~ T̂ (p) = γ

′

(t)
γ(t) p = γ (t)

∫

Γ

~F · d~r =

∫ b

a

(

~F · T̂
)

(γ (t))
∣

∣

∣
γ

′

(t)
∣

∣

∣
dt =

∫

Γ

~F · T̂ ds

f Γ �/acb z�^ v z p ^)i acb6l vK� Ymi�Z�~q[ a e b/a�a ~ a ^ o Z a�� ^)i o+p ])j�] ~F (p)
� ~ ∫

Γ
~F · d~r vKo duv:b/d � dnx¹o�a [ xvKo ^	] t ])Y a f acv ~ � Γ Ïw[ a ~ v�b/dnb/v ZB� d ��^ v ^	�6Z a���d�Î z ` z h�a Y>])^g^Ei a Y�z�^ ` ~ pc`Wacl ∫

Γ
~F · d~r ��~

γ (t0)
] �/acb z&zLe bmp���vwa [t0, t0 + h] zLe b Y�z a Y b eXz�] � γ′

(t) ��~ p e b h � ~ V acl [�Z�Y o γ ^ t�h ^	^^	��zLe b ÏL[ a ~ v�` z h�a Y>])^B^Ei a Y�z�^ V ^	��zwe b Y-z a Y b eXz�] � ~F �/t [ o�d zLe b eXzL] � γ (t0 + h) s v
≈ ~F (γ (t0)) · (~γ (t0 + h) − ~γ (t0))

≈ ~F (γ (t0)) · ~γ
′

(to)h

�6dul e by�/d zLe b6v [a, b]
` ~ b/v Z l

a = t0 ≤ t1 . . . ≤ tN = b

acvwa��
Γ ÏL[ a ~ v ^)i a Y�z�^

≈
N
∑

j=1

~F (γ (tj−1)) · ~γ
′

(tj−1) (tj − tj−1)

v�acl�l�ach [ � Y a [ b f Y>[ b6` ] vLÎnl ^ �/a�� j�^ [a, b]
vKoÒ`6acl�d i�z�[ `Wacd�`Wacb�acv Z�[ a Y�z

∫ b

a

~F (γ (t)) · γ′

(t) dt =

∫

Γ

~F · d~r

^	] t�a i
~F =

xî+ yĵ + zk̂

(x2 + y2 + z2)
3
2

��~
ϕ1 =

x

(x2 + y2 + z2)
3
2

ϕ2 =
y

(x2 + y2 + z2)
3
2

ϕ3 =
z

(x2 + y2 + z2)
3
2

(c, 0, 0)
v

(1, 0, 0) ]�[ o�d zLe b6v
t ∈ [0, 1] ; γ (t) = (t+ t (c− 1) , 0, 0)

� �



e�¬0¬}º/®j!�¯keX¬�Ý�­)ÜK®G¸@¬3ü�ªge�¬3º�®j!�¯ 0�½�Ù
D s Y�^ x�duh [ γ : D 7→ R

d ^ b/` z�^ D ⊂ R
d ^ h�a Y b ` ] dndub � ~ÐZ\e o ]g~ d ^ S ⊂ R

d d�� Õ & [<])~ l ^	[�i t ^V
S = γ (D)

o Ï � D s v j�Z d Y
^ h�a Y b [ a Y>z γ ∈ C1

(

D̃
) Z dnl�l	acl�vKoâ�6dno�a ] d�o Y

R
2 Y `Xduv:d Y>[ t e l�d ~ χD s a�`Xd e b6x ] acb D o Z dnl�l ^	[<z�^

V
D s Y�z Î Z�Z γ Z dnl�l��/t0a D ⊂ D̃ ⊂ R

2 f D̃ ^	Z ac`Xx
vKo ^ xLo ^ vKo ] v�V acv ~ ���6d Z\e o ] vKo�dux�a j�[ x j�] vKoÒdnx�a jÒi a Z d ~g~ a ^ o Z\e o ])Y v:x e lX�/d ])z x<v ^	[<z�^^ dud Y acb ^

[0, 1]× [0, 1] × [0, 1]

`Wa ~�] t0a i
V _

D =
{

(u, v) |u2 + v2 ≤ 1
}

, γ (u, v) =
(

u, v,
√

1 − u2 − v2
)

S = γ (D)

dnvwvK��pcx�a ~�Y
D = {(u, v) | (u, v) ∈ D} , γ (u, v) = {u, v, f (u, v)}

f ∈ C1
(

D̃
) [ o ~ �

V U
D =

{

(u, v) |0 ≤ u ≤ π

2
, 0 ≤ v < 2π

}

v (u, v) = (sinu cos v, sinu sin v, cosu)

