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VdQWU�JLX�JLY�J[Z¡ 

X
VdmOJLK]h¢VdfoJLSGf

(X, τ)
QWU�JLX9JLY&J[Z£K]\�T&MX$r¤SGJLmOJLK(h¥SFS X:r§¦9P¨JLH©V�foV

X
X$ª

τ« ¬ Q`QWhbMdV
X

φ,X ∈ τ
D C

τ
X®­9QWQWr

τ
Q`TIK(H¯X:r°NOJL\�QWHqX$k°D a

Xz­�Q`Qur
τ
QWT&K]H£X:r¥Q`Y�JLP¥­9JLSFQ`\sX:k°D g

τ

D SGJL\±JLSFY²SGJLmOJLK]h©JLH�T&hbQ
τ ³ K_SGJLmOJLK(hEV V�T&ª9V

X
X$ª

d
V�hEQ`TIZFMe 

X ´ K(h£V�f}JLSFf (x, d)
QWTIZFMsK]\�T&MV�Q`m�hEf}JLYµV�foV

d : X ×X 7→ R

« SFM0QWQWhbMdV
« SGJLQWK¶JLQW\¤D C

∀x, y ∈ X ; d (x, y) ≥ 0

x = y ⇔ d (x, y) = 0

∀x, y ∈ X ; d (x, y) =
VdQWTIZFMdQ`P·D a
d (y, x)¸ r¹curRHiº�rRX�J[rRMdVq�jJLQ�JjJ[r ³ QWH»D g

∀x, y, z ∈ X ; d (x, z) ≤ d (x, y) + d (y, z)

SGJLT�N�U.V
r > 0

P¨JLQ�N�T&K
x0 ∈ X

K]Q`K]PlT�JjN&k°D CV�mOJLK(h¼H�JLV
Bd (x0, r) = {x ∈ X |d (x, x0) < r}

C



V�Q`U�JLX�JLY�J[ZFV�SGT9r¨JLMsQWTIZFM�K(\�TIM½X$ª¾D aSFQWTIZFM0V
¬ H²V�\±JLSFY

u ⊂ X
VdmOJLK]h~SFS»SGQWTIZFMdVsV�Q`U�JLX�JLY�J[ZFV

Bd (x, r) ⊂ rq­$k r > 0
¬ Q`QWh

x ∈ u
X:kOX
uV�Q`U�JLX�JLY�J[Z¿H�JLVÀXIcufoVÁSGJLmOJLK]hbVÁ¦9P¨JLHÂQWMdm�ª2X$QWU.T&ST&Q`NOU.V�X��LSFQ`f¨V�\±JLSFY

X
¬ H©hET ³ u X$ª¶º¸

X
X$ª ¬ UEVdQWU�JLX�JLY�J[ZFVeSFH

τ
K²V�QWU�JLX9JLY&J[ZFVeSGHÃ�LMdPRfzÄ ��ÅI� Ä

V�hbQWT&V¿V�mOJLK(hEVÆX:rÇSGJ[kOQWQWrÈD CSFH ¬ Q`QWhbM ¬ U�J
φ ∈ XVdQWU�JLX�JLY�J[ZFVX:r©SGJ[kOQWQWrRJ0NOJL\�QWH¯X$r¾SGJ[kOQWQWrÈD a

u

∀x ∈ ` ⊂ u;x ∼ rx;Bd (x, r) ⊂ u

⇒ ∪x∈`Bd (x, r) ⊂ u

⇒ ∪x∈`Bd (x, r) ∈ τ

⇒ ` = u⇒ u ∈ τ

X:rÉQ`Y&JLPÊT&Y&PRMÆX:rËSGJ[kOQWQWrÈD g¬ Q`N]JL\¶Q`H
Xi ⊂ u

1 ≤ i ≤ n
;∩n

i=1Xi = φ ∧ ∩n
i=1Xi = ` ⊂ u

⇒ ∩n
i=1Xi ∈ τ

Ì6Í?�®�Î�®ÏzÐ3�®@Ã5:�2Ð¹@I7Ã�®Ï�Ð3� Ñ
 
C
X$ªIM

X
�`�I�o��Ò9�}� K(\¶T&M��jJLSFf

(X, ‖.‖) QWM0T&JLfGK]\�T&MVdQWm�hbfoJLYzH�QWV
X
X$ªIMeV�M0T&JLf

‖.‖ : X 7→ R « SFMdQ`QWhbMdV
SGJLQWK¶JLQW\¢D C

∀x ∈ X ; ‖x‖ ≥ 0

x = 0 ⇔ ‖x‖ = 0

∀x ∈ X
∨∀λ ∈ C

; ‖λx‖ =
SGJLQ`T&X$hEPÓD a
|λ| ‖x‖r¨curRH»D g

∀x, y ∈ X ; ‖x+ y‖ ≤ ‖x‖ + ‖y‖

V�T&ª9V
Q`MdT�JLfRK]\�T&MÔX$ª « V�T�N�U.V�V�M£SGJLT&QWriQµD CV�hEQ`TIZFMdV~SFTIrRJLM

d (x, y) = ‖y − x‖

H�JLV ¸ YOcuM0MEºRSFQ`MdQ`f�YeVdX$YIkOM K]\�T&MÕD aV�MdT�JLfoV ¬ HÃQWM0T&JLfGK]\�T&M
‖x‖ =

√

〈x, x〉

V�T&ª9V
SGQWX$Q`K]hbMdVs�jJLQ`JjJ[r ¬ Q`QWhbSFM½YOcWMdM0K°D C
‖x+ y‖ + ‖x− y‖ = 2

(

‖x‖2 + ‖y‖2
)

¸
R2,R3 K0º�Q�N�QWX�hbJLH�VÔK]\�T&MdVÔX$ª9MÖD a

cos ³ V~ZFYIriM ¬ QWQ`hESGM
~x · ~y =

‖~x+ ~y‖2 − ‖x‖2 − ‖y‖2

2
(cos Theorem) ⇒ = ‖~x‖‖~y‖ cosα

⇒ cosα =
~x · ~y

‖~x‖‖~y‖T&Q�N�U.fd­�k]J
~y
X
~x
�LQWK�SFQ`JjJLnoV

α
TIrRH0kT�JLK(ª ¬ U�º

Rn K ¬ Q`T&J[ZFhiJjJ��LQWK2SGQ`JjJLn× ¸
n > 3 Ø

�u�&�W�*��Ù
D
~x, ~y
Q�cWª®T&mOJLfoV

R
n K�rRX�J[rRM¯\¶Z�rlJLK]ri\¤D C

V�K(JLU.K ¬ QWfoQWQ`foJLªIMsJLf�H�JdPRQWPRK]V
~y
r¾\�QWfofµÚ �.��Ù±�

~h = ~x− ~x · ~y
‖y‖

~y

‖y‖

s =
1

2
‖~h‖‖~y‖

=
1

2
‖~y‖
√

(

~x− ~x · ~y
‖y‖

~y

‖y‖

)

·
(

~x− ~x · ~y
‖y‖

~y

‖y‖

)

=
1

2
‖y‖

√

‖x‖2 − 2
(x · y)2
‖y‖2

+
(x · y)2
‖y‖2

=
1

2
‖y‖
√

‖x‖2 − ‖x‖2‖y‖2 cos2 α

‖y‖2

=
1

2
‖y‖‖x‖

√

1 − cos2 α

=
1

2
‖y‖‖x‖ sinα

Û]ÜÞÝ8ßáàOâ�ã£ÛOÜáäLß å9Üçæ]è�ã(åIé&ã(ê9âëâ�ÜçÝ?é&åsâ�ìuí^é&å�ê_ê$îbàOâ�Ý?å&ï
~x · ~y , 〈x, y〉
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~y, ~x
¬ Q`T&J[ZFhiJjJLV��LQ`KµSFQ`JjJLn�V�mOJL\

~v
T�J[ZFhbJjJ�JLH�m�M¡D a

~y, ~x
Q�cWª®TImOJLfoVsrRX�J[rRMdK

�[kOX�J�D �LQ�JLª9M ¬ QWT&mOJLQ ~y
‖~y‖ ,

~x
‖~x‖
¬ Q`T�J[ZFhbJjJLVÕÚ �.��Ù±�T�J[ZFhiJjJ1H�JLV

~u = ~y
‖~y‖ + ~x

‖~x‖
�jJLPikOX$H�K

³ JLU�VÔSGH©H�JLm�MdX_T&SGJLf²D SFQ�JjJLn¹V�mOJL\£�jJjJLQukOK« X�N
~v = α~u

SFQ�JjJLnGV�mOJL\
~v
N�\�HÔNOm�M

0 ≤ t ≤ V�T�JLm�V¤SFHÕrRQ v XqQWf�rôN�m�M
1;~v = ~x+ t (~y − ~x)

⇒ ~x+ t (~y − ~x) = α~u

= α
~y

‖~y‖ + α
~x

‖~x‖
V�T�JLm�V�M ¬ Q`T&J[ZFhiJjJLV¼X:kenoH¾X9cWS

~y, ~x
¬ HSFQ�JjJLnGQWmOJL\ ¬ V
~v¬ Q`JjJ[r ¬ Q`M0N�hbMdV~noHqX9cWSFK

~y, ~x
¬ H

t = 1 − α

‖x‖ =
α

‖y‖
‖x‖‖y‖ = (‖x‖ + ‖y‖)α

α =
‖x‖‖y‖

‖x‖ + ‖y‖
k(cuVdP

~v = α~u

=
‖x‖‖y‖

‖x‖+ ‖y‖

(

~y

‖~y‖ +
~x

‖~x‖

)

=
‖x‖~y + ‖y‖~x
‖~y‖ + ‖~x‖

�R�õ�0��öë÷0�*�®�Fø0ù�ú0û ü]�^�
V�T�N�U.V

Π : S×S 7→ V�Q`m�hEf}JLYIk6YOcWMdM_T&Q`NOU.fµD C¸ SFQWT&H�QWfoQ`X ³ QWK�SFQ`f�K(S¹º X
R3 × R3 7→ R3 T&Q`NOU.f R3 X$ª¾D aQ`SFT�N�f�ZFPRV¥f.cuH�V¢PRQ`PRK]V X$ª9rÈ­�k¬ QWQ`hESGM

î, ĵ, k̂

î× î = ĵ × ĵ = k̂ × k̂ = 0

î× ĵ = −ĵ × î = k̂

ĵ × k = − k̂ × ĵ = î

k̂ × î = −î× k̂ = ĵ

~x = (x1, x2, x3) , ~y =
�LSFfoQ`V�K½Q`noH

(y1, y2, y3)

~x× ~y =
(

x1î+ x2ĵ + x3k̂
)

×
(

x1 î+ x2ĵ + x3k̂
)

= (x1y2 − x2y1) î− (x1y3 − x3y1) ĵ + (x2y3 − x3y2) k̂

=

∣

∣

∣

∣

x2 x3

y2 y3

∣

∣

∣

∣

î−
∣

∣

∣

∣

x1 x3

y1 y3

∣

∣

∣

∣

ĵ +

∣

∣

∣

∣

x1 x2

y1 y2

∣

∣

∣

∣

k̂

=

∣

∣

∣

∣

∣

∣

î ĵ k̂
x1 x2 x3

y1 y2 y3

∣

∣

∣

∣

∣

∣

V�T&ª9V
î×
(

î× k̂
)

= î×−ĵ = −k̂
(

î× î
)

× k̂ = 0

⇒ î×
(

î× k̂
)

6=
(

î× î
)

× k̂

Ù±�����0�(�.ý�� Ä �I�õÒIþ Ä �9ÿ]� Ä
JLfoH ¬ NOJLh¢X$QWU.T&SFMbº ‖~x × ~y‖ = ‖x‖‖y‖ sinα

�Iÿ]�}�
³ T&J[ZFhiJjJLVsQWf�r¾X:rlSFQWX�QWK]hbM~\(Z�r°JLV�n�r ¬ QWª&NOJLQ¸ ¬ Q
VdH�T&f}D 〈c, a〉 = 〈c, b〉 = 0

QWnoH
~c = ~a × ~b

H�VdQ Ú �}�}�WÅ¬ V�MeN�\�HÃQ`K]U.X
~c · ~a =

∣

∣

∣

∣

x2 x3

y2 y3

∣

∣

∣

∣

x1 −
∣

∣

∣

∣

x1 x3

y1 y3

∣

∣

∣

∣

x2 +

∣

∣

∣

∣

x1 x2

y1 y2

∣

∣

∣

∣

x3

=

∣

∣

∣

∣

∣

∣

x1 x2 x3

x1 x2 x3

y1 y2 y3

∣

∣

∣

∣

∣

∣

= 0

X�MdT�JLfG�[kOX�J
a, b
Q�cWª rRT&YIfoV~T�J[riQ`MdX K]m�Q`f

~c
�[kOX]º¸ T&J[rRQ`MdX

D �LQWM0Q�NOQ�X�X:k��jJjJLQukOMeV�M0U.MsSGJLH�TIVdX®TIH�rRf�Ä �¶�^�
�G�����?�õ��ö3ûi��ù ü]�Wü

SGJLT�N�U.V
³ foJLY6JLn Rn K ¬ JLhbª X:rÔV�QWm�noQWTIZFM0TIY D CV�QWm�h

γ : I ∈ R 7→ R
n

�LSGQWf^º
R3 K2\¶Z�rRM½X$r V�QWm�noQWTIZFM0TIY D a¸

Rn X ¬ UbX$QWX:kOVdX
S : I1 × I2 7→ R

3

g



TIrRH�k
f : S 7→ A

V�QWm�hbf}JLY2V�f}JLSFfÉÄ �(�}�3�W�}�õÒ
{x ∈ s|f (x) = c}

D X�H�Q`m�f�ZGJLYzVdJjJ[r JLh JLHqVdK(JLURJLh¼H�JLV~T&mOJLf�r ¬ JLhbª
���_�*�Õ���i�*�	��û ü]��


t ∈ R; t~a
SFQWriH�T&Ve­�T�N�TIrRQWVsX:r©VdQWm�noQWTIZFMdT&YSGTI\�H_V�U�m�V�K�JLH
t~̀+~c

VdT&JLm�VdM�H�JLV�K]\�T&MdK6T9rRQ(X:k
γ : R 7→ R

3; γ (t) = (t`1 + c1, t`2 + c2, t`3 + c3)

­�k
t0 ∈ R

¬ QWQ`h¾TIrRQWV¯X�ª
(x, y, z)

VdNOJLhbfbX$kOX2QWnoHr
x− t0`1 = c1

y − t0`2 = c2

z − t0`3 = c3

noH ∀i
1 ≤ i ≤ 3

; `i 6= 0
¬ H

x− c1
`1

= t0

y − c2
`2

= t0

z − c3
`3

= t0

K]\�T&MdK²TIrRQWVsSFH�JjJ[rRMqSFH ¬ Q`X$K]hbM~JLfoHÔ­$k]J
x− c1
`1

=
y − c2
`2

=
z − c3
`3

�d�	�_��û¨�Õ���i�*�	��û ü]�
�
~n
X$M0T&JLfbT&Q`N�U�f

~x · ~n = 0
SFQurRH�T&K_T&J[rRQ`MdVsnoH

p =
VdNOJLhbf~V�f}JLSFf « SFQWriH�T&VÈ­9T�N¡H�X¥T�J[rRQWMQWnoH
~n = (α, β, γ)

X�MdT�JLfE�[k]J�  T&J[rRQ`MdVsX$ª
(a, b, c)

(~x− ~p) · ~n = 0

~x · ~n− ~p · ~n = 0

α (x− a) + β (y − b) + γ (z − c) = 0

αx+ βy + γz + δ = 0

(~x− ~p) ·~n =
X:rÃtRV�K¶JLU.K \¶Z�riM�H�JLV²T�J[rRQWM�X$k�X:kOX

0

VdN]JLhEf
~p ³ J�T�J[rRQWMdX¢X$MdT�JLf ~n rÎ�jJLSFfµQ`Mdm�ªµX�QWU.T&ST�J[rRQWM0X®V�QWm�noQWTIZFM0TIYzJLH�m�M¯D T�J[rRQWM0K

n̂ =
X$M0T�JLf�VËSFH X$MdT&fof ¬ HÂÚ �.��Ù±�PRQ`PRK]V ¬ H£r¹cWU3­9QWX$V�S°ªIm�K]f}J ~n