`Xd [�eX])[ x ^ t0h ^ aEVS ⊂W e x�o ] p�ac`Xl W ⊂ R
3 ^)Z ac`Wx ^ h�a Y b ^ l�ac`Xl ^ d z�Y

γ : D 7→ W

S = γ (D)

ä j acl Y a!V Z\e o ])^ ` [�i t ^	Y �/d ~ l�` ^ vK���6d ] dudnb/` ] a
∀ (u, v) ∈ D;

∂γ

∂u
× ∂γ

∂v
6= 0

V
S
vKo�ÌÓ�/dnl�x ^ Ñ Z\e oÒ` ~ vLÎnhv � acl ^ vKoq`6a [ d ^	])^ a W s Y�z l6v � acluo Z dnl�l�a	�/d i�i h�duluoqv z�Y�[�] acvK�BÎ orientable Î S o Z dul�lWp���a ] �^	] VW s Y �6dux�duh [ p ^ ~F

vKok�/d Y dn� [<^�[ o ~ � ~F (p)
d�Î z p�ac`Xl�Ì p ∈ S

v:vwa��)Ñ
p ∈ W ^)i acb/l�vK� YvKo�dul�o ^Ôi h�v i�Z�~Ði h ]Ô[<Y a z�[ o ~ v � acl ^ vKoÒp ])� ` i d Z dnv Z x<l [<] acvK� f S [<Y�z v&v � acl ^ vKo�ä e o ^V

S

~ a ^ÔZ\e o ^ `Wa Y a�o�`
∫∫

D

∥

∥

∥

∥

∂γ

∂u
× ∂γ

∂v

∥

∥

∥

∥

2

dudv

�(��� ��� ����� P ��

������
�=?*
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~ a ^ ä e o ^
∫∫

D

~f (γ (u, v)) ·
(

∂γ

∂u
× ∂γ

∂v

)

dudv

p�a ] d j�Y Õ 2�a ~
∫∫

S

~F · ~dS
a ~

∫∫

S

~F · n̂dS
V dnl�o�t0a j�] d Z>e o ] v [ t e l�d ~�^	~�[ b/l ^)� v [ t e l�d ~` ] t ])Y duacv:`qp��áacvKoØp ] d j�^ v Y�~ `Xd [LeX]E[ x ^ t�h ^	Y duacv:` ~ v ^	� v [ t e l�d ~yÏL[<z o Z dn��a ^ v [ o�x ~Y h�dul ^á[ a e b�a ^

~γu × ~γv p�a�o ~�[ t�a j�] d Z\e o ] v [ t e l�d ~ �/t [�i t0a ]
∫∫

S

Fds =

∫∫

D

f (γ (u, v)) ‖ ~γu × ~γv‖ dudv

^ dnh�b/l�acx�vK��v¹vKo ] v [�i t0a ]
f : S 7→ R V

S
v j�Z d Y�^ x<dnh [

o ^	[ b ]EY ^	[<z�^
γ (u, v) = (x (u, v) , y (u, v) , 0) oqv Y b/l

‖ ~γu × ~γv‖ =

∣

∣

∣

∣

det

(

∂x
∂u

∂x
∂v

∂y
∂u

∂y
∂v

)∣

∣

∣

∣

T (u, v) = (X (u, v) , Y (u, v))

T : D 7→ S ⊂ R
2

V vwacx���v [ t e l�d ~�Y �6dul�`�o ] `Wx�v Z\^ ` Z\j acl�v�vwacb6o ^ t�h ^	^ ` [ d Z�Y�Y ∫∫
S
Fds

v:oÒ`Wacv:`"d ~ a
í�¿�ï�ì ë Äký<Â�ì@È<Æ>ÃuÀ>ç�åEæ<ÄGÉ c Ë ^ ËnÊ

d [ a e b�a�a ^)i o \ ^ b/` zL^ p�ac`Wl�a ^	Z ac`Xx W ⊂ R
3 p�ac`Xl ^	[�i t ^

~F : W 7→ R
3

�/d [ d i t ] p ∈ W ^)i acb6l Y `Wa ] dudnb ~F
d Y d�� [ vKoq`Wacdnb/v Z�^ `Wa [<� t�l ^ � ~

div ~F (p) = ~∇ · ~F (p)

=
∂F1

∂x
(p) +

∂F2

∂y
(p) +

∂F3

∂zÌ ~F (p) = (F1 (p) , F2 (p) , F3 (p)) [ o ~ �)ÑY ac`X��v��/t�pc`Xdnl
”~∇” = ”

(

∂

∂x
,
∂

∂y
,
∂

∂z

)

”

��l�� ��� ����� P ��

������
�=C5
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^	[�i t ^ Ñ)Î ^Ei�])Z l�Î ~ d ^ o V ⊂W ^ h�a Y b ^ l�ac`Xl ~F ∈ C
′

(W )
o Z dnl�l�vLÎnlu� W, ~F �/dnl�ac`Xl�ÌÍ¡Ll�t [<Y d i�^ Ñ e x�o ]

S = ∂V f V vKo ^ xLo ^ S d ^ d�a�Ì Ï o ])^	Y�6d Z>e o ] vKoqdnx�a jÒ[<�Wi a Z d ~Ð~ d ^ S Ì ^)i�]EZ l V d��)Ñ ��~

S =

N
⋃

i=1

Si

i = 1, . . . , N ;
∫∫

Si

~F · ~dS Y o Z v�pc`XdnlX� [ a Y�z o�/dndub6` ]���~
∫∫

∂V

~F · ~dS =

∫∫∫

V

div ~F (x, y, z) dxdydz

[ o ~ �
∫∫

∂V

~F · ~dS =

N
∑

j=1

∫∫

Si

~F · ~dS

^	�G[ a e b�a�a�o Ï � Sj Z\e o ] v:�Ôdul�x�v zB^Ei acb6lGvK� Y ~γu × ~γv
Y h�dnl ^â[ a e b�a�a/` ] t ] �6d [�Z a Y acl ~ a

V s ]Ô^ h�a Z�^�^ l�acx
^	Z ��a ^

^	[ ach ^ `Xv z�Y V o Z dnl�l�V _
V = {(x, y, z) | (x, y) ∈ D,ϕ0 (x, y) ≤ z ≤ ϕ1 (x, y)}

D ⊂ D̃ ⊂ R
2 [ o ~ � ϕ0, ϕ1 ∈ C

(

D̃
) s a!`Xdnv:d Y�[ t e l�d ~ χD [ o ~ �ÔÌÓ`Wa [ d � t ϕ0,1

�/t0a f e a�o�x z ��a Z `GÑo Z dul�l6p���a ] ��V ^	Z ac`Xx D̃ �6t0a
~F (x, y, z) = (0, 0, f (x, y, z))

��~
∫∫∫

V

div ~F =

∫∫∫

V

∂f

∂z
(x, y, z) dxdydz

=

∫∫

D

(

∫ ϕ1(x,y)

z=ϕ0(x,y)

∂f

∂z
(x, y, z) dz

)

dxdy

=

∫∫

D

(f (x, y, ϕ1 (x, y)) − f (x, y, ϕ0 (x, y))) dxdy

f V vKo ^ x�o ^
∂V = S0 ∪ S1 ∪

∑

^ t�h ^ v z�Y�~ a ^ ∂D o Z dnl�l�`Xx j acl ^	Z l ^
{~r (t) |~r (x (t) , y (t))}

V
C1 Y �/d Y dn� [ `Xv z�Y
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∑ v:d Y o Y `Xd [�eX])[ x ^ t�h ^ v Y b/l
∑

= {(x, y, z) | (x, y) ∈ ∂D,ϕ0 (x, y) ≤ z ≤ ϕ1 (x, y)}
= {(x (t) , y (t) , z) |a ≤ t ≤ b, ϕ0 (x (t) , y (t)) ≤ z ≤ ϕ1 (x (t) , y (t))}

`Xd [�eX])[ x ^ t�h ^	Y
~γ (t, z) = (x (t) , y (t) , z) , (t, z) ∈ Q

⇒ ~γt (t, z) =
(

x
′

(t) , y
′

(t) , 0
)

~γz = (0, 0, 1)

⇒ ~γt × ~γz = y
′

(t) î− x
′

(t) ĵ + 0k̂

p���v
∫∫

P

~F · ~dS =

∫∫

Q

[

f (x (t) , y (t) , z) k̂
]

·
(

y
′

(t) î− x
′

(t) ĵ
)

= 0

S1
s Y

S1 = {(x, y, ψ1 (x, y)) | (x, y) ∈ D}

u = x, v = y Z b/dnl
~γ (x, y) = (x, y, ϕ1 (x, y))

~γx =

(

1, 0,
∂ϕ

∂x

)

~γy =

(

0, 1,
∂ϕ

∂y

)

γ
′

x × γ
′

y =

(

−∂ϕ
∂x

,−∂ϕ
∂y
, 1

)