‖~n‖PRQ`PRK {n̂, a, b} H�m�Mdf�QWZFT&NOf`ZFPRV¬ QWK(m�QWf
a, b
TIriH�ksK]\�T&MdV£X:r§f}cWHD T�J[rRQWMdX ¬ QWX�QWK]hbMs�[kOX�JdX�MdT�JLfoX

³ riH�T&VÎ­�T�NÓT&K(JLª T�J[rRQWM0V JLX�QWH
{a, b} Qocuª rRTIY&foV M�cWS noH SFQT�J[rRQWM0K©V0NOJLhEf X:kOX9JëT�J[rRQWMdV¤H�JLVr¿­�k

s, t ∈ R
¬ QWM0QWQ`h

(x, y, z)D
~x = s~a+ t~b

~n
rÂ­�k

U ⊂ R3 T�J[rRQWM°X:kqT�JLK]ªT&J[rRQ`MdK²VdNOJLhbf
~p
JdX�MdT�JLf

∃~a,~b ∈ R3

~a · ~n = ~b · ~n = 0

~a 6= α~b

; ∀~x ∈ u; ∃s, t ∈ R; ~x = s~a+t~b+~p

n�HÃQWT&V±r
(~x− ~p) · ~n =

(

s~a+ t~b+ ~p− ~p
)

· ~n

= s~a · ~n+ t~b · ~n = 0

³ JjJLVÃQocuª²T&mOJLfoVÔ�jJLX$Q`K]hbMdV¯\�Y&fRSFH¾JLK]rR\ X$QWU�TIS
~u,~v, ~w

¬ Q`T�J[ZFh
¸ JLfoQ`H�T£T&KOk�rôQ`YIkdº¹PRQ`PRK]V¥\¶Z�rÈÚ �.��Ù��

‖u× v‖�[kOX¼D
h = w u×v

‖u×v‖
�jJLX$QWK(hEM0VÃV�K¶JLU�jJLX$Q`K]hbMdV~\¶Y&f

|w · (u× v)| =

∣

∣

∣

∣

∣

∣

∣

∣

u2 u3

v2 v3

∣

∣

∣

∣

w1 −
∣

∣

∣

∣

u1 u3

v1 v3

∣

∣

∣

∣

w2 +

∣

∣

∣

∣

u1 u2

v1 v2

∣

∣

∣

∣

w3

∣

∣

∣

∣

=

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

w1 w2 w3

u1 u2 u3

v1 v2 v3

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

~u · (~v × ~w) = [u, v, w] ~u,~v, ~w
�LSFfoQ`V�K VdT&NOU.V¬ QWfoM0PRM0JÎSFK(T�JLª9M0V VdX$YIkOMdV H�T&hbf

(u, v, w)

u· ¬ c ¬ H_T&J[rRQ`M²JLSEJLH�K ¬ QWT�J[ZFhiJjJOV±r¨JLX:r V�T&ª9V¸ ¬ QWT&foX$Y�JLh ¬ Q`H�TIhbf}J}º
(v × w) = 0

JL\�QWk]JLV ¬ Q`TIfoX$Y�JLh ¬ foQWH�r
a, b, c

�LSGf�Q`V�K ��X$QWU�TISr°­$k
x
T�J[ZFhbJjJ ¬ QWQWhEr

a · x = 1, b · x = 0, c · y = 0

4



QWk~ªIK(JLf3SGJLQWf�rRV¼SGJLH�JjJ[rRMdV¾Q`f�riMÕÚ �.��Ù±�
αa· ªIK(JLf±SFQWrRQWX:rRV�M x = α (b× c)�[kOX

(b× c) = 1

α =
1

[a, b, c]

⇒ x =
b× c

[a, b, c]

riQ ¬ HqX$Q`U.T&SFK_JLM�k VdTIªIV




a1 a2 a3

b1 b2 b3
c1 c2 c2









x1

x2

x3



 =





α
β
γ





T�JLSFY&Xµ�LSFQWfFQ`noH
x1 =

αb× c

[a, b, c]

´ J[k]J
A1
­9T�NÔTIK¶JLª¯N�\�H D ¬ QWTIrRQ3Q`f`r ¬ Q`foJLSGf X$QWU.T&S

³ M�J A2
­9T�N£TIK¶JLªqQ`f`rRVÊD ~̀

1 ³ XeX$Q`K]hbMdK¬ QWTIrRQWV§QWSFM D
A1 6= A2

D ~̀
2
X£X$Q`K]h

�L¬ QWkOSF\�f.  ¬ QWK(X:ZFm�M¯  ¬ Q`X$QWK(hEM
Ú �.��Ù±�

JLSGJLH�K ¬ foQWH ⇔ ¬ Q`K]X:ZFm�MÕD C
~̀
1, ~̀2, A1, A2⇔

T�J[rRQWMT�J[rRQWM JLSGJLH�K ¬ foQWH
[

~̀
1, ~̀2, ~A1 −A2

]

6= 0⇔¬ QWX$Q`K]hbM JLH ¬ QukOSF\�fµD a
[

~̀
1, ~̀2, ~A1 −A2

]

= 0

~̀
1 · ~̀2 6= 0

¬ QukOSF\�M
~̀
1 · ~̀2 = 0

¬ Q`X$QWK(hEM
X$QWU.T&S

T&J[rRQ`MdX ´ hEf�hb\�TIM¡D CTIrRQWX ´ hEf�hb\�TIM¡D a¬ QWK(X:ZFm�M ¬ Q`TIriQ�hb\�TIM¡D g
Ú �.��Ù±�

T&\�K]f�D
αx+βy+γz = δ

T&J[rRQ`M��jJLSFfzD CX$QWZFf�noH�J0D T�J[riQ`MdK²QWV�riX$kzVdNOJLhbf
mX$M0T�JLf�V©X$ªsX$K]hbSFM0V T�J[ZFhbJjJLV©SFHTIM�JLX:k_VdN�Q`\¶Q

d (p0) =
~p0m · ~n
|~n|

TIrRQF�jJLSFf2D a
x− x0

α
=

y − y0
β

=
z − z0
γX�ª SGJjNOJLhbf a ¬ QWT&\±JLK D

P
VdNOJLhbf}JTIriQ`V

m1 = (x0, y0, z0)

m2 = (x0 + α, y0 + β, z0 + γ)ª&JjN�Q`JdrRX�J[rRMqJLfoX$K]Q`h¼QWnoH
h =

1
2

base
=

1
2 |m1p×m2p|
‖ (α, β, γ) ‖

¬ QWTIrRQWV©QWf�r¡X$ªeSGJjNOJLhbfëQ`f`r¡T&\�K]f2D gX$ZFVÈD ¬ V�QWfoKqT&K(\¶Mdr¡T&J[ZFhiJjJRH�m�f}JD hb\�T&MdV§H�JLV ¬ V�QWf�rRXqV�M0T�JLf�V§X$ª
~̀
1 ×
QocuªzX$MdT�JLfoV¯SFHÔV�M0U�JjN�XµT&\�K]fk(cWV�P ~̀

2

∣

∣

∣

∣

∣

~A1A2 ·
~̀
1 × ~̀

2

‖ ~̀1 × ~̀
2‖

∣

∣

∣

∣

∣

=

∣

∣

∣

∣

∣

∣

[

~A1A2, ~̀1, ~̀2

]

‖ ~̀1 × ~̀
2‖

∣

∣

∣

∣

∣

∣

SGJLH�K(V~SEJLQWm�hbfoJLY&VsX:r°V�MdTzQW\¶Z�rRMeJLH�m�M �&�W�*��Ù
ª&JLK]h¼T�J[ZFhiJjJ

a
T9rRH�k

f1 (x) = ‖x× a‖ D C
f2 (x) = 1

‖x‖‖x× a‖ D aªIJLK(h
a, b f3 = |a · (b× x)| D g

Ú �.��Ù±�
f1 (x) = ‖x‖‖a‖ |sinα| D C�jJLT&SFY��LQWH

c < 0
TIrRH0k

t~a
TIriQ`V½Vdn

c = 0
TIriH�k

~a
V�Q`T9ZFM0QWP£T&QWm ¬ HsX$QWX$U�Vdn

c > 0
TIriH�kD c

‖a‖
P¨JLQ`NOTIK

f2 (x) = 1
‖x‖‖x‖‖a‖ |sinα| = c

D a�jJLT&SFY��LQWH
c < 0

TIrRH0k
0
X6ZFT&Y

t~a
TIrRQWV

c = 0
T9rRH�k¬ QWX�K]hbM JLfoH ‖a‖ > c > 0
T9rRH�k

³ foJjJLQWk2QWf�rRX1Q`Y�JLP¾�LQWHsZGJLT&\�  |sinα| = c
‖a‖Vd\¶Q`SFY ¬ H�J

~a
V�Q`T9ZFM0QWPÈTIQ`m ¬ ª

~a
¬ Q

|sinα| = c
‖a‖T�J[rRQWM

c = ‖a‖ TIriH�k
c > ‖a‖ ⇒ φ

T9rRH�k
f3 = |a · (b× x)| = |x · (b× a)| = c

D g�jJLT&SFY��LQWH
c < 0

TIrRH0k
b× a = 0

T�J[riQ`M
0 = c

T9rRH�k
a · (a× b) = ±c ¬ Q`T&J[rRQ`M c > 0

TIrRH�k
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³ XASFPRf�kOSFM {xn}
V�T�N�P·Q`T9ZFMsK(\¶T&M0K�X9JLK]UbV�T�N�U.V

n > N0
r£­�k

N0
¬ QWQ`h

0 < ε
X:kOX ¬ H

xnoH
xn ∈ Bd (x0, ε)

V�mOJLK(hEVsX:r°SGJLT&KOZFm�VeSENOJLhEf
x0
SGJLT&K]ZFm�V~SENOJLhEfrRQ

ε > 0
 
Bb (x0, ε)

T�JjN&kÃX:kOK ¬ H
A

x0 6= y ∈ A
VdNOJLhbf

 
Bd (x0, ε)

T�JjN&klX:kOK ¬ HÖX�JLhErÈ�LY�JLH�K X�QWU.T&S�LY�JLH�K®JLHs 
A ³ K®SGJjNOJLhbfd¦&JLP ³ �LQWH_rRQ ε > 0

x0
X:r

u
V�\±JLSFYsV�K]Q`K]P¢X$kOK ¬ H©X�JLhGrD

A
X$rlSGJjN]JLhEfE¦IJLP ³ �LQ`H¯rRQNOJL\�Q`H�V~JLV�n}J

A
K2�LM�JLPRS�r V�mOJLK(hEV�JLn

A
X:rlT�JLU.PRVSGJLT&K]ZFm�V�V=SEJjNOJLhEf¼¦IP¨JLH ¬ H

A
X:rD V�X:r

V�T�N�U�V�X SGJLX$Q`hGr SGJLH�T&V�X X$QWU.T&SV�H�m�T&V�K
A = A

¬ HqVdT&JLU�P©H�QWV
A
V�mOJLK]h V�T�N�U�V

D V�\±JLSFY
Ac ¬ c ¬ HÃV�T�JLU.PRK A V�foª�Z

Ä ��ÅI� Ä
V�X�QukOM

A
noH�VdT&JLU�PRK

A
rÔ\�QWfofµD CSGJLT&K]ZFm�V�V SGJjNOJLhbfÂX:kÊSFH

³ Q`hGrlX9cWm½Dx0 ∈ Ac Q`V�S©D V�X$r
B (x0, r) ⊂ rÀ­$k 0 < r

¬ Q
³ VdKµQWnoH x0 ∈ Ac r¼�jJjJLQWkOM~DAcSGN]JLhEf�V�foQWH~�[kOX�J� 

x0 /∈ A
\�T9k

r > 0
¬ Q`QWhÁ�[kOX D SGJLT&KOZFm�V�[kOX

B (x0, r) ∩ A = φ
r¡­$k

B (x0, r) ⊂ Ac

x0
Q`V�SôQWnoHÁV�\±JLSFY

Ac �jJLSFf2D a¬ H D
A
X:rôSGJLT&K]ZFm�V¥SGNOJLhbf

φ =
rÇ­�k

r > 0
¬ Q`QWhT&M0JLX$kÃD V�T&QWSFP»D

A ∩ B (x0, r)SGJjN]JLhEf X:k{SFH V�X�QukOM
AD V�X:r°SGJLT&KOZFm�V�V

SGJLfoª9ZFVsSFHqSGJLM0QWQ`hEMsSGJLT�JLU.P°SGJLmOJLK(h Vdf�hbPRM
SEJLT&JLU�P

X,φ
D C

T�JLU.PlH�JLVsSGJLT�JLU.P°X:r°­9JLSGQW\�X$k°D a
D T�JLU.P   SEJLT&JLU�P©X:r°QWY�JLPlNOJL\�QWHqX$k°D g
SGJLT�JLU.PRV SGJLmOJLK]hbV X:k�­IJLSFQW\ÎJLV�n

A
V�foª�ZD

A
SFHÃSGJLX$QukOM0V

Ä ��ÅI� Ä

SENOJLhEf
x0
r V�H�TIf ������Ù����]�

x0
¬ c ¬ H

A
X:r SGJLT&K]ZFm�V

A
X:rlSGJLT&KOZFm�VsSGNOJLhbfªIK(JLf

A ⊂ A
�jJ[rRH�T¯�jJjJLQuk°D C¬ H�r V�T�N�U�V�V�M SGJLT&QurRQ 

A
X$r�SGJLT&KOZFm�V ´ hEf x0

A
X$r ¬ UEnoHSEJLTIK]ZFm�V ´ hbf x0
r·\�QWfofµD a

³ f�Q`V�KOr XIcum
A

X:r¬ QWQ`h  
B (x0, r)

�LS\�hbQWf¹D
B (x0, r) 3 y 6= x0JLK rRQ  

B
(

x0,
r
2

) SFHD
z ∈ A

r°­$k
x0 6= zSGTI\�H§D JLf�M0QWQ`P

x ∈ A
¬ H

³ TIK]ZFm�V ´ hbf z \�TIkOV�K¯noHT�JjN&kOKÎnoH D
A
X:r SEJV0NOJLhEf¹rRQ

B (z, d (x0, z))TIrRH0k�D
A 3 y 6= x0

d (x0, y) ≤ d (x0, z) + d (y0, z)

< d (x0, z) + d (x0, z) <
r

2
+
r

2

¬ QWX�K]hbMsJLfoH
A = A ∪ R = A ∪ R = A

A
SFHeX$QWkOM½­IJLSFQW\�V±r \�Quk]JLVdX1T&SGJLf

B
noHÃ 

A
SFHÔV�X$QWkOM0J0V�T�JLU.P

B
¬ H

A
X:rôSGJLT&KOZFm�VdV ´ hEf6SFH¡V�X$QWkOM

A
SFHÃV�X$QWkOM¯�[kOX�J

­�k
c1, c2 > 0

¬ Q`ªIJLK(h ¬ QWM0QWQ`hGr»JLH�T&V X$QWU.T&S¬ Q`QWhbSFM
x, y ∈ Rn X:kOX:r

c1d1 (x, y) ≤ d∞ (x, y) ≤ c2d1 (x, y)¸ SGJLX9JLhGr¥JLH�T&hEQ�X9cWfoV~SEJLhEQ`T9ZFMbº
x ∈ Rn X$kOX:r SGJLH�TIVdX¯hEQ`Y&PRM§Ú �.��Ù��

c1, c2 > 0
SGJLMdQ`QWh

c1‖x‖1 ≤ ‖x‖∞ ≤ c2‖x‖1QWnoH
‖x‖ =

n
∑

i=1

|xi|

≤ nmax
i

|xi| = n‖x‖∞

⇒ c1 =
1

n
‖x‖∞ = max

i
|xi|

≤
n
∑

i=1

|xi| = ‖x‖1

c2 = 1

�



T&Q`NOU.f
Rn X$ª¯Q`V±rRX:k ‖.‖ V�MdT�JLf1�LSFfoQ`V�K X�QWU.T&S« Qocuª

Rn X$ª ‖.‖∗ V�QWm�hbf}JLY
∀y ∈ R

n; ‖y‖∗ = sup {yx|‖x‖ = 1}

R
n X�ªµV�MdT�JLfbH�QWV ‖‖∗ rlJL\¶QWk]JLV

∀x, y ∈ noH Rn X$ªµQ`V±rRX:k²V�MdT�JLfE�LSGf�Q`V�K Vdf�hbPRM
Rn;x · y ≤ ‖x‖‖y‖∗D SGJLX9JLhGr

Rn X�ªµSGJLMdT�JLfoVeX:k V�foª�Z
�LM0PRf

ei = (0, ..., 1, ..., 0)
�LMdPRfzÄ �±Å&� Ä¬ U

0 < c = max ‖ei‖
0 < c∗ = max ‖ei‖∗

‖.‖ V�MdT�JLfGVdfoJLSGf
‖x‖∞ = max

1≤i≤n
|xi| = max

i≤i≤n
|x · ei|

≤ max
1≤i≤n

‖x‖‖ei‖∗ = c∗‖x‖

Q`n�H ‖x‖ V�M0T&JLfET�JLK]ª
‖x‖ = ‖

n
∑

i=1

aiei‖

≤
n
∑

i=1

|xi| ‖ei‖

≤ max ‖ei‖
n
∑

i=1

|xi|

= c‖x‖1 JLfoX$K]Q`h �[kOX
1

n
‖x‖1 ≤ ‖x‖∞ ≤ c∗‖x‖ ≤ cc∗‖x‖1

X$ª½SGJLhbQWTIZFMdV¼X:keH�X_QuksK]X ¬ QurRfV�M0U�JjN�X®D SGJLX�JLhEr
R

n

d (x, y) =

{

1 x = y

0 x 6= 0

Q`V±r¨JLn�Q`H Q�cWªÂSFQ`T9r¨JLM
d̃
rÉ\�QWfof}J

c > 0
ª&JLK]h¾X:kOX n�H ‖.‖ V�hbQWTIZFM

x 6= y; cd (x, y) = c

d (λx, λy) = c

¬ V�Q`f�KÔhb\¶T&M0V
A,B

SGJLmOJLK(hÖQWf�r��.�LSGf�Q`V�K¥Ä �9ÿ]� ÄSGJLQ`V�X T&NOU�JLM
d (A,B) = inf {d (a, b) |a ∈ A, b ∈ B}

VdmOJLK]hiJ
A
SFQuZFhbY&M0JLh¥V�mOJLK(h¢�LSFfoQWVdK

Rn K¥Ä ���O�noH
B
V�T�JLU.P

A ∩B = φ ⇒ d (A,B) > 0

³ QWh¥noH d (A,B) = 0
rÕV�X$Q`X:rRK¯\�QWfofzÄ �±Å&� ÄSGJLT�N�P°SGJLMdQ

{an} ⊂ A, {bn} ⊂ B; d (an, bn) → 0VdT&NOP SFS rRQ {an} ³ X ⇐ SGQuZFhbYIM�JLh A¦IP¨JLf�K¶J
an → a ∈ A

SFPRf�kOSFM
d (ank

, bnk
) → 0

d (a, bnk
) ≤ d (a, ank) + d (ank

, bnk
)

B
X�K]H

B
X$rÁSEJLTIK]ZFm�V SGNOJLhbf

a
T&T&JLUD V�T&QWSGPRK

a ∈ B ⇐ V�T�JLU.P
B =

X$riM0X·V�T�JLU.P
B
X$ª T&SGJjJLf Ù��WÿO��� Ä �(�^�}ÿT&SGJjJLf ¬ H¢D

(0, 1) , A = [1, 2] ⇒ d (A,B) = 0
A
X$r©SGJLQWZFhEY&M0JLh¼X�ª

A = (y, 0) , B =

(

1

x
, x

)

d (A,B) = 0
Q`noH

TIZGJLhbV±rÃ\�QWk]JLV�X|QWnoH�SFQWZFhEY&M0JLh
A
\�QWfof Ù��`�_�&�W�*��ÙX$K]hbSFM

diam (A) = sup {d (a, b) |a, b ∈ A}

K°V�Y&Q`m�T
f
 
f : G ⊂ Rn → Rm Q`V�SôÄ �9ÿ]� Ä

pk → p0
  {pk} ⊂ G

V�T�N�P§X:kOX ¬ H
p0 ∈ G¬ QWQWhbSFM

dRm (f (pk) , f (p0)) → 0

¬ Q`X�JLhGr ¬ Q`H�K]V ¬ Q`H�foSFV¡Ä ���O�
x0
K²V�Y&Q`m�T

f
D C

��� ����� ������ èRâõß ìuí^é"!
w



x
X:kOX:rÖ­$k

δ (ε) > 0
¬ QWQWh

ε > 0
X$kOX£D a¬ QWQ`hESFM

dRn (x, x0) < δ

dRm (f (x) , f (x0)) < ε

V�K(QWK(PlSGMdQWQ`h
f (x0)

X:r
V
V�K]Q`K]P°X:kOX¼D g

f (U) ⊂ V
r°­$k

x0
X:r

U

f
¬ H

G ⊂ R
n ¬ JL\¶SGVÖX$ª¾VdYIQ`m�T f V�T�N�U.V

G ³ K ´ hbf�X:kOK²V�Y&QWm�T
V�mOJLK(h¯X:k®X:r¼T�JLhEM ¬ c ¬ H

G
K®VdYIQ`m�T

f
V�foª�ZD

G
K²V�\±JLSFY�V�mOJLK(h JLnGV�\±JLSFY

Ä ��ÅI� Ä
V ⊂ Q`V�S G K¯V�Y&QWm�T f �jJLSGf2D CH�V�SÓD V�\±JLSFY

f−1 (V )
X9cWm

GT�JjN&k²riQWr©X9cWm
x0 ∈ f (V )

B (x0, r) ⊂ V

V�\±JLSFY¤JLnoJ
f (x0) ∈ V

�[kOH
G
K»V�\±JLSFY

U
SFM0QWQ`h �[kOX�J

f (U) ⊂ ¬ U�J x0 ∈ U
r ­$knoH V�\±JLSFY

U
r �jJjJLQWkOM D

V
x0 ∈ r·­�k¾X9cWf`k©T&JjN�k ¬ QWQWhD

B (x0, r) ⊂ UV�\±JLSFY X:r T�JLhbM�r �jJLSFf2D a
x0 ∈ G

�jJLSFfÖV�\±JLSFYËJLnV�Q`V�Q D
x0 ³ K V�Y&QWm�T

f
B (f (x0) , ε)

noH
ε > 0�[kOX�J

Rm ³ K{Vd\�JLSGY V�mOJLK]hV�mOJLK(h
f−1 (B (f (x0) , r)) 

δ > 0
¬ Q`QWh¼�[kOX�J0 

G ³ K²V�\±JLSFYrl­�k
f−1 (B (f (x0, ε))) ⊃ B (x0, δ)

⇒ f (B (x0, δ)) ⊂ B (f (x0) , ε)

D
Y
QWTIZFM�K(\¶T&M0X

X
QWTIZFM½K]\�T&MdM

f
Q`V�S SEJLT&NOU.V

¬ H
X
X$ª�r¨cWMdK½V�Y&QWm�T

f
r¥T&MdH�f2D CX:kOX$rÕX$k

δ > 0
¬ QWQWh

ε > 0
X:kOX

p, q ∈ X

dx (p, q) < δ ⇒ dy (f (p) , f (q))

¬ H
X
X�ª$#9QurRY&QWX_H�QWV

f ³ r§T&MdH�f2D ar°­$k_ 
L
ª&JLK]h ¬ QWQ`h

dy (f (p) , f (q)) ≤ Ldx (p, q)

¬ Q`X$QWU�TIS
r¨cWMdK_VdYIQ`m�T

f
noH%#�QWriY&Q`X

f
¬ HÂD C

D VdYIQ`m�T
f
n�Hqr¹cuM0K�VdYIQ`m�T

f
¬ HÂD a

Q`TIZFMÂK]\�T&MdMÀV�Y&QWm�T°V�Q`m�hEf}JLY
f
H�V�S ZFY9rRM

f
noH

Y
Q`T9ZFM¿K(\�TIM0X�J

X
QuZFhbY&M0JLhD

X
X$ªµr¨cWMdK²V�Y&Q`m�T

VdYIQ`m�T
f ³ rÈ�jJjJLQWkOMÀ  ε > 0

QWVdQ®Ä �±Å&� Ä
³ QWh p ∈ X

X:kOXÆnoH
X
X$ª

q ∈ x
X:kOX:rÉ­$k

rp > 0
¬ QnoH

dx (p, q) < rp
hb\�TIM0V ¬ HX$kOX¼  SFª9k D

dr (f (p) , f (q)) < ε
2¦IP¨JLH~n�H

Bx

(

p,
rp

2

) T�JjN&k ¬ QWH�SFf
pD

X
X:r°Q`JLPRQWk�V0JjJLV�MqX9cWfoV ¬ Q`T&JjN�kOVQ`Y�JLP¾Q`JLPRQWk ³ SFS JLX�rRQ��[kOX�J

Bx

(

p1,
rp1

2

)

, ..., Bx

(

pm,
rpm

2

)

�LMdPRf
0 < δ = min

{rp1

2
, ...,

rpm

2

}

dx (p, q) <
rÂ­�k

p, q ∈ X
JLQ`V�Q

1 ≤ i ≤ pi
JLV±rRnoQWH ¬ Q`QWh D

δT&M�JLX:k
p ∈ Bx

(

pi,
rpi

2

) rÀ­�k
m¦IP¨JLf�K

dx (p, pi) <
rpi

2

dx (q, pi) ≤ dx (p, q) + dx (p, pi) <
rpi

2
+
rpi

2
= rpi

¬ U�J
dy (f (q) , f (pi)) < ε

2

�[kOX�J�[kOX�J
dy (f (p) , f (pi)) <

ε
2

dy (f (p) , f (pi)) ≤ dy (f (p) , f (q)) + dy (f (q) , f (pi)) ≤ ε

Q`T9ZFMsK(\¶T&M
(X, d)

Q`V�Q X$QWU.T&S
rÓJL\¶QWk]JLV

E ⊂ X
V�mOJLK(hÁV�f}JLSFfzD CVdf�SFriM0K0ºdV�Y&QWm�T2VdQWm�hbfoJLY

d (x,E)¸
x

A,B
SGJLT&noJ�SGJLT�JLU.P¾SGJLmOJLK(h£SGJLf}JLSFfzD a

f (x) = d(x,A)
d(x,A)+d(x,B)

rÓJL\�QWk]JLVV�Y&QWm�TµV�Q`m�hEf}JLY
8



SGJLT�JLU.P=SGJLmOJLK]h¿Q`f�r�X:k�r JL\�Quk]JLV¡D gN�Q`T&YIVdX©�LSFQ`f�Q`TIZFMÂK]\�T&MdK¤SGJLT&n}JD SEJL\�JLSGY�SEJLmOJLK]h Qocuª
�jJLT&SFY

y ∈ E
X:kOX®Q`n�H

x1, x2 ∈ X
JLQWV�Q®D C

d (x2, E) ≤ d (x2, y) ≤ d(x2, x1) + d (x1, y)

³ hbf}J y ∈ E
X:k²X$ª ¬ JLMdQWY&foQWHq\¶hbQWfX$K
d (x2, E) ≤ d (x2, x1) + d (x1, E)

d (x2, E) − d (x1, E) ≤ d (x2, x1)JLf�X rRQ��LY�JLHÃJLSGJLH�K
d (x1, E) − d (x2, E) ≤ d (x2, x1)

⇒ |d (x1, E) − d (x2, E)| ≤ d (x2, x1)V�Y&Q`m�T �[kOX&#�QWriY&Q`XëV�QWm�hbf}JLY®JLf�X�K]QWh
¬ J[kOPik¯V�Y&QWm�T

d (x,A) + d (x,B)
D a

x /∈ A
JLH£Quk�K(X ¬ QurRXµSGJLY&QWm�T_X$r

³ M�JLhÂV�mOJLK(hÂJLn {x} J x /∈ B
JLHJLH

d (x,A) > 0
�[kOX�J D SGQuZFhbYV�Y&Q`m�T

f
k(cWV�P

d (x,B) > 0H�JLV ¬ NOJLhEV£¦IQWªIPRK
f
QWk~K(X ¬ QurRf2D g

f |A =
¬ U�J

f : X → [0, 1]J ( 1
2 , 1
] SGJLmOJLK(hEV

0, f |B = 1rË�jJjJLQukOM0J
[0, 1]

KÁSGJL\±JLSFY [
0, 1

2

)

f
[

0, 1
2

) ¬ U�J
f
(

1
2 , 1
] noH°V�Y&QWm�T

f
B ⊂ ¬ U�J D SGJLT&n}J X ³ KÂSGJL\±JLSFY

A ⊂ f
[

0, 1
2

) ¬ U�J
f
(

1
2 , 1
]

SGJLT�N�U.V
³ Q`f�H�X ¬ H~T&QWrih£K(\¶T&M X r T&MdH�f2D C
X = A ∪ B Q�cWª X SGH K(JLS�kOX_�LS³ Q`T�H�X�JESGJLT&n3SEJL\�JLSGY A,B TIrRH0kD SGJLh
Q`SFX$QWPRMÕT&QurRh K(\¶T&M

X
rÈT&MdH�f2D a

³ f}JLY¡SFM0QWQ`h p, q ∈ X
X:kOX ¬ H­�k

γ : [0, 1] 7→ X
VdYIQ`m�TÃVdQWm�hD

γ (1) = q
 
γ (0) = p

r
SGJjN�K(JLª

D TIQWrRh
X
T&T�JLUiQWSFX$Q`PRMeT&QurRh

X
D C

QWSGX$QWPRMsT&QurRh¼\�TIkOV�K�JLfoQWH¯T&QurRhôD a
NOJL\�Q`H_¦9T&U.VzH�JLV {

x, sin 1
x

} Ä �¶�^�}ÿD−1 < y < 1, x = 0
¬ HT&QurRh©H�Xz­�H£T&QurRh¾T&K¶N�VeQWnoHD SFQWSGX$QWPRM

T&K(N�JLSGJLHÔV�nGTIrRQWV~X$ª¾D g
ZFY9rRM

VdQWm�hbfoJLYAQ�cWªATIQWrRh�K]\�T&MµX:reV�f}JLM0SÁD CV�T&QurRh¼H�QWVsV�Y&QWm�TSGQWSFX$Q`PRM»T&QWrih X:r�VdfoJLM0S ¬ H�V§D a
³ SFX$QWPRM V�T&QurRhÊH�QWV�V�Y&Q`m�TÀQocuªX�ªzV�Y&Q`m�T�VdQWm�hbfoJLY²SFK]kOT&Vq�[kdºED SGQ¸ V�Y&Q`m�TµH�QWVsV�Y&QWm�T
VdYIQ`m�T

f
J¹V�T&QurRh

U
V�f}JLSFf(' �*) Ä ��ÅI� ÄVdTIQWrRh¯V�foQWH

f (U)
rÃV�X�QWX:rRKµ\�QWfofH�X�J�SGJLT&nbSGJL\±JLSFY
A,B

SGJLMdQ`QWh noH 
f (U) ⊂ A ∪ B

r ­$kÖSEJLhEQ`T
³ TInRSEJL\�JLSGY F−1 (A) , f−1 (B)

noH¬ U�J�SEJLhEQ`T2H�X�J0SGJ
U = F−1 (A) ∪ F−1 (B)D V�\�f�VdX®V�T&QWSFPRK

F−1 ¬ H©X$ª&JGª�cu\�\ÔV�Y&QWm�T f : X → Y
V�T�N�U.V

Y ³ J X ³ J ¬ noQWY&T�JLM0JLH�M0JLV¤H�T&hbQWS¡V�Y&Q`m�T¬ QWY&T�JLM0JLH�M�JLV¯JLH�T&hbQ�V�nFV�T&hbMdK
F−1 ¬ H©X$ª&JGª�cu\�\ÔV�Y&QWm�T f : X → Y

V�M0U�JjNV�Y&QWm�T2H�X
Y = [0, 2] , X = [0, 1) ∪ [2, 3]

Q`noH
f (x) =

{

x x ∈ [0, 1)

x− 1 x ∈ [2, 3]

noH

f−1 (x) =

{

y y ∈ [0, 1)

y + 1 y ∈ [1, 2]