∫∫

S1

~F · ~dS =

∫∫

D

[

f
(

~γ (x, y) k̂
)]

· ~γx × ~γydxdy

=

∫∫

D

F (x, y, ϕ (x, y)) dxdy

p���vwa)v ])[ acl ^ vKo ^ l�a�o ^	] t ] � z � z x ^ v Y�~ÐY a�o�d Z ac`Wa ~ S0
[ a Y>z

∫∫

∂D

F · ~dS =

∫∫

S1

~F · ~dS −
∫∫

S0

~F · ~dS

=

∫∫

D

F (x, y, ϕ1 (x, y)) dxdy −
∫∫

D

F (x, y, ϕ0 (x, y)) dxdy

=

∫∫

D

F (x, y, ϕ1 (x, y)) − F (x, y, ϕ0 (x, y)) dxdy

=

∫∫∫

V

div ~F

d Z x<dul ^ v [ t e l�d ~�^ ` ~ b/v Z v�pc`Xdnl ��~ �6d e a�o�x x, y, z �/a Z ` Z b6dul�V U
∫∫∫

V

div ~F =

∫∫∫

V

∂F

∂x
+

∫∫∫

V

∂F

∂y
+

∫∫∫

V

∂F

∂z
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��~ a ^ l�a�oq`Xd [�eX])[ x ^ t�h ^ acv:v ^ �/dnv [ t e l�d ~!^)]�i�Z�~ vK��v¹`X`Xv�pc`Xdul�o Ï � Y o ] `Xo�l
=

∫∫

D

F (x, y, ϕ1 (x, y)) − F (x, y, ϕ0 (x, y)) dxdy

+

∫∫

E

F (x, ψ1 (x, z) , z) − F (x, ψ0 (x, z) , z) dxdz

+

∫∫

F

F (ω1 (y, z) , y, z) − F (ω1 (y, z) , y, z) dydz

p�a�o ~�[�^ÐY vKo Y aclu��l ^ ok�/d ~ l�` ^ v:��` ~ �6dudnb ] a e a�o�x s z ~ a ^ � ~"i�])Z l i�~�] ` ~�[ b/l V ��a Z ` ^	[�i t ^`Wacl�a���` ^ pc`Wa ~ vK��pcd i�z x, y, z vKo �/d i dub6x<` ^ �/dnx<v Z ` ]Ø[ o ~ � ä j acl Y a ^	~ a�a�o ])^ vKo vLÎnl ^V `Wa ] dndub6` ]� ~mi�])Z l6` ~�[ b/l V ��a Z `
V = kj = 1Vj

[<] acvK� f ^)� ` ~m^)� �6dux<x<a Zá~ vwa!�6d i�])Z l i�~�] Vj [ o ~ �
∀j, k

1 ≤ j < k ≤ N
(Vk\∂Vk) ∩ (Vj\∂Vj) = φ

x =
�6d [ duh ^ `�� [<zL] v-�/dnv:d Y b ])^ �/d [ a�o�d ] ` [���z�Y V ` ~ acl���` Z Vj �/d ] a Z ` ^ ` ~ v Y b6v�d i ��a

const, y = const, z = const

^	] t�a i
V =

{

(x, y, z) |a2 ≤ x2 + y2 + z2 ≤ b2
}

��~ x s Y�^ x<dnh [ f : R 7→ R
� ~ d�� Y v Õ 6��/d�o�l ^	[<z�^

lim
r→0

1

2r

∫ x+r

x−r
f(t)dt = f (x)

^ x�duh [ f : R
2 7→ R

� ~
lim
r→0

1

πr2

∫∫

{x2+y2≤r}
f (x, y) dxdy = f (0, 0)

^ x�duh [ f : R
3 7→ R

� ~
lim
r→0

1
4
3πr

3

∫∫∫

(x−x0)
2+(y−y0)2+(z−z0)2

f (x, y, z) dxdydz = f (x0, y0, z0)

eX[ x Y
∇ · ~F (p) = lim

r→0

∫∫∫

B(p,r) ∇ · ~F (p) dV

V (B (p, r))

0 < r < R
a ~F ∈ C

′

(B (P,R))
� ~

= lim
r→0

∫∫

∂B(P,R)
~F · d~s

V (B (p, r))

� i � ��� ����� P ��

������
�=R9
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í\ÁL¿�å)í�å)æ�ÄGÉ>¿/ÃuÈ�¿�å�ÁL¿�ç\À�Ä ë Ä
(Curl)