X$QWU�TIS
�
n ≥ 2

T�JLK(ª
R
X ´ JLH�M�JLV Rn ¬ H�V§D CV0N�QW\�QWV T&JjN�kOX·JLH�M0JLV

R
n ¬ H�V§D a� JLX:r°T�JLU.PRVV0N�QW\�QWV T&JjN�kOX·JLH�M0JLV

Rn ¬ H�V§D g� JLX:r°T�JLU.PRV
� JLH�M�JLV�T�JLU.PRVdJ�\±JLSFY&V�T�JjN&kOV ¬ H�V§D p

Ä �±Å&� Ä
n ≥ 2; f : Rn 7→ \�QWfof D H�X£D C
p, q ∈ R2, p 6= \�hbQWfôD V�Y&Q`m�T Rk(cWV�KÉ\�QWfof D

p 6= q
¬ H

qQ`f�r§SGJLfoK(X��LSFQWfAQWnoH
f (q) < f (p)Q`noH D SGJjJLm�hbK]M�#IJL\¢SGJLT&nzSGJLX$QWPRMJ¹V�f}J[rRH�T&V°V�X$Q`PRMdK
c1
VdNOJLhbf rRQK�cuVdª½YOcWª~noH¿D V�Q`QWf�rRV V�X$Q`PRMdK

c2D
f (γ1 (x)) , f (γ2 (x))

9



D V�Y&Q`m�T
f = x

1+‖x‖ f : Rn 7→ B
D �[klD a¬ U�J0D XIcuS£T&M0JLX:k x

1+‖x‖ = y
1+‖y‖

‖x‖
1 + ‖x‖ =

‖y‖
1 + ‖y‖

‖x‖ = ‖y‖

f−1 = y
1−‖y‖

X$ª�D ª&cW\�\½�[kOX
SFQWZFhEY&M�JLh V�mOJLK]h¥X$r§V�f}JLM0SôD H�X¼D gD SFQWZFhEY&M�JLh¼H�X

g QWY&Xµ  H�XÔD p
 �.öë÷���ù ÷dø,+ ü]�.-

SFQ`foU�JLM0JLV§H�TIhbSÈ 
f : Rn 7→ Rm ´ f}JLY V�T�N�U.V¬ Q`QWhbSFM

t > 0
X:kOX ¬ HÔ 

n ∈ N
T�N�PRM

f (tx) = tnf (x)

X$QWU.T&S
  t~T&NOPRM¢SFQ`f�U�JLM0JLV ´ f}JLY¼Quk¾JL\�Quk]JLV¡D CVdªIJLK(h¼H�Q`V ¬ c ¬ HqSFQurRH�T&K_V�Y&QWm�T
f : R

m 7→ R
¬ H�QWk»JL\�Quk]JLV¡D aX$ª�V�Y&QWm�T�JG 

n > 0
T�N�PRMqSFQ`foU�JLM0JLV

limx→0 f (x) = 0
noH�VdNOQW\�QWV²X$U.ªIM

Ú �.��Ù±�
V�X�QWX:rRKq\�Q`f�f1  tzSFQWfoU�JLM�JLV

f
V�f}JLSFfzD C

a, b ∈ Rn ¬ Q`MdQ`QWh¼noHÃª&JLK]h©V�foQWH�rX$ª X$kOSFPRf
f (a) 6= f (b)

r ­$k
t > 0; ta, tb

¬ Q`QWfoT&hEV
lim
t→0

f (ta) = f (a)

lim
t→0

f (tb) = f (b) 6= lim
t→0

f (ta)

³ M�JLhAºëVdN�QW\�Q`V¤X$U�ª9MÕX$ª¼V�Y&Q`m�T f D arl­�k
M
¬ Q`QWh¼�[kOX�J ¸ SFQuZFhbY

∀x, ‖x‖ = 1; |f (x)| ≤ M

(‖x‖ 6= 0) ⇒ |f (x)| =

∣

∣

∣

∣

f

(

x

‖x‖‖x‖
)∣

∣

∣

∣

= ‖x‖n |f (x)|
≤ ‖x‖nM −−−→

x→0
0

/ � ����� ������ â�ß ìuí^é10

h = f
g

J
n
T&NOPsJLSEJLH�M�SGJLQ`f�U�JLM0JLV

f, g
¬ H Vdf�hbPRMD SFQurRH�T&K_V�Y&QWm�TzV�foQWH

h
noHqª&JLK]h¼Vdf�Q`H

SEJLH�M0U�JjN
Vdf�Q`H»QWk

0
K¥V�Y&QWm�T°V�foQ`H xy

x2+y2

D CD ª&JLK]hD ¬ Q`QWfoT&hÔSEJLTIQWrRQ�K]QWm�VdX��LSFQ`fGJLH
X�K]hbfoJ

y = t, x = s2
K]QWm�f^º xy2

x2+y4

D a
¸ s2t2

s4+t4SEJ[riªIX ­9QWT&m k(cWN�K V�T&ªIV¬ V ¬ Q`foS�rRM SGYIX�\¶VD ª&cW\�\
SGJLQWT�JjN&k_SGJ[ZFfoQ`NOT&JLH�JLh·D g

x = r sinϕ cos θ

y = r sinϕ sin θ

z = r cosϕ

f : {x, y, z|x > 0} ∪ {0} 7→ T&Q`N�U.f
R

f (x, y, z) =

{

y
x

(

x2 + z2
)

1
4 x > 0

0 x = 0

a > 0, t > 0 t (z, b, c)
�LT&hÔX$k�X$ª

f =
b

a

(

a2 + c2
)

1
4
√
t

t→0−−−→ 0

(

t,
√
t, t
) X9JLX$PRMdVeT�JLK]ª

f (t) =
1√
t
2

1
4

√
t = 2

1
4

SEJ[ZFf�Q�N�T�JLH�JLhEK SGJLH�NOJjJLK hiJjN�K]X Q`N�k V�T&ª9VD r¹cWMdK�­9T&JLm�rRQ�SGJLQWT&X�JLY
¬ Q`QWh ¬ H�V X$QWU�TIS

lim
(x,y)→(0,0)

x ln (1 + xy)

x4 + y2
= lim

(x,y)→(0,0)

x ln (1 + xy)

x4 + y2

xy

xy

= lim
(x,y)→(0,0)

x2y

x4 + y2

ln (1 + xy)

xy

­�k]J ln(1+xy)
xy −−−−−−−→

(x,y)→(0,0)
1
T9rRH�k£QWnoH

x2y
x4+y2

JLM�k_U.V�foSFM
X:r°SGJLY&QWm�T&VsQWH¯hbf X$QWU�TIS

f (x, y) =

{

x y = 0

0 y 6= 0

C�t



Ú �.��Ù±�
K(QWK]P=T�JjN&kÕriQ_noH

y0 6= 0
¬ HÂD C

(x, y)
VdNOJLhbf�X:k�T&JLK(ª�r£­$k

(x0, y0)
f ≡ 0

�[kOX�JED
y 6= 0

¬ QWQ`hESGMeT&JjN�kOK
(x0, y0)

X$ªµVdYIQ`m�Tz�[kOX�J0T�JjN&kOVsX$ª
noH

y0 = 0
¬ HÂD a

lim
x→x0

f (x, 0) = x0

lim
x→y0

f (0, y) = 0

D
x0 = 0

¬ H¯hET ¬ Q�JjJ[r©SGJLX�JLK(U.VdJ
(xn, yn) → 0

T�JLK]ª
0 ≤ |f (xn, yn)| ≤ |xn| → 0

D JLfoMdQ`QWPlc�#9Q`JjJjN�foP¹c�V�M0X Y�cWª&J
X$QWU.T&S

f (x, y) =

{

x4|y|k
x8+y2 (x, y) 6= (0, 0)

0 (x, y) = (0, 0)

(0, 0) ³ K²V�Y&Q`m�T f k QukOT&ªµJLX$Q`HqT�JLK]ª
xy ≤ �jJLQ`JjJ[rRV QWH T&JLK(ª Ú �.��Ù±�  1

2

(

x2 + y2
)

x4 |y|
x8 + y2

≤ 1

2

x8 + y2

x8 + y2

SFY&H�J[r»X9JLY9kÔV�M0JLPR\
k > 1

T�JLK]ª D CD V�Y&QWm�TzTIT�JLUbPRY&H�X
y = ax4 V�K]m�V�K ¬ H k = 1

T�JLK]ª D a
³ Q`HÂT&T�JLU_V�n}J ¬ Q`foJ[r ¬ QWkOT&ª¾X$K(hEfD SEJLYIQ`m�T
K~X$YIkOKsX�JLX$PRM ¬ SGJLH T�JLK]ª

k < 1
D gD SGJLY&QWm�T ³ Q`HÃX$K(hEf |y|−n

¬ QWM�NOJLh ¬ QWX�JLU.T&SÔX$ªµSGJLT&ªIV
2
‖y‖∗ = sup‖x‖=1 y · x

D C

‖x‖ =

∥

∥

∥

∥

∥

n
∑

i=1

xiei

∥

∥

∥

∥

∥

≤
n
∑

i=1

|xi| ‖ei‖

≤ max
1≤1≤n

‖ei‖ ‖x‖1

≤ c ‖x‖1 3 � ����� ������ 54 èiâ�ß ìuí^é"6

¬ U�J
‖y‖∗ = sup

‖x‖=1

y · x = sup
x
y · x

‖x‖

≤ sup
x

‖y‖2

‖x‖2

‖x‖

= sup
‖x‖

2
=1

‖y‖2

1

‖x‖ ≤ c ‖y‖2

³ M0JLhbM��[kOX�J¼  {x| ‖x‖1 = 1} X$ªÖVdYIQ`m�T ‖x‖ D a
x ∈ X:kOXzn�HlD c2 > 0

¬ JLM0QWfoQWMqSFX$K]hbM¯SGJLQWZFhEY
c2 ‖x‖1 ≤ ‖x‖ noH ∥∥∥ x

‖x‖
1

∥

∥

∥ ≥ c2
X$K(hESFM

X

VdTIQWrRh H�X9JôSFQ`SFX$QWPRM VdTIQWrRh
A
V�f}JLSFfzD g

³ TIn6SGJL\±JLSFY£SGJLmOJLK]h A = B ∪ C
¸87 V�X$Q`X:rRK0º

³ M0J p ∈ B, q ∈ C
¬ Q`\¶hiJLX D SGJLhEQ`T£H�X9J|SGJ

γ : [0, 1] → A
V�Y&Q`m�T V�X$QWPRM ¬ ª ¬ QWT&K]\

γ (0) = p, γ (1) = q

o ∈ γ−1 (B) , 1 ∈ γ−1 (C)

¬ U�J
[0, 1] ∈ γ−1 (B) ∪ γ−1 (A)

D
[0, 1]

X:r©SEJLTIQWrRhEX V�T&QWSGP
D SGJLX$Q`hGr°PR\�Q�JLV�nGSFQ`SFX$Q`PRMeSGJLT&QurRh V�T&ª9V

γ :
V�ª&JLK]hbV�V�X$Q`PRMdV�Qocuª

x x
D C

∀t; γ (t) = x [0, 1] → U

γ (0) =
VdYIQ`m�T

γ : [0, 1]
SFMdQ`QWh

x y
D a

x, γ (1) = yQocuª¡SGT&NOU�JLM
γ : [0, 1]

VdX$QWPRM0V¬ U�J VdYIQ`m�T
γ (t) = γ (1 − t)
γ (0) = y, γ (1) = x

γ1 [0, 1] , γ2 [0, 1]
rRQ

x y, y z
D grl­�k²SGJLY&QWm�T

γ1 (0) = x; γ1 (1) = y, γ2 (0) = y; γ2 (1) = z

T&m�QWQWf
γ3 =

{

γ1 (2t) 0 ≤ t ≤ 1
2

γ2

(

2
(

t− 1
2

))

1
2 ≤ t ≤ 1

γ3 (0) = x; γ3 (1) = z ³ JdVdYIQ`m�T
x0, y0

SEJjNOJLhEf Q`S�rÖ�LQWK¯T&K(\¶M0V¾TIrRQ¹X:k V�T&ª9VVdX$QWPRMdk U.Q`m�V�X �LSGQWfÎQWM0T�JLf K]\�T&MdKD V�Y&Q`m�T
t ∈ [0, 1] ; γ (t) = x0 + t (y0 − x0) = tx0 + (1 − t) y0

C�C



SGJLY&QWm�T2hiJjN�K(f
‖γ (t2) − γ (t1)‖ = ‖t2x2 + (1 − t2) y2 − t1x1 − (1 − t1) y1‖

= ‖(t2 − t1)x0 − (t1 − t2) y0‖
= |t1 − t2| ‖x0 − y0‖
≤ |t1 − t2| [‖x0‖ + ‖y0‖]

JLX�J[k®X:k]JLM�T9rRQ`V�noH
y
X
x
�LQWK T9rRQ�X�JLX$PRM V�T&ªIV

y ∈ B (x, r)
T&JjN�kOV¯­9JLSFK

γ (t) = (tx+ (1 − t) y)

∀t ∈ [0, 1] , d (x, y) = ‖tx+ (1 − t) y − x‖
= |1 − t| ‖y − x‖ < r

V�mOJLK(hÂX:k ¸
Rn ³ K¼ZFT&YIK�º¹Q`MdT�JLf�K]\�T&MdK V�foª�ZD SFQ`SFX$QWPRMqV�T&QurRh¼H�QWV~V�\±JLSFY�J�V�T&QurRh

V�T&QWrihiJÈV�\±JLSFY
U
V�f}JLSFf V�\¶k]JLVV�T&QWrihÎXIcum ¸ QWM0T&JLfÃK]\�T&MdK�ºD SGQWSFX$Q`PRM

V
SFH¡T&Q`N�U�f

x0 ∈ U
\¶hbQWfSGJjN]JLhEfoV X:k ¦IP¨JLH SGJLQ`V�XX¥SGQWSFX$Q`PRM·SGJLT�J[rRhEr
U ³ K¬ U�J6V�\±JLSFY

V ³ rÓV�H�TIf¿Dx0D V�T�JLU.P�jJjJLQWkOM D
y ∈ V

QWV�Q¾  �[kOHT�JjN&k rRQ Vd\�JLSGY
U ³ rX:k�rÊJLf�Q`H�T&J

B (y, r) ⊂ USGJLT&QWrih
B (y, r) ³ K¼SGJjNOJLhbf�VSGJLT&QWrih{�LX9J

y ³ XÈSGQWSFX$Q`PRMD V�\±JLSFY
V
�[kOX

x0 ³ X3SGQWSFX$Q`PRMV�H�T&f D VdT&JLU�P
V
rÉV�H�TIfQ`V�Q¾�[k]J D V�\±JLSFY
U\V r

³ Q`hÃ�[kOX�J�V�\±JLSFY U D y ∈ U\VSGJLX�QWhEriM�J
B (y, r) ⊂ U

¬ QT�JjN&kOK SEJjNOJLhEfoVÇX$k�r ªIK(JLfSFQ`SFX$Q`PRM©SGJLT&QWrihÖ�LfoQ`HlXIcufoVD
x0
XK(\¶T&M0KOr K(X ¬ QurRf SFª9kSGJjNOQW\�QWV SGJLmOJLK]hbV T&QurRhV�n SGJLT�JLU.P¨JÆSGJL\±JLSFY �LV±r

³ Q`T V�mOJLK]hbVdJ¥JLX�J[k
K]\�T&MdVV�n
x0 ∈ V

r¿�jJjJLQukOM D Vdh
U = V

�[kOX
V 6= φ

T&T�JLUD JLfoMdQ`QWP°  SEJLX$QWhErRM0J
Bz@�5:9A5$� � 5<; 7&Ð¹Ì|5>= ?

p0
VdN]JLhEfoK~V�T&QWnoU

f : Rn 7→ R
r¢T&M0H�f VdT&NOU.VX�JLK]U�V ¬ QWQ`h ¬ H
v
�jJjJLQukOK

lim
t→0

f (p0 + tv) − f (p0)

t

SGQWf}JjJLQukOV¼SFT&noU.foV¼H�JLV¼X�JLK]U�V¼V�n¹V�T&hbMdKQ�cWª2�LM0JLPRQ�X�JLK(U.VdJ�D
v
�jJjJLQukOK

p0 ³ K f X$r
∂f

∂v
|p0

=
∂f

∂v
(p0)

SEJLTInoU.foV²�LV
p0 ³ K f X:rÃSGJLQWhbX$\�VzSEJLTInoU.foV

∂f
∂ei

(p0)
TIM�JLX:k�D ¬ Q`T&QWm�V~QWf}JjJLQukOK

f
X:r

SEJLYIQ`m�T�SGJLQ`m�hEf}JLY ∂t
∂ei

: Rn → R
TIriH�k V�T�N�U.V

f ∈ QukÁT&MdH�f ¸ �jJLSFf�rËV�MdX ¬ H�SFV�K�º
c1 (, , , )

³ K~SEJLMdQWQ`h f X:r§SGJLQWhbX$\�V£SGJLT&n�U�f�V ¬ H V�foª9Z
³ QWh p ∈ B∞ (p0, r)

X:kOXµnoH  
B∞ (p0, r)SGJjNOJLhbf

n
SEJLMdQ

q1, .., qn ∈ B∞ (p0, d∞ (p0, p))rl­�k
f (p) − f (0) =

n
∑

i=1

∂f

∂xi
(qi) (p1 − poi)

=

n
∑

i=1

∂f

∂xi
(qi) ∆pi

V�\¶k]JLV
f (p0) − f (p) = [f (p0) − (f (p0 + ∆p1x1))]

= + [f (p0 + ∆p1x1) − f (p0 + ∆p1x1 + ∆p2x2)]

+

[

f

(

p0 +

n
∑

i=1

∆pixi

)

− f (p)

]

¬ Q�NONOJLK ¬ QWQWT&U�JLP©X$ªµX:kOSGPRf
f

(

p0 +

k−1
∑

i=1

∆pixi

)

−f
(

p0 +

k
∑

i=1

∆pixi

)

Q�cWª
g : [0,∆pk]

T&Q`NOU.f

g (t) = f

(

p0 +
k−1
∑

i=1

∆pixi + txk

)

T&M0JLX:k
g (0) = f

(

p0 +

k−1
∑

i=1

∆pixi + txk

)

¬ U�J
g (1) = f

(

p0 +

k
∑

i=1

∆pixi

)

12



g
′

(t0)
H�m�Mdf

g
′

(t0) = lim
h→∞

f
(

p0 +
∑k−1

i=1 ∆pixi + (t0 + h)xk

)

− f
(

p0 +
∑k−1

i=1 ∆pixi + t0xk

)

h

=
∂f

∂xk

(

p0 +

k−1
∑

i=1

∆pixi + t0xk

)

g
X$ª ´ nof�T&U.X2ZFYIriMÔSFH X�QWªIYIf¬ QWQ`hGr£X$K]hbf}J

[0,∆pk]
ª�ZFhbKrl­�k

t0 ∈ [0, pk]

g (∆pk) − g (0) = g
′

(t0) ∆pk

⇒ f

(

p0 +

k
∑

i=1

∆pixi

)

− f

(

p0 +

k−1
∑

i=1

∆pixi

)

=
∂f

∂xk
(qk) ∆pk

³ hbf}J ¬ QWQ`TIU�JLPRVqX:k~X$ª ¬ J[kOPRfD X9curRMeX$K
³ T&Y&Q`Ndº V�T&QWnoU f : Ω ⊂ Rn 7→ Rm V�T�N�U.V¬ H

p0 ∈ Ω
SGQWMdQ`foY�VdNOJLhbfoM¼SFQWX$Q`K]H�QWm�f

Df |p0

SGQWT&H�QWfoQWX~V�QWm�M0T�JLY&JLPRfoTIZÕSFMdQ`QWhSFM0QWQ`hEM0V
ε : Rn → Rm VdQWm�hbfoJLY�Jrl­�k

limh→ ε (0) = 0

f (p0 + h) = f (p0) +Df |p0
(h) + ε (h) · ‖h‖
JLH

‖f (p0 + h) − f (p0) −Df |x0
(h)‖ = O (‖h‖)

JLH
lim
h→0

1

‖h‖ [f (p0 + h) − f (p0) −Df |x0
(h)] = 0

´ hEfoK¼V�T&Q`n�U f : Ω ⊂ Rn 7→ Rm ¬ H ZFYIrRMnoH
p0
SGQWMdQ`foY

p0 ³ K²V�Y&Q`m�T f D CSGJLM0QWQ`h ∂fi

∂xj
(p0)
SGJLQWhbX$\�V²SGJLT&noU.foV§D a

V�m�Q`TIZFMdVdJONOQW\�Q¶�LY�JLH�K�ª9K(hEf
Df |p0

D gQocuª2V�f}JLSFfGV�X$r©SFU.m�Q`QWM0V
[Df |p0

] =

[

∂fi

∂xj
|p0

]

=

[

∂fi

∂xj

]

m×n

|p0

=





∂f1

∂x1
... ∂f1

∂xn

... ...
∂fm

∂x1
... ∂fm

∂xn



 =





∇f1

∇fm





X:r SGJLQ`hEX$\�V¡SGJLT&noU.foV ∇f TIrRH�k
(

∂f
∂x1

, ..., ∂f
∂xn

) ZFf�H�Q�N�T&UbJLH�T&hEQ

V�\¶k]JLV
f (p) = f (p0)+Df |p0

(p− p0)+
D C

ε (p− p0) · ‖p− p0‖X$K]hbf}J
p→ p0

¦9Q`H0rRf
³ MdQWQ`hGrÁ\�QWfof f : Rn 7→ R

T�JLK]ª D aSGH ¬ QWM0QWQ`hEM0V
D1f |p0

, D2f |p0

¬ Q
h
X:kOX®noHqD

p0 ³ K_SGJLT&Q`n�U�V½SFT�N�U�V
‖(D2f |p0

−D1f |p0
) (h)‖ = ‖f (p0 + h) − f (p0) −D1f |p0

(h) − (f (p0 + h) − f (p0) −D2f |p0
(h))‖

≤ ‖f (p0 + h) − f (p0) −D1f |p0
‖ + ‖f (p0 + h) − f (p0) −D2f |p0

‖
⇒ ‖(D2f |p0

−D1f |p0
) (h)‖ −−−−→

‖h‖→0
0

n
X:kOX QukzªIK(JLfb�LH�kOM

‖(D2f |p0
−D1f |p0

) (th)‖
‖th‖ −−−→

t→0
0

D
Df |p0

SFHÔSGJLV�noX T&SGJLfV�T�N�U.V�VdMen�HÃSFQurRM0M
f
r©\�Q`f�f

Df |p0
(tei)

t
+
ε (tei) ‖tei‖

t
=

f (p0 + tei) − f (p0)

t

lim
t→0

Df |p0
(tei)

t
+
ε (tei) ‖tei‖

t
= lim

t→0

f (p0 + tei) − f (p0)

t

Df |p0
(ei) =

∂f

∂xi
(p0)

⇒ ∇f |p0
=

(

∂f

∂xi
, ...,

∂f

∂xn

)

|p0

f : Rn 7→ Rm T&JLK(ªA@.V�X$X$kOVÕD g
n ∈ Rn Q`X$X:k²T&J[ZFhiJ0T&JjNOQWP

Df |p0
(h) +

ε (th) ‖th‖
t

=
f (p0 + th) − f (p0)

t

=













f1(p0+th)−f1(p0)
2

f2(p0+th)−f2(p0)
2
...

fm(p0+th)−fm(p0)
2













t→0−−−→











∇f1 (p0) (h)
∇f2 (p0) (h)

...
∇fm (p0) (h)











=











∇f1 (p0)
∇f2 (p0)

...
∇fm (p0)











h

����� ����� ������ èRâõß ìuí^é"B
C g



X:r V�Q`m�hEf}JLYIk�V�Y&QWm�T
Df |p0

SFT&noU.foV ¬ H V�T�N�U.V
³ K�SGJLY&QWm�T&K_V�T&Q`n�U f ³ r¾T&MdH�fFnoH p0 ∈ ΩD

Ω

V�K(QWK(PRKµSGJLY&QWm�T®SGJLQ`hEX�\_SGJLT&n�U�f
f ³ X ¬ H ZFYIrRM¬ U ¬ QWª&NOJLQ�JLfoHiºdD

p0 ³ KzVdTIQ`noU f noHÃ  p0
X:r¸ SFT&noU.foV~JLnEQWM

V�\¶k]JLV
f :
º�SFQurRMdM

f
r�\�Q`f�fµD C

³ K(PRV D ¸
Rn 7→ RT�JjN&kOK½X:k]JLMqV�f}JLSFfoV¯VdK]Q�[kOX�J� 
B∞ (p0, r)

∀h; ‖h‖∞ < r

¬ Q`QWhbSFM
f (p0 + h) − f (p0) =

n
∑

i=1

∂f

∂xi
(qi)hi

¬ U�J
∀i, qi ∈ B∞ (p0, ‖h‖∞)

Q`noH
1

‖h‖ |f (p0 + h) − f (p0) −∇f |p0
(h)|

=

∣

∣

∣

∣

[(

∂f

∂x1
(q1) , . . . ,

∂f

∂xn
(qn)

)

−∇f |p0

]

h

‖h‖

∣

∣

∣

∣

(1)

QWk K]X ¬ QWrRf
∥

∥

∥

h
‖h‖

∥

∥

∥ −−−−→
‖h‖→0

1

d (qi, q0) −−→
‖h‖

0
¬ U�J

SGJjN]JLhEfoV X:k�r X$X�U.KJLfoT�N�U.V±r T�JjN&kOV¥hb\�T&MdKQ�J[ZFQWK(V�SGJLY&QWm�T&VeX$X�U.K(J
(1) ⇒

∥

∥

∥

∥

(

∂f

∂x1
(q0) , . . . ,

∂f

∂xn
(q0)

)

−∇f |p0

∥

∥

∥

∥

∥

∥

∥

∥

h

‖h‖

∥

∥

∥

∥

−→ 0

(

∂f

∂x1
(q0) , . . . ,

∂f

∂xn
(q0)

)

−∇f |p0
= 0

QWnoH
f : R

n 7→ R
m T�JLK(ª D a

1

‖h‖ ‖f (p0 + h) − f (p0) − J |p0
(h)‖

=

∥

∥

∥

∥

∥

∥

∥













∂f1

∂x1
(q1) , . . . ,

∂f1

∂xn
(qn)

...
∂fm

∂x1
(q1) , . . . ,

∂fm

∂xn
(qn)






− J |p0







h

‖h‖

∥

∥

∥

∥

∥

∥

∥

¦IQWªIPRK1JLMdkëX�JLhEQWr¯JLSGJLH�M¬ Q`X$K]hbMsJLf�H ¬ N]JLhEV

−−→
‖h‖

∥

∥

∥

∥

∥

∥

∥













∂f1

∂x1
(q1) , . . . ,

∂f1

∂xn
(qn)

...
∂fm

∂x1
(q1) , . . . ,

∂fm

∂xn
(qn)






− J |p0







∥

∥

∥

∥

∥

∥

∥

T&M�JLH0r§T&SGJLQEhbno\sZFYIriM¼JLfoXzriQbV±rRªIMdX V�T&ª9V
f
¬ c ¬ H

Ω
V�\±JLSFYlV�mOJLK]hbK

c1 ³ K f ³ rD SGJLY&QWm�T&K ¬ r¾V�T&Q`n�U
³ f�Q`XsT&J[ZFT&Y�JLH§rRQëJLKOrÁK]m�M SGJLQ`V�XeX�J[kOQ V�T&ª9V¬ QWQ`hESFM

h
X:kOX$r°­�k

A
Q`TIH�Q

‖f (p0 + th) − f (p0) −A (th)‖ = O (|t|)

SEJLH�M0U�JjN
T�JLQ`Hiº(V�M0U�JjN�K ~O VdN]JLhEfoK D C¸ C

VdTIQ`noUEH�X V�QWm�hbf}JLYµT�JLQWH « C3T&JLQ`H

f (x, y) =
D a

{

x4y
x6+y3 (x, y) 6= 0

0 (x, y) = 0
A = 0

V�nÖV�T&hbMdKX$kOX»  �[kOH
p0 = (0, 0)T�J[ZFhbJ

0 6= (x0, y0)

¬ Q`QWhbSFM
1

t
[f (tx0, ty0) − f (0, 0) −A (tx0, ty0)] =

1

t

t5x5
0y0

t3 [t3x6
0 + y3

0 ]

y0 =
¬ H0r K]X ¬ QurRf¬ H�J»D tqVdJjJ[rÓQ�J[ZFQWK(V

0Q�J[ZFQWK(V¿n�H D
y0 6= 0¦IH�J[r

t
TIriH�k�t6Xµ¦IH�J[rVdYIQ`m�T¼H�X

f
X�K]H D tsX

C p



¬ QWT&\±JLK ¬ H Quk  
(0, 0) ³ K

y = ax2 ¬ QWX9JLX$PRM
⇒ ax6

x6 + a3x6
=

a

1 + a3

f (x) = x
‖x‖ f : Rn\ {0} 7→ Rn rÔJLH�T&V X$QWU.T&SD V�X$r¥V�T�N�U.V�V ¬ JL\�SFK½VdNOJLhbfbX$kOK�V�T&QWnoU

Df |p0

SFHÔJLH�m�M0J
¬ QukOT�N�QWS�rlT&JLSGYIf �jJLT&SFY

D C
f (x) =

1

(
∑n

k=1 x
2
k)

1
2

(x1, ..., xn)

[

∂

∂xj

xi

(
∑n

k=1 x
2
k)

1
2

]

=

[

δij
∑n

k=1 x
2
k

− xixj

(
∑n

k=1 x
2
k)

3
2

]

=
1

‖x‖In×n − 1

‖x‖3 [xixj ]

(

1

‖x‖In×n − 1

‖x‖3 [xixj ]

)

(h) =
h

‖x‖ − x · h
‖x‖3x

SGJLY&Q`m�T SGJLQ`hEX$\�V SGJLT&noU.foV �[kOX9J
³ T&Y&Q`N �[kOX�J V�T�N�U.V�V ¬ JL\�SFKD SFQ`X$QWK(H�QWm�f

h
X$kOX�noH

x
K²V�T&Q`n�U

f
¬ HÂD a

1

t
(f (x+ th) − f (x)) =

1

t
(Df |x (th) +O (|th|))

noH O‖th‖
t −−→

t→
0
rl�jJjJ[kOM�J

Df |x (h) = lim
t→0

f (x+ th) − f (x)

t

f (x+ th) − f (x)

t
=

x+th
‖x+th‖ − x

‖x‖
t

=
1

t

[

(x+ th) ‖x‖ − x ‖x+ th‖
‖x+ th‖ ‖x‖

]

=
1

t

[

x
‖x‖ − ‖x+ th‖
‖x+ th‖ ‖x‖ + h

‖x‖
‖x+ th‖ ‖x‖

]

=
‖x‖ − ‖x+ th‖

t

x

‖x+ th‖ ‖x‖ +
h ‖x‖

‖x+ th‖ ‖x‖

−−−→
t→0

x

‖x‖2 ? +
h

‖x‖

H�JLm�M0X1JLH −‖, ‖ X:r¼SFT&noU.foV_V�M ³ �
‖x‖−‖x+th‖

t −−−→
t→0

∂‖x‖
∂t

‖x‖ − ‖x+ th‖ =
‖x‖2 − ‖x+ th‖2

‖x‖ + ‖x+ th‖

=
‖x‖2 − (x+ th) (x+ th)

‖x‖ + ‖x+ th‖

=
−t2 ‖h‖2 − 2tx · h
‖x‖ + ‖x+ th‖

⇒ ‖x‖ − ‖x+ th‖
t

=
−t ‖h‖2 − 2x · h
‖x‖ + ‖x+ th‖

−−−→
t→0

x · h
‖x‖D V�T&QWnoU

f
rlSGJLH�TIVdX®TIH�rRf

QWkÎV�H�TIf D V�MdT�JLfoVÇT�JLK]ª hET=V�H�T&f
‖x+ h‖ − ‖x‖ − x·h

‖x‖ = O (h)

‖x+ h‖ − ‖x‖ − x · h
‖x‖ =

‖x+ h‖2 − ‖x‖2

‖x‖ + ‖x+ h‖ − x · h
‖x‖

=
2x · h+ ‖x‖2

‖x‖ + ‖x+ h‖ − x · h
‖x‖

O (h)
H�JLVsV�f}JLMdVsQuk�V�H�TIf

2 ‖x‖x · h+ ‖x‖ ‖h‖2 − ‖x‖x · h− ‖x+ h‖x · h
‖h‖ =

x · h
‖h‖ (‖x‖ − ‖x+ h‖) − ‖x‖ ‖h‖

−−−−→
‖h‖→0

0

X�H�Q`m�foTIY&Q�N�V ' �u�&�¶�I�}� ý¶�C)ÁÙ±�`�9�d�¶�.ý��ÎÙ±���]��þ3�¬ QWX�Y&J[k ¬ H ¬ Q`foJjJLQWkOV�MÃNO\¶H£X:kOK½Q`JLfoQurRVeH�JLV ∂f
∂v |p0Q`noH ¸ X$MdT�JLfoM

v
r°JLf�X \�QuZFK(MsH�X®N�\�HÃ¦9HRºdD

v ³ K
∂f

∂v
|p0

· v̂ = ∇f |p0
· v̂

∇f |p0
· v̂ ≤ �jJjJLQukOKÂH�JLV·X�JjN�U¯QWkOV ªIJLY&QurRVôQ`noH

‖∇f |p0
‖

³ MdK�H�JLVeT&M0JLX:k R
n X$ªIM¯H�JLVeZFfoH�Q`N�T&U.V V�T&ª9VD V�f}JLMdSFK_H�X�J�T�JLh

H�JLV QWT&H�QWfoQWX T�J[ZFT&Y&JLH X$r SFT&n�U�f�V V�foª9ZD JLM0m�ª9K_Q`T&H�Q`foQWX$V~T�J[ZFTIY�JLH�V
γ =

Qocuª ¬ QWX�JLX$PRM0X D ´ Y&Q`N V�T&ª9V






γ1 (t)
...