È�¿�å)¿�È�ç c Ë ^ Ë ^
d [ a e b�a�a ^Ei o W ⊂ R

3 ^)Z ac`Wx ^ h�a Y b ^ l�ac`Xl ^	[�i t ^
~F : W 7→ R

3

d�Î z p ∈W ^)i acb/lWvK� Y ~F
vKo [ a e a [<^ ` ~Ð[ d i t�l

curl
(

~F (p)
)

= rot
(

~F (p)
)

= ~∇× ~F (p)

=

(

∂

∂y
F3 (p) − ∂

∂z
F2 (p)

)

î+

(

∂

∂z
F1 (p) − ∂

∂x
F3 (p)

)

ĵ +

(

∂

∂x
F2 (p) − ∂

∂y
F3

)

k̂

`6a ] dndub ^	Z�j acl Y `Wa [<� t0l ^ vK� ^	Y o p ∈ W ^)i acb/lWvK� Y
f ~F ∈ C1 (W )

o Z dul�lXv:vK� ÏL[<i�Y Ñ!V `Wa ] dudnb ^	Z�j acl Y `Wa [<� t�l ^ vK� ^	Y o p ∈ W ^)i acb6l/vK� Y o Z dnl�l ^	[<zL^V
W
v:� Y ` [�i t0a ] ∇× F

p���vLa
p�a ] d j d�Î z�~ d ^Ô^	Z�j acl ^ ` ~m[ a�� � v ^�e d�o ^	[<z�^

∣

∣

∣

∣

∣

∣

î ĵ k̂
∂
∂x

∂
∂y

∂
∂z

F1 F2 F3

∣

∣

∣

∣

∣

∣

`Wa ~�] t0a i
`Xdn`Xd�a�a � `Wa [ d ^	])Y�Y>Y ac` j�] oÒb j d i�[ a Y>z V _

~∇× ~v = 2ωk̂

`Wvwa Y�[<z�])Y V U
~B (x, y) =

−yî+ xĵ

x2 + y2

��~
~∇× ~B = ~0

(0, 0) 6= (x, y)
vK��v

Z\e o ] p�ac`Xl�VC1 (W ) s Y ~F : W 7→ R
3 d [ a e b�a�a ^)i oCp�ac`Xl/V ^)Z ac`Wx ^ h�a Y b W ⊂ R

3 p�ac`Xl�Ì j b�a eXj Ñ e x�o ]`Wd [�eX])[ x ^ t�h ^ d�Î z�f duv:d Y�e l ~ d [ a ~ S ⊂W

~γ : D 7→ R
3

�/dndnb/` ] a [ a Y�z o��/a Z ` ~ a ^ D [ o ~ ��V ^	Z ac`Xx D̃ �/t0a
D ⊂ D̃ ⊂ R

2 [ o ~ � C1
(

D̃
) Y a z Î Z�Z γV pcd [ t e x�o ]

i�])Z l i a ~�] D ��a Z ` [ a Y�z p�a���lWpcd [ t e xLo ] s ` [ a�� � `´Ñ •
D = {(x, y) |a ≤ x ≤ b, u0 (x) ≤ y ≤ u1 (x)}

= {(x, y) |α ≤ y ≤ β, v0 (x) ≤ x ≤ v1 (x)}
pc`Xduluo

D
��a Z ` [ a Y�z p�a���lE�/t0a u1, u0 ∈ C1 (a− ε, b+ ε) ; v0, v1 ∈ C1 (α− ε, β + ε)

�/t0aÌÓ�6d [ o�d��/dua�acb d�Î z � ^ vKoqdnx�a jÒ[ x j�] s �6d i�])Z l i a ~!] �/d ] a Z `Xv�ac`Wa ~ b/v Z v
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d ��~
∮

∂S

~F · d~r =

∫∫

~∇× ~F · d~s

V
S
vKo�Î ^ h�b ^ Î�` ~ p ])j�] ∂ [ o ~ �

∂s = ~γ (∂D)

V v:dut [<^ p Y a ])Y D vKo ^ xLo ^ ` ~ p ])j�] ∂D [ o ~ �
vKo i hâ` [ d Z�Y [<] acvK�)Ñ [ a�o�d ] v�v ])[ acl7` z d Y b+d�Î zg~ d ^�^ duh [ t e l�d ~�^ p�a�acd�� Y a�o�d Z vKo ^)] t ]E^ ^	[<z�^V v ~�] o i h Y �/dnl�x ^ o Ï � ^ x�o ^ v z�^ dnh [ t e l�d ~�^ p�a�acdn��` ~m[<Z�Y l ��~ ÌÓduv:d Y�e l�d [ a ~�^á[ a�o�d ]E^
Ì ~F = (0, F2, 0) , (0, 0, F3)