γn (t)






; γ̇ (t) = dγ|t =

��E�� ����� ������ èRâõß ìuí^é1F
C*v



D hbQurRM JLfoX$K]Q`h T&M0JLX:k






γ
′

1 (t)
...

γ
′

n (t)







¸ SEJLTIQ`V�M¯T�J[ZFhiJ
γ
º
Ú �W���(�õÒG�]�

(r, θ, ϕ) → T&QWK(ª9f V�MdU�JjN
(r sinϕ cos θ, r sinϕ sin θ, r cos θ)�LQ`QWK¶JLhEªIQWV½QWnoª

J =

∣

∣

∣

∣

∣

∣

sinϕ cos θ −r sinϕ sin θ r cosϕ cos θ
sinϕ sin θ r sinϕ cos θ r cosϕ sin θ

cosϕ 0 −r sinϕ

∣

∣

∣

∣

∣

∣

= cosϕ
[

−r2 cos2 θ sinϕ cosϕ− r2 sin2 θ sinϕ cosϕ
]

− r sinϕ
[

r sin2 ϕ cos θ + r sin2 ϕ sin2 θ
]

= −r2 sinϕ

Ø
�u�&�W�*��Ù

SGJLQ`m�QWTIZFM SEJLhESFªIV
F,G,H

JLQ`V�Q X�QWU.T&SVdMdU�JjN�X
F,G,H : Rm 7→ Rn×n

m = 2; (x, y) 7→





f1,1 f1,n

f, n fn,n





H (x) =
J SEJLTIQ`noU

F,G
r �jJLSFf

DH
SFHÔJLKOrR\

F (x)G (x)�jJLT&SFY
H (x) = [F (x) +DF (h) +O (‖h‖)] [G (x) +DG (h) +O (‖h‖)]

= F (x)G (x) + F (x) ·DG|x (h) +DF |x (h) ·G
+DF |x (h)DG|x (h) + o (‖h‖) [G (x) +DG|x (h)]

+ [F (x) +DF |x (h)]T9rRH�k
‖DF |x (h)DG|x (h)‖

‖h‖ ≤ ‖DF |x (h)‖ ‖DG|x (h)‖
‖h‖

≤ ‖DF |x (h)‖HS ‖DG|x (h)‖HS ‖h‖2

‖h‖ → 0

G (x) + DG|x (h)
¬ U¹TIrRH�k

F (x) +
¬ U�J±V�M0T�JLfFQ�cWª ¬ JLPR\k(cuVdPl�[kOX

DF |x (h)

H (x) = F (x)G (x) + F (x) ·DG|x (h) +G ·DF |x (h) + o (‖h‖)k(cWV�P
DH |x = F (x) ·DG|x (h) +G ·DF |x (h)

SEJLX$QWhErRV H�JLVÈ�jJjJLQukOVÁr¹cuM0K¡SGJLPRf�kOSFV V�T&ª9VVdQWm�hbfoJLY&X ¬ c ¬ H
(0, 0, 0)

KÃSEJLYIQ`m�T¯X:r¬ Q`QWh
v (x, y, z)

u (r, θ, ϕ) = v (r cos θ sinϕ, r sin θ sinϕ, r cosϕ)

lim
r→0

sup
θ,ϕ

{u (r, θ, ϕ) − v (0, 0, 0)} = 0

f (x, y) = K
QukOT&ª JLX$Q`H T�JLK]ª X�QWU.T&S

{

x4|y|k
x8+y2 (x, y) 6= 0

0 (x, y) = 0

(0, 0) ³ K²V�Y&QWm�T¾D C
(0, 0) ³ K_\�cWfFSGJLMdQ`QWhôD a

(0, 0) ³ K_V�T&QWnoUzD g¸
(0, 0) ³ K²SGJLY&QWm�T�\�cuf^º f ∈ c

′

(0, 0)
D p
�jJLTISGY

1 < k
T&JLK(ª2JLfoQWH�T¾D C

k
QWkOTIª2X:kOX t ³ X®SGJjJ[r¨J�SGJLM0QWQWhôD a

∂f

∂x
(0, 0) = lim

t→0

f ((0, 0) + (t, 0)) − f (0, 0)

t
= 0

¬ QWQ`h ¬ c ¬ HqSFQWX$K(H�QWm�foT&YIQ�N©D g
lim

(∆x,∆y)→0

f (x, y) − ∂f
∂x |(0,0)∆x − ∂f

∂y |(0,0)∆y − f (0, 0)
√

∆x2 + ∆y2
= 0

k(cWV�P
x4 |y|k
x8 + y2

1
√

x2 + y2
=

x3 |y|k
x8 + y2

x
√

x2 + y2

­9QWT&ªIfAD
1
Q�cWª ¬ JLPR\ x√

x2+y2

TIrRH�k
ZFX�\�JLMÃ­�T&ªIK

0 ≤ |x3||y|k
x8+y2 =u=x4

|u|
3
4 |y|k

u2 + y2

=
r

3
4
+k
(

|cos θ|3/4
+ |sin θ|k

)

r2r¨JLT�N�f
3

4
+ k > 2

k >
5

4
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y =
¬ Q`X�JLX$PRM°T&\�K]f

k = 5
4

T�JLK]ªV�QWm�hbf}JLYIVsX:kOK²K(QWm�f ¬ H
ax4

a
4
5x4x5

x8 (1 + a2)

1√
x2 + a2x8

= ± a
5
4

√
1 + a2

SGJLQWhbX$\½SGJLT&n�U�fGKOrR\�f2D p
∂

∂x

(

x4 |y|k
x8 + y2

)

=
4x3 |y|k

(

x8 + y2
)

− 8x
′′ |y|k

(x8 + y2)
2

=
4x3 |y|k

(x8 + y2)
− 8x11 |y|k

(x8 + y2)
2

k > 5
4

­9QWT&m 4x3|y|k
(x8+y2) → 0

r¡Q`N�k¬ U�J
8x

′′ |y|k

(x8 + y2)
2 =x4=u

8 (u)11/4 |y|k

(u2 + y2)
2 = 8

r
11
4

+k (. . .)

r4

k > 5
4

k(cuVdPT�JLK]ª
∂

∂y

(

x4 |y|k
x8 + y2

)

=
sign (y) kx4 |y|k−1

x8 + y2
− 2x4y |y|k

(x8 + y2)2

1 < k − 1 ⇒ k > 2
r¨JLT�N�X�­9QWT&m¬ U�J

x4y |y|k

(x8 + y2)2
=

x4y |y|k+1

(x8 + y2)2
=

2u |y|k+1

(u2 + y2)2
=
rk+2 (. . .)

r4

�¹�����H�~�°ødø�ú 
O�^�
¬ QWM0QWH�SFMdV ¬ QWH�foSFVe�LSFfoQWV�K¶J

T, S
SGJLhbSFªIV¯�LSFfoQWV�K¬ QWQWhbSFM

d (S ◦ T ) = ds|T (p) · dT |p

SGJLH�M0U�JjN
f : R

n\ {0} 7→ R
n; g :

JLQWV�Q®D CTIrRH�k
Rn\ {0, 0} 7→ R

f (x) =
x

‖x‖
g (y) = ‖y‖

SGJjN]JLhEfoV¢X$kOK
d (g ◦ f)

SFH¡JLK]ri\V�H�mOJLSFX ¬ QWY&m�MÔJLfoH¢D
f
X$r ¬ JL\�SFK

D
d (g ◦ f) = 0H�JLV

u ∈ D (f)
X:kOX

df |x (u)

df |x (u) =
1

‖x‖u− x · u
‖x‖3x

dg|y (v) = ∇g|yv =
y · v
‖y‖

y = x
‖x‖
JLfoX$m�H

dg| x
‖x‖

(df |x (u)) =

x
‖x‖
∥

∥

∥

x
‖x‖

∥

∥

∥

·
(

1

‖x‖u−
x · u
‖x‖3x

)

=
x · u
‖x‖2 − x · x

‖x‖
x · u
‖x‖3 = 0

γ, f
D
f : R

n → R, γ : R 7→ R
n D a

y =
noH   ZFY9rRM0V¯QWH�foS¼SFH£SFMdQ`hEMQWnoH

f ◦ γ : R 7→ R

g
′

(t) = df |γ(t)dγ|t = ∇f |γ(t)γ̇ (t)

=
n
∑

i=1

∂f

∂xi
|γ(t)γ

′

i (t)

SFf}JjJ[kOM0VeSFT&n�U�f�V~QWnoH
(γ (t) = p0 + tv̂) ⇒ lim

t→0

f (p0 + tv̂) − f (p0)

t
= f (p0 + tv̂)

′

|0
= d (f · γ) |t=0

= ∇f |γ(0)=p0
γ̇ (0)

= ∇f |γ(0)=p0
· v̂ ≤ ‖∇f |p0

‖

f (x) = ‖x‖2
n > 1; f : R

n → R
�jJLSFf X$QWU.T&S

γ 6= const
¬ JLhEª¯JLH�m�M

x0 ∈ Rn X:kOX¬ QWQ`hEM0V
∇f |γ(t) · γ (t) = 0

D
γ
X:r ¬ JL\�SFK

t
X:kOX

γ (t) ⊂ TI\�K(f ¬ H V�T&ªIVQ`noH {x|f (x) = f (x0)}D
f (γ (t)) = constVdK(JLU Q�JjJ[r ¬ QW\¶Z�rRM �jJLTISGYSEJLTIY&PRV �LV

f
X$r

Sn−1
‖x0‖ = {x| ‖x‖ = ‖x0‖}¬ JLhbª H�JLm�M0X TISEJLfX$ª9M

γ (t) ∈ Sn−1
‖x0‖

γ (t) = (‖(x01
, x02

, 0, 0, ..)‖ cos θ, ‖(x01
, x02

, 0, 0, ..)‖ sin θ, x03
, x04

, ...)
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∇f |x = 2x

⇒ df |γ(t) = 2γ (t)

γ̇ (t) = (‖(x01
, x02

, 0, 0, ..)‖ sin t, ‖(x01
, x02

, 0, 0, ..)‖ cos t, 0, 0, ...)

SFQ`foU�JLM0JLV
f
n�H
f ∈ C1 (Rn) I V�f}JLSFf ¸ T&X$Q`Q`JLHRº±ZFYIrRM¬ c ¬ H

k > 0
T&NOPRM

∀x ∈ R
n;∇f |x · x = kf (x)

¬ U�J
F : R+ 7→ R x

�LSFfoQ`V�K T&Q`N�U.f
F (t) = F (tx1, tx2 . . . txn) = f (tx) , ui = txi;u = tx

F
′

(t) =
n
∑

i=1

∂f

∂ui

dui

dt
=

n
∑

i=1

∂f

∂ui
xi

X$K(hEf
t = 1

T�JLK]ª&J

F
′

(1) =
n
∑

i=1

∂f

∂ui
xi = ∇f |xxi

V�\¶k]JLV
³ r£�jJLSFf�rÔ\�Q`f�f « N�\�HsN�m�M¡D C
k > 0

T�N�PRMsSFQWfoU�JLM�JLV
fn�H

F (t) = f (tx) = tkf (x)

⇒ F
′

(t) = ktk−1f (x)

⇒ F
′

(x) = ∇f |x · x = kf (x)

rÁ�jJLSFf�r»\�QWfof « QWf�rÁN�m�M¡D a
∀u ∈ R;∇f |u · u =

kf (u)

F
′

(t) = ∇f |u · x =
1

t
∇f |u · u

=
1

t
kf (u) =

1

t
kf (tx)

=
1

t
kF (t)

��J�� ����� ������ èRâ�ß ìuí^éLK

⇒ F
′

(t)

F (t)
=

k

t

⇒ lnF (t) = k ln ct

⇒ F (t) =
(

elnct
)k

= cktk

F (1) = ck = f (x)

⇒ f (tx) = F (t) = tkf (x)

�

�¨�^ù����i�£��ö¹ùM��û 
O�Wü
T : Rn 7→ Rm X:r �LH�Q`K(JLhbª9Q`V ¬ H ZFY9rRMJLfoQ`H¤  \�JLSGY

D
T�JLK]ªq 

C1 (D)
X�SFkOQWQurRVD

D ³ K²SFQWM�JLhEMeª�cu\�\ T noH ¬ r©PRY&H�SFM
D
T�JLK(ª

C1 (D) ³ K T : Rn 7→ Rn QWV�S ZFY9rRMVdmOJLK]h
T (D)

noH
D ³ K JT 6= 0 ³ Ji\±JLSFYSEJL\�JLSGYëSGJLmOJLK]h~SF\�hiJLX

T
�LH�kOM0J�D V�\±JLSFYD SEJL\�JLSGY�SEJLmOJLK]hbX

D
K

¬ ª¤  V�\±JLSFY
D
 
C1 (D) ³ K X9cWf�k T ¬ H ZFYIrRMX�ª½ª�cu\�\

T ³ r ¬ U \�Q`f�f}J D ³ K JT 6= 0 
T−1 : T (D) 7→ D

SFM0QWQ`hGr¡­$k
D
X:k

³ QWhbSFM ¬ U�J C1 (T (D)) ³ K�H�Q`V T−1 noH¬ Q
d
(

T−1
)

|T (p) = (dT |P )
−1

X�ª T&M0JLX{�LSGQWf V�M
JT
SGH JLK]rR\ X$QWU�TISD

T
X:r©SGQWM0JLhbMdVsSGJLU�V�foSFV�V

SGm�QWTIZFMËKOrR\�f {u = ex cos y

v = ex sin y

D C
QWK¶JLhEªIQ

dT =

(

ex cos y −ex sin y
ex sin y ex cos y

)

⇒ JT = e2x

D
R

2 X$kÕX�ª¥PRY&H�SGMôH�X JT
�[kOX�J

³ f�K D SFQWX$K¶JLX$U²SFQukOT&ª¼ª�cu\�\¤H�X TX�K]hbf
(x, y) , (x, y + 2π)

SGJjN]JLh¬ QukOT&ª ¬ SGJLH
Q`noH

u = x2, v = y
x

D a
dT =

(

2x 0
y
x2

1
x

)

⇒ Jt = 2
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V�Q`m�MdT�JLY&PRfoT9ZFV QWk K(X ¬ QurRfV±k]JLY&V�V
x =

√
u

y =
√
uv

dT−1 =

(

1
2
√

u
0

v
2
√

u

√
u

)

J−1
t =

1

2

u = x2 + 2xy + y2, v = 2x+ 2y
D g

DT =

(

2x+ 2y 2x+ 2y
2 2

)

⇒ JT ≡ 0

« SFQ`X$f}JLQWm�hbfoJLYzSGJLX$S
v2 = 4 (x+ y)

2
= u
QWkzK]X ¬ QurRf¬ U�J

p0 = (x0, y0)
\�hbQWf

u0 = (x0 + y0)
2

v0 = 2 (x0 + y0)

x0 + y0 =
√
u0 =

v0
2­�k

(x0, y0) + t (1,−1)
T&\�K]f®�[kOXD VdNOJLhbfoX hESFª&JLM¯V�noV~TIriQ`VsX:k�r

¬ QWT&Q`NOU.M D ´ Y&Q`N u : R2 7→ R
V�f}JLSFf X�QWU.T&SSFHÕJLH�ZFK

v (r, θ) = u (r cos θ, r sin θ)
θ, r, v

Qocuª
u2

x + u2
y

SFTIrRT9rRVeX$X$kOM �jJLT&SFY
∂u

∂x
=

∂v

∂r

∂r

∂x
+
∂v

∂θ

∂θ

∂x
∂u

∂y
=

∂v

∂r

∂r

∂y
+
∂v

∂θ

∂θ

∂y

SFH H�JLm�MdX ­�Q`T&m TIM�JLX:k
rx, ry, θx, θySGJLQ`m�hEf}JLY&V X$ª X:kOSFPRf�D CSEJ[k]JLYIVdV

r =
√

x2 + y2

θ = arctan
y

x

¸
π
Q`N�k�N�ª

θ
º

rx =
x

√

x2 + y2
= cos θ

ry =
y

√

x2 + y2
= sin θ

θx =
1

1 + y2

x2

−y
x2

= − y

x2 + y2
= − sin θ

r

θy =
1

1 + y2

x2

1

x
=

x

x2 + y2
=

cos θ

r

K]Q`m�f
u2

x + u2
y =

(

vr cos θ − vθ
sin θ

r

)2

+

(

vr sin θ + vθ
cos θ

r

)2

= v2
r +

v2
θ

r

SGHÔH�JLm�M0XµV�nbV�QWf�r ­�T�N°D aVdm�QWTIZFMdV
(

rx ry
θx θy

)

noH
DT =

(

cos θ −r sin θ
sin θ r cos θ

)

⇒ DT−1 =
1

r

(

r cos θ r sin θ
− sin θ cos θ

)

=

(

cos θ sin θ
− sin θ

r
cos θ

r

)

f (x) =

{

x+ x2 sin
(

1
x2

)

x 6= 0

0 x = 0

VdMdU�JjN
x

′

+limt→0
t2 sin 1

t
−0

t =
V�QWVdS�t ³ K6SFT&noU.fH�Q`VstAMeSEJLfoJ[r°SGJjNOJLhbfoK_SFT&noU.foV

1

f (x) = 1 + 2x sin
1

x2
− 2

x
cos

1

x2

ZFfoH�Q`NOTIU ���.ý��`ÿ]�I� Ä Ù±���(�¶þ3�¼�1�Ô�W�I���I�}�qý¶� Ú �}�WÿD V�K¶JLUEQ�JjJ[r ¬ QW\¶Z�rRMdX®­9foJLH�MeV�Q`m�hEf}JLYµX$r
VdQWm�hbfoJLY§V�f}JLSFf ¸ ¬ QWQ`SFfoQWK¡V�\¶k]JLV·H�X$X(º V�foª9ZJLK]r¿\(Z�rRM ¬ Q`QWh ¬ H

f : Rn 7→ RX�MdT�JLf�H�JLV ∇f |p0

noHeD
p0
K]QWK(P

f = constD
p0 ³ K²\¶Z�rRMdX hEQWrRMdVsT�J[riQ`MdX

xk+1 =
¦9T&U.V°QWnoH

f : Rk 7→ R
T�JLK(ª V�foª�ZD

f (x1, ..., xk)

C �



K_T&M0JLX$k� 
p0
X$ª9M

f
X:r°¦ITIU�X�X�MdT�JLfoV¯noHH�JLV

(p0, f (p0))

(∇f |p1
,−1) =

(

∂f

∂x1
, ..,

∂f

∂xn
,−1

)

SGJLQ`m�hEf}JLY&V ZFYIriM YOcWª¶º �jJLQWªIT¸ SGJLM0JLSGPRV
xn+1 = f (p0) +

¦IT&U.X®X$Q`K]U.Mdr°T�J[rRQWM0V V�\¶k]JLVT�J[riQ`MdX X$M0T&JLfoVenoH ∇f |p0
· (x− x0)

0 =

k
∑

n=1

∂f

∂xi
(xi − x0i) − (xk+1 − f (p0))

=

(

∂f

∂x1
, ..,

∂f

∂xn
,−1

)

· (x− x0)

K(m�QWf0ZFf�Q`H�N�T&U.V±r¼T�J[riQ`M½SGH�JjJ[rRMeJLfoX$K]Q`hD JLX
Rn K²V�PRY&Q`X$HqV�f}JLSFf X$QWU.T&S

x2
1

α2
1

+ . . .+
x2

n

α2
n

= 1

³ V�r¿­�k¥N�QWH�JLPRY&QWX�H�VÂX$ª©V0NOJLhEf²JLH�m�MSFH_­9SGJL\®VdNOJLhbfoK1\¶Z�rRMdX3hEQWriM0V®T�J[riQ`MD SFQWriH�T&V�M ¬ Q`JjJ[r ¬ Q`hE\�T&MdK ¬ QWT&QWm�V
JLK ¬ JL\�SFKÕJLn�k¢VdNOJLhbf²rRY&\¶f �jJLT&SFYT�JLK]ª D QWX�QWX:r ³ Q`H xi

X:kT�J[rRQWM0X¿X$MdT�JLf
n = 2, 3¬ QWT�J[ZFhiJjJLX2X$Q`K]U.V�X2K]QWQ`\sX9cuf�kD

(1, 1) , (1, 1, 1)X$M0T�JLf�V
i 6= j cei

X:kOXT�J[ZFhiJjJLX§­9f}JLH�M SGJLQ`V�X¢K(QWQ`\¬ QWT�J[ZFhiJjJLX¡TIM�JLX:k
(ei − ej)

(1, 1, 1 . . .1)
Q`n�H

(ei − ej)X$M0T�JLf�VÓD X9cWf�V©T�J[riQ`MdX~­�f}JLH�MSGQWX$X:k_VdN]JLhEfoK
x1, ..., xn

2x1

α1
+. . .+

H�JLV2VdPRYIQ`X$H�V2X$ªnoH
c (1, 1, .., 1)

Q`f`rqNOm�M0J 2xn

αnVdN]JLhEfoV
x1 =

cα2
1

2
, .., xn =

cα2
n

2V�PRY&QWX$H�K²K]Q`m�f
c2
(

α2
1

4
+ ...+

α2
n

4

)

⇒ c =
2

√
∑n

i=1 α
2
iQ`noH

x =
1

‖α‖
(

α2
1, ..., α

2
n

)

¸ QWX$X:kdºdX$QWU�TIS
³ K]PRK V�T&Q`n�U f : R2 7→ R

V�f}JLSFfzD Cª&JLK]hÕ­9TIªsSFX�K]hbM0J
(0, 0)

X:rÖV�K(QJL\�Quk]JLV
y2 =

(

x− x2
)2 X$ª

∇f (0, 0) = (0, 0)

y1 = x−x2, y2 = −x+x2 Ú �.��Ù±�D
0 ³ K²SGJLK]X:ZFm�MqSGJLX�JLK]T&Y&VeQWf�r
γ1 (t) =

¬ QWM0JLhbª QWf�r
(

t, t− t2
)

, γ2 (t) =Q`noH (
t,−t+ t2

)

gi (t) = f (γ (t))

⇒ 0 = g
′

1 (0) = ∇f |γ1(0) = ∇f |(0,0) · (1, 1)

− = g
′

2 (0) = ∇f |γ2(0) = ∇f |(0,0) · (1,−1)

³ K]PRK C1 ³ K f : R2 7→ R
V�f}JLSFfzD aª&JLK]hÕ­9TIªsSFX�K]hbM0J

(0, 0)
X:rÖV�K(Qr©JL\�QWk]JLV

(x− y)
2

= x4 X$ª
∇f (0, 0) = (0, 0)¬ Q`M0JLhbª®QWf�r
γ1 (t) =

(

t, t− t2
)

γ2 (t) =
(

t, t+ t2
)

γ̇1 (0) = (1, 1)

γ̇ = (1, 1)

∇f |(0,0)

(

1
1

)

= 0

SEJLMdH�JLS SGJjNOJLhbf}J
xn
VdT&NOPÈT&\�K]f

y1,n ∈ γ2, y2,n ∈ ¬ QWM0JLhbªIVÂX$ª
gn (t) =

TIQ�N�U.f SGJLK]Q`K]P¨J
γnSGX$K]hbM

g f ((xn, yn) + t (0, 1))
t =

¬ U�J
t = 0

K ¬ QWV�n ¬ QukOT&ªX$kOX QWnoH D
c1
H�QWV

g
D
y2n − y1nr·­�k

y1,n ≤ zn ≤ y2,n
rRQ

xnSGJLY&QWm�T&V�M¯�[kOX
fy (zn) = 0

∇f |(0,0) ·
(

0
1

)

= 0

¬ ª
C1 V�hbSFªIV T : Bn 7→ R

n N QWV�S X$QWU�TIS
‖Tx− x‖ ≤ SFMdQ`QWhbMÀD ¬ JL\�SFK JT 6= 0QWk JLH�T&V¥JLH

0 ∈ T
(

Bn

) QWk JL\¶QWk]JLV 1
3D �jJLT&SFYzriQ

Tx = 0
VdH�JjJ[rRM0X

� / � ����� ������ âõß ìuí^é"O
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hbQWY&PRM ‖Tx‖ X$ª X:kOSFPRf �jJLT&SFYSFH�noV VdQWm�hbfoJLY&V±r \�QWk]JLV�XSGJL\�Y&X ‖Tx‖ QWnoH=D SGPRYIH�SFMV�Q`m�hEf}JLY SFH�n�r¾�jJjJLQukOMeD V�Y&QWm�T  QuZFhbY&M0JLh ¬ JL\�SÎX$ªÖV�Y&QWm�T
³ rRf¹Dm ¬ JLM0QWfoQWMeSGX$K]hbMeH�QWV
‖Tx‖ ≥ 2

3

 
s1n−1

X$ª Quk1K(X ¬ Q
Tx ∈ ¬ H ∀x ∈ s1n−1

T&JLK(ªëQuknoH
Bn

(

0, 2
3

)

‖Tx− x‖ ≥ |‖Tx‖ − ‖x‖| >
∣

∣

∣

∣

1 − 2

3

∣

∣

∣

∣

=
1

3D V�T&Q`SFPRKSFH�nESFM0JLªIX
‖T (0)‖ = ‖T (0) − 0‖ ≤ 1

3D
B1

n

K²X$K(hESGM
m
�[kOXT&M0JLX$k

m > 0
V�X$QWX$riK¼\�Q`f�fr°­$k
y ∈ B1

n
rRQ

‖T (y)‖ = m > 0

B (y, r) ⊂ B1
n

T�JjN&k ¬ Q`QWhH�QWV JLX:r V�f}JLMdSFV �[kOX�JSFH X$QukOM0V Vd\�JLSGY V�mOJLK(hSGJLhbSFªIV�V ZFYIrRMEº
T (y)JLV±rRnoQWH ZFT&Y&K(J ¸ SGJL\±JLSFY&V

ρ < ‖Ty‖ , B (Ty, ρ)
T�JjN&kVdNOJLhbfoX T&JLhbMsrRQ�TIM�JLX:k

∃z ∈ B (y, r) ;Tz =

(

1 − ρ

2 ‖Ty‖

)

Ty

¬ U�J
‖Tz‖ =

∥

∥

∥

∥

(

1 − ρ

2 ‖Ty‖

)

Ty

∥

∥

∥

∥

=

(

1 − ρ

2 ‖Ty‖

)

‖Ty‖

= ‖Ty‖ − ρ

2
< m

D Vd\¶foV�X V�T&Q`SFPRK
Bz@9�®@OBQP&R Bz@95<;QSA7I@�Ì&RUT²ÌWV¥� X

¬ QWf}JLMdQ`P
F =

�LMdPRf� 
F : Rm+n → Rm D C

V�H�K]VsV�H�JjJ[rRMdVqD






f1
...
fm







F (x1 . . . xn, y1 . . . ym) = const ∈ R
m

D
p0 =

(

x0
1 . . . x

0
n, y

0
1 . . . y

0
n

) Q`V�S
y1 . . . yn

X:r #IJLX$QW\ÇriQWr T&MdH�fVdK]QWK(PRK
x1 . . . xn

X:rÉV�Q`m�hEf}JLYIk
x0 ∈ X:r£V�K]Q`K]PÔSFMdQ`QWh ¬ H¯  p0

X:rSEJLQWm�hbfoJLY�J
Rn

y1 = ϕ1 (x1 . . . xn) . . . ym = ϕm (x1 . . . xn)JLnFVdK]QWK(PRKOr©­�k
F (x1 . . . xn, ϕ1 (x1 . . . xn) . . . ϕm (x1 . . . xn)) = const

SEJLT&NOU�JLM
ϕ1 . . . ϕm

SGJLQ`m�hEf}JLY&VGº¸
x0
X:r°V�MdQ`H�SGMeV�K]Q`K]PRK

�jJLM0QWPÈD a
u = (u1 . . . um)

x = (x1 . . . xn)






∂u1

∂x1
. . . ∂u1

∂xn

...
. . .

...
∂um

∂x1
. . . ∂um

∂xn






=

∂ (u1 . . . um)

∂ (x1 . . . xn)
=
∂u

∂x
= ux

�LSGQWfGnoH
x2 + y2 = 1

X9JLU.QWªIK�X:rRMdXVdf`ZFh¤V�K]Q`K]PRK
x
QWY&X

y
SFHY#9X$\�XD hEQ`Y&PRM

³ foJLY F : D ⊂ Rn 7→ R
QWVdS ¸ QWhbX$\�º ZFYIrRM

p0 =
Q`V�SÀ  \±JLSFY

D
 
C1 (D) ³ K¼VdQWm�hr°­$k� 
D ³ K (x0

1 . . . x
0
n

)

F (p) = 0

ϕ ∈ C1 #IJLX$Q`\ ¬ Q`QWh~n�H¯D ∂F
∂xn

6= 0
rÃ\¶Q`fofoJJLn�V�K(QWK]PRK]r½X:k (

x0
1 . . . x

0
n

) X:reV�K(QWK]PRK
F (x1 . . . xn) = 0 ⇐⇒ ϕ (x1 . . . xn−1) = xnr°­$k]J

ϕ
(

x0
1 . . . x

0
n−1

)

= x0
n

xy − x ln y + exz = 1
V�f}JLSFf V�M0U�JjN

y = ϕ (x, z) ´ f}JLY|X:r¯¦IT&UdVdJjJLV�M�V�n±\¶Z�rRM ¬ H�V¤D C
(0, 1, 1)

X:r©VdK]QWK(PRK
7 V�hEQ�N�K �jJLT&SFYVdNOJLhbfoV~X$rlV�K(QWK(PRK

c1
H�JLV ´ foJLY&V

∂F

∂y
(0, 1, 1) = x− z

y
|(0,1,1) = −1 6= 0

D �[k�H�Q`V½V�K¶J[rRSFV
a C



V�K(QWK(PRK
z (x, y)

X:r ¦9T&URVdJjJLVdMÃ\¶Z�rRMdV ¬ H�V¤D a
� XIcuf�k

∂F

∂z
|(0,1,1) = − ln y − xexz|(0,1,1) = 0

ª&N�Q`Ms�LSEJLfGH�X�ZFY9rRM0Vs�[kOX
c1
#IJLX$QW\ ¬ QWrRT&JjN�TIrRH�k ´ K¶  ´ H¯JLTIno\¢D g
¬ Q`MdQ`QWhbSFM�ZFYIrRMdVsQ`H�foS   �[k ¸ HRºnoHqD X9cWf�k
c1 ³ K z (x, y)

¬ Q`QWhEr \�QWfof ¸ K0º
g (x, y) = xy − z (x, y) ln y + exz(x,y) = 1

g ∈ C1 �[k]J�D V�MdQ`H�SFMdVeV�K(QWK(PRK
0 = gy (x, y) = x− zylny −

z

y
+ xzy|(0,1,1) = −1

D V�T&QWSGP©SFH�n}J
­IJLSFM

xn
X:r

ϕ ∈ C1 #IJLX$Q`\ ¬ Q`QWh ¬ H V�foª�Z
p0 =

X:r V�K]Q`K]PRK
F (x1 . . . xn) = cn�H (

x0
1 . . . x

0
n

)