[ a Y�zG^	[ ach ^ `Wa ~�Y7Z d���a ^ vGpc`Xdul}Ñ ~F (x, y, z) = (F (x, y, z) , 0, 0)
oÐñ ; Z dnl�l ^	Z ��a ^`Wd [�eX])[ x ^ t�h ^ o�d ∂D v:o Z dnl�l

∂D = {(u (t) , v (t)) |a ≤ t ≤ b}

”∂S”
v¹`Xd [�eX])[ x ^ t�h ^ v Y b6v [ o�x ~â��~

”∂S” = {(x (t) , y (t) , z (t)) |a ≤ t ≤ b}

[ o ~ �
x (t) = x (u (t) , v (t))

y (t) = y (u (t) , v (t))

z (t) = z (u (t) , v (t))

γ (u, v) = (x (u, v) , y (u, v) , z (u, v))

∫

∂S

~F · d~r =

∫ b

a

(

F1 (x (u (t) , v (t)) , . . .)X
′

u

du

dt
+ F1 (x (u (t) , v (t)) , . . .)X

′

v

dv

dt

)

dt

[ d i t�l
P (u (t) , v (t)) = F1 (x (u (t) , v (t)) , . . .)X

′

u (u, v)

Q (u (t) , v (t)) = F1 (x (u (t) , v (t)) , . . .)X
′

v (u, v)

d ��~
=

∫ b

a

(

P (u (t) , v (t))
du

dt
+Q (u (t) , v (t))

dv

dt

)

dt

=

∫

∂D

P (u, v) du+Q (u, v) dv

=

∫

∂D

(

P (u, v) î+Q (u, v) ĵ
)

· d~r (13)

v ^ a�a�o�v [ t e l�d ~�^�Ï ��dnx<v�pcd [ t e x�o ] `Xv z x ^ v��6dno�a [<i�^ �6d ~ l�` ^ vK���6d ] dudnb/` ]
∫∫

D

(

∂Q

∂u
− ∂P

∂V

)

dudv

��m�� ��� ����� P ��

������
�E >
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∂Q

∂u
=

(

F1

∂X

∂X

∂u
+
F1

∂Y

∂Y

∂u
+
F1

∂Z

∂Z

∂u

)

∂X

∂v

+F1 (. . .)
∂2X

∂u∂v
∂P

∂v
=

(

F1

∂X

∂X

∂v
+
F1

∂Y

∂Y

∂v
+
F1

∂Z

∂Z

∂v

)

∂X

∂u

+F1 (. . .)
∂2X

∂v∂u
∂Q

∂u
− ∂P

∂v
=

∂F1

∂y

(

∂Y

∂u

∂X

∂v
− ∂Y

∂v

∂X

∂u

)

+
∂F1

∂z

(

∂Z

∂u

∂X

∂v
− ∂Z

∂v

∂X

∂u

)

d ��~
(13) =

∫∫

D

∂F1

∂y

(

Y
′

uX
′

v − Y
′

vX
′

u

)

+
∂F1

∂z

(

Z
′

uX
′

v − Z
′

vX
′

u

)

` ~�� ` ] a z v
∫∫

S

= ~∇× ~F · d~s

��~
~∇× ~F =

∂F1

∂z
ĵ − ∂F1

∂y
k̂

�/t0a
~n =

∂γ

∂u
× ∂γ

∂v
ds

=
(

z
′

ux
′

v − x
′

uz
′

v

)

ĵ +
(

x
′

uy
′

v − y
′

ux
′

v

)

k̂

V j b�a eXj�e x�o ] ` ~ acl�v Y dnb�a
� [ a � v � acl6vKoÒ`Wa [ d ^	]g^)i o ~F

o ^	[ b ]EY ~∇× ~F
vâdnv:b/d � dnx¹o�a [ x

^	Z�j acl!v Y b/l�V N̂ ^Ei d Z d [ a e b�a�a [<Z�Y l p ∈ W ^)i acb/l Z b/dnl
R

3 s Y�^	Z ac`Xx W f ~F ∈ C1 (W )
o Z dnl�l ^ l zLe[ a Y�z

(

~∇× ~F (p)
)

· N̂

Z\e o ]E^ Sa d ^ d a > 0
vK��v ~N = Î × Ĵ

o Ï � N̂ s v¹�6d Y h�dnl Î , Ĵ ^)i d Z d�d [ a e b�a�a Z b/dnl
γ (u, v) =

{

uÎ + v ~J +
−−→
OP |u2 + v2 ≤ a2

}

p s Y a � � [<] N̂ v Y h�dnl a j acd i�[<Y vwact z
∫∫

s

~∇× ~F · d~s =

∫

”∂s”

~F · d~r

`Xd [�eX])[ x ^)[<i t ^ vKo�Î ^ h�b�Î Y v:t zL]E^ ”∂S” [ o ~ �
a cos θÎ + a sin θĴ +

−−→
OP , 0 ≤ θ ≤ 2π
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N̂
v:o ^	] t ])Y d Z>e o ]E^ v [ t e l�d ~!Y�Y h�dnl ^ a

∫∫

S

~∇× ~F · d~s =

∫∫

{(u,v)|u2+v2≤a2}
~∇× ~F (γ (u, v)) ·

(

~γ′

u × ~γ′

v

)

dudv

=

∫∫

{(u,v)|u2+v2≤a2}
~∇× ~F (γ (u, v)) · N̂dudv

d ��~
lim
a→0

∫∫

{(u,v)|u2+v2≤a2}
~∇× ~F (γ (u, v)) · N̂dudv
πa2

= ~∇× ~F (p) · N̂
`6a [�Z�~ �6duv:d ]EY

~∇× ~F (p) · N̂ = lim
a→0

1

πa2

∫

Γa

~F · d~r

^	[<z�^
∫

Γa

~F · d~r =

2π
∫

0

~F
(

a cos θÎ + a sin θĴ +
−−→
OP
)

· a
(

− sin θÎ + cos θĴ
)

dθ

(

T̂ (θ) =
(

− sin θÎ + cos θĴ
))

⇒ = a

2π
∫

0

~F
(

a cos θÎ + a sin θĴ +
−−→
OP
)

· T̂ (θ) dθ

~ Î � ω `Xdn`Wdua�a � `Wa [ d ^	]EY N̂ vKoCv:d Y b ]g[ dnh�v z-Y>Y ac` j�] V p s Y a � � [<] a j acd i�[<Y p e b vwt�v:t�pcd ]!i lZ dnl ^ v [ d Y>j ωa
acvKo ^ h�b Y `Xdub6dno ] `6a [ d ^	])Y

ωa =
1

2π

∫ 2π

0

~F
(

a cos θÎ + a sin θĴ
)

· T̂ (θ) dθ

2πa2ω =

∫

Γa

~F · d~r =

∫∫

~∇× ~F · d~s
o�a Z dnl

ω = lim
a→0

1

2πa2

∫

Γa

~F · d~r

=
1

2
~∇× ~F (p) · ~N

ÈLÉ�ÄGÉ�ç\À�Ä c Ë ^ ËRn
Γ ⊂ Ω [ act j ��acb z vK��v�� ~á[ o�b�` e a�o�x ^ h�a Y b�` ~![ b/l Ω ⊂ R

n ^	Z ac`Xx ^ h�a Y b f n = 2, 3 [ a Y>z ^	[�i t ^vKoCÎ ^ h�b�Î ^ ` ~m^ a�a ^	] Γ
a ~yf

R
2 ^)[ b ])Y S vKo ^ x�o ^ ` ~Ð^ a�a ^	] Γ

oÒvK�
S ⊂ Ω Z\e o ] �/dndnbV

R
3 ^	[ b ])Y�j b�a eXj e x�o ] vKoqp Y a ])Y SV [ o�b e a�o�x ~ d ^ În�/d [ a Z duv Y Î Ω ^	Z ac`Xx ^ h�a Y b vK�

R
2 s Y ^	] t�a i

o Z dul�l ~G ∈ C1 (Ω)
o Z dnl�l ~G : Ω 7→ R

3 VΩ ⊂ R
3 [ o�b"` e a�o�x<a ^)Z ac`Wx ^ h�a Y b ^ l�ac`Xl ^	[�i t ^

~∇× ~G = ~0d ��~ ∮
Γ
~G · ~dr = 0

�6dudnb/` ] Γ ⊂W [ act j �/acb z vK� [ a Y�z d ��~ VΩ vKo ^)i acb/lWvK� Y
∮

Γ

~G · d~r =

∫∫

S

~∇× ~G · d~s = 0
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~F = −yî+xĵ
x2+y2

^	] t�a i
∀ (x, y, z) ∈ Ω; ~∇× ~F = ~0

Ω = R
3\ {(x, y, z) |x = y = 0}

d ��~
Ω =

{

(x, y, z) |x2 + y2 > 0
}

Γ = {(a cos θ, a sin θ, b) |0 ≤ θ ≤ 2π}
�/dndub6` ] a

∫

Γ

~F · d~r = 2π 6= 0

Z\e o ] �6dudnb Γ [ act jqz vwach ] vK��v¹� ~ V [ o�b e a�o�x ~ d ^á^)[ dno�b ^	Z ac`Xx W ⊂ R
d ñ Õ ^ h�a Y b ÌÓ` [ a�� � `´Ñ e x�o ]V j b�a eXj e x�o ] vKoqp Y a ])Y S v:o�Î ^ h�b�Î ^ ` ~Ð^ a�a ^	] Γ

o Ï � S ÌÓ�/dnb Y>i a ] �/d�o�vwa�o ] vKoÚÑz vwach ]m~ a ^ o Γ ⊂ W
vK��v�d ��~ Vp ∈ W

vK��v ~∇× ~F (p) = ~0
� ~ a C1 (W ) s Y ~F : W 7→ R

3 � ~�/dndnb/` ]�[ act j
∮

Γ

~F · d~r = 0

êcduluo ^ p�a�acd�� Y `���vwv�pc`Xdnl�� ~�^ ^ v ~ o
∮

Γ
~F ·d~r = 0

�/dndnb/` ] a [ act jmz vwach ]�~ a ^ o Γ ⊂W
d ~ l�` ^ �/dndub ] C (W ) 3 ~F : W 7→ R

d ^Ei o ^ e x�o ]
p1
�/d [<Y�Z�]â[ o ~ Γ1,Γ2

�6d z vwach ] � ^ o��/d ] acb z dnl�oCvK��vwa p ∈ W
`6a i acb6l´vKo�t0a � v:��v���Î�� ~�6dudnb/` ] p2

v ~
∫

Γ1

~F · d~r =

∫

Γ2

~F · d~r

^ dnh�b/l�acx-` ] dndnb ��~ V ÌÍp�a [<Z�~�^Ôe x�o ]EY Ñ�d ~ l�` ^ ` ~ �/dndnb ] ~F
� ~ a C (W ) Y ~F : W 7→ R

3 � ~ e x�o ]
ϕ : W 7→ R

p ∈W ^)i acb/lXvK��vKo Ï � C1 (W ) s Y
~F (p) = ~∇ϕ (p)

[ d i t�l p ∈W
vK��vwa!V

ϕ (p∗) = 0 e dnv Z l p∗ ∈ W [<Z�Y l ^	Z ��a ^
ϕ (p) =

∫

Γp,p∗

~F · d~r

��l�� ��� ����� P ��

������
�ER=
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V ^	[ d Z�Y ac`Wa ~ pc`Wacl Γp,p∗
vKo ^)[ d Z�Y vK� e x�o ])^ d ~ l�`Ôv:v:t Y Vp v ~ p∗ s ]�z vLach ] �/acb z Γp,p∗

[ o ~ �V Ï x ^ v` ~ p Z�Y l ��~ p, p+ hê1, e1 = (1, 0, 0) [<Z\Y l

ϕ (p+ hê1) − ϕ (p)

h
=

1

h







∫

Γp∗,p+hê1

~F · d~r −
∫

Γp∗,p

~F · d~r







=
1

h

∫

Lh

~F · d~r

(0 ≤ t ≤ h;~γ (t) = p+ tê1) ⇒ =
1

h

∫ h

0

~F (p+ te1) · e1dt

=
1

h

∫ h

0

F1

(

p+ t̂i
)

dt

−−−→
h→0

F1 (p)

V
Z
dnx<v ^ v:d j�] +

Y
dux<v ^ v:d j�] +

X
dnx<v ^ v:d j�] `Wa i acb/l6duluoÒvK��pcd Y `6acl Y v�pc`Xdnl

�/dndub6` ] � ~ oÒv Y b6l ��~ ^	[<z�^
~F = ~∇ϕ

V
q s v p s ] Γ

��acb z v:��vwa p, q ∈W
vK��v

γ (a) = p

γ (b) = q

��~
∫

Γ

~∇ϕ · d~r =

∫ b

a

~∇ϕ (γ (t)) · γ′

dt

=

∫ b

a

d

dt
ϕ (γ (t)) dt

= ϕ (q) − ϕ (p)

V [ o�b e a�o�x��/a Z `"�/d���d [ h�acl�dud ^�~ v��/d ]!i acb ^ �/d ~ l�` Y o�acvKo�pcd Y ^	[<z�^
d ��~ ϕ ∈ C2 (W )

� ~ v:dut [ `
~∇×

(

~∇ϕ
)

= 0

V ~∇× ~F = 0 [<[ act ~F = ∇ϕ �/acdub [�Y\i�Y d ~ l�` ^ o�acl�v Y b [<] acv:�

� {