F (x1 . . . xn−1, ϕ (x1 . . . xn−1)) = c

ZFYIrRMdVÇQ`H�f�SGK �[kOX�J SFH�nÕV�K(QWK]PRK¸
F ◦ ϕ ∈ C1 º±X9cWfoVsV�K]Q`K]PRK ¸ ∂f

∂xi
6= 0
º

∂F

∂x1
+
∂F

∂xn

∂ϕ

∂x1
= 0 (2)

⇒ ∂ϕ

∂x1
= −

∂F
∂x1

∂F
∂xn

SEJLf�hbPRM
³ JLT�J¹ZFYIriM0V©Q`H�f�S ¬ QWMdQ`QWhbSFM ¬ HÂD C
i <
 
i ³ VÃSFQWhbX$\�VqSGTInoU.foV¯SGH ¬ Q`mnoH

n

∂ϕ

∂xi
=

∂F
∂xi

∂F
∂xn

(3)

³ JLhbf¹X$rÕVdMdQWH�SFM¾V�K]Q`K]P¢Q`V±rRnoH�K
∂F
∂xn

6= 0 ³ KZ#IJLX$QW\�VsSGJjNU.Q`PRV�X¯�LSFQ`f¥D V�f}J[riH�T&V¥V�fohbPRMdV�M¡D aQocuª[#IJLX$QW\�V X$r SGJLVdJLK]UÓSGJLT&noU.f
³ M0K ¸ g ºzX:rÎQWfoMdQ`V»¦IU.H�V D VdTIQ`noUSGJLT&Q`n�U

ϕ, ∂F
∂xi

, ∂F
∂xn

r�ªIJjN�QWrÆVdN�QSGJLPRfoX2�LSGQWfbV�X$H ¬ Q`f}JLSFfoKsD ¬ H�SFV�K
ϕ
X:r¿V�VdJLK(U�SFT&noU.f\#�X$\�X�JµT&JLnoU.X9JV�T&Q`n�U�Qocuª6V�M0JLSFPRV½V�H�JjJ[rRMdV½­IJLSFMD V�M0U�JjN�K�JLfoQurRª9rlQ`Y9k�V�M0JLSGP

ZFT&Y ¬ Q`MdQWQ`hESGMs  ZFYIrRMdVsQWH�foS ¬ HÂD g
³ QWh ¬ HqnoHÔ  ∂F

∂xn
|p0

= 0
r°VdN�K¶JLª9Xr°JLfoQWH�TµT&QWnoU]#9JLX$Q`\ ¬ Q

(2) ⇒ ∂F

∂xi
+
∂F

∂xn

∂ϕ

∂xi
= 0

�[kOX9J½  V�MdQ`H�SFMdVÀV�K]Q`K]PRK ¬ Q`H�SGMD
p0 ³ K ∀i; ∂F

∂xi
= 0

2 cosxyz − x3 − y3 = 0
X$QWU.T&S

�
(1, 1, 0)

SFK]Q`K]PRK
c1 x (y, z)

#IJLX$QW\�rRQ ¬ H�V¤D C
D VdH�JjJ[rRM~SFHsSFMdQ`QWhbM

2−1−1 = 0
�jJLT&SFY¬ U�J

C1 H�Q`V F
Fx = −2yz sinxyz − 3x2|(1,10) = −3 6= 0

JLK]rR\2�[k ¬ H~  X9cWf`k
c1 ³ K y (x, y)

#9JLX$Q`\®rRQ ¬ H�V¤D a
∂2y
∂x2 (1, 0) = yxx (1, 0)

¬ U�J
yx (1, 0)

SFH
�jJLT&SFY

Fy = −2xz sinxyz − 2y ⇒ Fy (1, 1, 0) = −2 6= 0

D
C1 #9JLX�QW\�rRQ��[kOX

yx (1, 1, 0) = −Fx

Fy
(1, 1, 0) = −−3

−2
= −3

2V�MdQ`H�SGMdVsV�K]Q`K]PRK
yx = −Fx

Fy
= −u

v TIrRH�k
u = 2y (x, z) z sinxzy (x, z) + 3x2

v = 2xz sinxzy (x, z) + 2y (x, y)

�LQ`K0º��jJjJLQWkOM½  X9cufoV²V�K(QWK]PRK
c1
�LV
u, vSGMdQWh§�[kOX�J²D ¬ r

y ∈ C1 r ¸ TISGQWV¬ U�J�D VdNOJLhbf�K
yxx

yxx|(1,1,0) = −uxv − vxu

u2

u (1, 0) = 3

ux (1, 0) = 2yxz sinxzy + 2y (. . .) cos . . .+ 6x2 = 6

v (1, 0) = 2

vx (1, 0) = . . .+ 2yx (1, 0) = −3

yxx|(1,1,0) = −12 + 9

4
= −21

4

22



V�K(QWK(PRK6V�T&Q`n�U
z (x, y)

V�T&Q�N�U.M_V�H�JjJ[rRMdV ¬ H�V¤D g
(1, 1, 0)

X:r
Fz = −2xy sinxyz − 2z ⇒ Fz (1, 1, 0) = 0�LQ`H©�[kOX�J

0
H�X ¬ VdJ

Fy = 0, Fx = 0
noHlX$K]HD TIQ`noU^#IJLX$QW\

³ K(PRK F (x, y) ∈ C1 X�ª ¬ QWH�foSÂJLH�m�M X$QWU.T&S
F (0, 0) = 0

SFMdQ`QWhbMdV
(0, 0)

X:r V�K]Q
x
X$rÁVdQWm�hbfoJLYIk

y
X$r_#IJLX$Q`\©V�Q`V±rÁ­�kV�H�JjJ[rRMdV�M¯SGH�nEVdNOJLhbfGX:rlV�K]Q`K]PRK

F (F (x, y) , y) = 0

�jJLT&SFY
G (x, y) = F (F (x, y) , y) = 0

³ rRMÃSFH£SFMdQ`QWhbM (0, 0) ´ hEfoV
g ∈ C1 ³ J0V�H�JjJ

Gy = Fx (F (x, y) , y)Fy (x, y) + Fy (F (x, y) , y)

⇒ Gy (0, 0) = Fx (0, 0)Fy (0, 0) + Fy (0, 0) =

= (Fx (0, 0) + 1)Fy (0, 0) 6= 0

∇F (0, 0) 6= rRJLT�N�fÈ�[kOX�J
(−1, 0)V�PRT&U ³ X$X:k]JLM0VsSGJLM0JLSFPRV ×a` SEJLQWm�hbfoJLY&VGº ZFYIrRM

T : D ⊂ QWV�S ¸ SGJLK]Q`K]PRK��jJLQ`NëH�X$X3SFQWhbX$\V�\±JLSFY
D
 
T ∈ C1 (D)

 
Rm+n → Rm

T (x1, . . . , xn, y1, . . . , yn) =















F1 (x1, . . . , xn, y1, . . . , yn)
...

Fm (x1, . . . , xn, y1, . . . , yn)

P = (x1, x2, . . . , xn, y1, . . . , yn)
Q`V�SrRQbTIM�JLX:kdº

T (p) = 0 ∈ Rm r¥X:k D ³ K¬ H ¸
1 ≤ i ≤ m

X:kOX®V�K]Q`K]P
det

∂ (F1, . . . , Fn)

∂ (y1, . . . , ym)
|p 6= 0

p′ =
X:r

D1 ⊂ Rn V�K(QWK(PÈrRQ�noH
s : D

′ 7→ Rm ³ J�  (x1, . . . , xn)

s =















f1 (x1, . . . , xn)
...

fm (x1, . . . , xn) r°­$k
∀x ∈ D1, T (x1, . . . , xn, y1, . . . , yn) = 0 ⇐⇒ s (x1, . . . , xn) = (y1, . . . , ym)

�� �� ����� ������ èRâ�ß ìuí^é ï8b

VdMdU�JjN
F (x, y, z, u, v) = x2 + y2 + z2 + u2 + v2 − 50 = 0

G (x, y, z, u, v) = x2 − y2 + z2 − u2 + v2 = 0

p1 = (0,−5, 0, 0, 5) , p2 =
(−3, 0, 0, 5, 4)SEJLK]QWK(PRK

(x, y, z)
QW\�f}JLMdK

u, v
#9X$\¢D C

p1, p2
X:rhiJjN�K]f �jJLT&SFY

52 + 52 − 50 = 0

92 − 25 + 4 = 0

det
∂ (F, g)

∂ (u, v)
=

∣

∣

∣

∣

2u 2v
−2u 2v

∣

∣

∣

∣

= 8uv

⇒ det|p1
= 0, det|p2

= 160ZFYIrRMdV T&M�JLX:k
p2 ³ K #IJLX$Q`\ \�QuZFK(MrRQ T&M0JLX:k D N�K]X�K 
u = f (x, y, z)

v = g (x, y, z)

f (−3, 0, 0) = 5, g (−3, 0, 0) = 4X$r VdK]QWK(PRK
c1 ³ KSEJLMdQWQ`hEM0V

(−3, 0, 0)D r¨JLT�N�VeSFH
� V�nEV�T&hEM0K

ux
V�nGVdMÕD a�jJLT&SFY

x2 + y2 + z2 + u2 + v2 − 50 = 0

x2 − y2 + z2 − u2 + v2 = 0

x
Q`Y&X�T�JLnoU.f

2x+ 2ffx + 2ggx = 0

2x− 2ffx + 2ggx = 0

⇒
(

2u 2v
−2u 2v

)(

fx

gx

)

=

(

−2x
−2x

)

T&M0TIh¼X�X:k_QWY&X

fx =

det

(

−2x 2v
−2x 2v

)

det

(

2u 2v
−2u 2v

) = 0

gx|(−3,0,0) =

det

(

2u −2x
−2u −2x

)

det

(

2u 2v
−2u 2v

) |(−3,0,0,5,4) = −8ux

8uv
|(−3,0,0,5,4)

=
x

v
|(−3,0,0,5,4) =

3

4

a g



V�MqZFYIriM0V¯QWH�foS ¬ QWQWhbSFV�K�QWX$X:k��LY�JLH�K VdTIªIVSGHq¦IQWX$\�M�r
∂ϕ

∂xi
= −

∂F
∂xi

∂F
∂xnV�\�P¨JLfoVeJLn^#IJLX$QW\�VsSGJjNOJLhbfoK

∂ϕi

∂xj
= −

det









∂F1

∂y1
· · · ∂F1

∂xj
· · · ∂F1

∂ym

... · · ·
...

. . .
...

∂Fm

∂y1
· · · ∂Fm

∂xj
· · · ∂Fm

∂ym









det







∂F1

∂y1
· · · ∂F1

∂ym

...
. . .

...
∂Fm

∂y1
· · · ∂Fm

∂ym







�jJLMdQ`PRVsSFHqPRQ`f`kOf ¬ HqJLH
Fy =

∂F

∂y
=
∂ (F1 . . . Fm)

∂ (y1 . . . ym)

p, x
X:rlV�K]Q`K]PRK�n�H

R
m×n 3 Dy = − (Fy)−1 (Fx)

S�kOT&ªIMdVeV�f}JLSFf X$QWU.T&S
xy2 + xzu+ yv2 = 3

u3yz + 2xv − u2v2 = 2

³ f}JLYIk u, v V�T&Q�N�U.M²S�kOT&ª9M0V±r¼JLH�T&V¡D C
x =

SFK(QWK]PRK
(x, y, z)

X:r»SGJLQ`m�h
y = z = u = v = 1K_�LMdPRfµD a

f (x, y, z) = (u (x, y, z) , v (x, y, z))

V�T�JLm�K SFT�N�U�JLM0VÎV�hbSFª9VdV=SFHSGJLH�JjJ[rRMdV S�kOT&ª9M Q�cWª{V�M0JLSGPJLH�m�MeD V�f}JLSFfoV_VdNOJLhbfoV_X:rÔVdK]QWK(PRK
dF (1, 1, 1)

SFH
�jJLT&SFY

VdN]JLhEfoV±r ¬ QWH�mOJLM0JëV�hEQ�N�K ¬ Qur¨JLª¾D CTIQ�N�U.fGD SEJLH�JjJ[rRM0VqSFHÃSFMdQ`QWhbM
G (s, t) =

{

G1 = xy2 + xzu+ yv2 − 3 = 0

G2 = u3yz + 2xv − u2v2 − 2 = 0

³ JLT t = (x, y, z) , s = (u, v)
�LMdPRf}JhiJjN�K]fGD

t
X:r°V�QWm�hbf}JLY9k

s
¬ Q`m

Gs =

(

G1u G1v

G2u G1v

)

=

(

xz 2yv
3u2yz − 2uv2 2x− 2u2v

)

⇒ det
∂G

∂s
|(1,1,1,1,1) =

∣

∣

∣

∣

1 −2
1

∣

∣

∣

∣

= −2 6= 0

D ZFYIriM0V�Mc#IJLX$QW\�rRQ`J
K]ri\�f2D a

DF |(1,1,1) =

(

ux uy uz

vx vy vz

)

= Ds (t)

= −G−1
s Gt|(1,1,1,1,1)

= −
(

1 2
1 0

)−1(
y2 + zu 2xy + v2 xu

2v u3z u3y

)

|(1,1,1,1,1)

= −
(

0 1
1
2 − 1

2

)(

2 3 1
2 1 1

)

=

(

2 1 1
0 1 0

)

D =
V�mOJLK]h ³ SFS T&Q`N�U�f X$QWU.T&S

{

(a, b, c, d, e) |ax4 + bx3 + cx2 + dx+ e; ∃xi ∈ R
}D QWriM0MsrRT&J[r°V�X�rRQur¾V0NOJLhEfEX:kOX T&M0JLX:k

p = (1, 2,−4, 3,−2) ³ rÉJLH�T&VÕD C
D
X:rlSFQWM0QWfoYµVdN]JLhEf

D SFQ`MdQ`f�YzV�foQWH�r
D ³ K_VdNOJLhbfGJLfoSÁD a�jJLTISGY

x = 1
noH
x4 + 2x3 − 4x2 + 3x− 2

D C�[kOX9J¶riT�J[r£rRQ�V�noV ¬ JLfoQWX�JLY&X6  �jJLT&SFYT&Q�N�U.fFD
p ∈ D

F : R
6 7→ R Qocuª

F (a, b, c, d, e, x) = ax4 + bx3 + cx2 + dx+ e = 0

x = f (a, b, c, d, e)
#IJLX$QW\ H�m�Mdf ¬ H

F ≡ JLn(V�K(QWK(PRKOre­$k p X:r¯VdK]QWK(PRKD
p
X:r©SFrihiJLK]M0VsV�K]Q`K]PRVsJLnFnoHÔ 

0

Fx|(p,1) = 4ax3 + 36x2 + 2cx+ d|(p,1)

= 4 + 6 − 8 + 3 = 5 6= 0Q`H�f�S¡X$k
F ∈ C1

(

R6
) rô�jJjJLQWkOM

#IJLX$Q`\¶V²rRQ±�[kOX�J ¬ QWMdQ`QWhbSFMzZFY9rRM0VD S�rRhiJLK]M0VeV�K]Q`K]PRVdJ�rihiJLK]M0V
a p



�[kOX�J riT�J[r rRQ
x2 ¬ JLfoQWX9JLYIX¼D aX:kOXÎT�JLK(ª

(0, 0, 1, 0, 0) ∈ D�[kOX�JlrRT�J[r JLXÆ�LQWH
x2 + 1

n n
(

0, 0, 1, 0, 1
n

) ¬ QWT�J[ZFhiJjJLVØ
�����0þ3���1�_�u�&�¶�I�}��ý¶� Ú �}�Wÿ

³ rRM²SFH�T&hEf S V�mOJLK]hEr¯T&MdH�f ×u× ¸ SFQ`hEX�\�º V�T�N�U.V¬ H
Rn ³ K c′ V�hbX$\�MdM£hbX$\sQ`N�M0M k \(Z³ V�r¡­�k£ U V�K(QWK]PÕSFM0QWQ`hÕ  x ∈ S

X:kOXX:r»¦9T&U}k ¬ J[rRQWT&X~SFfoSFQWf
S ∩ U

V�mOJLK(h¬ QWfoS�rRMdV
n−k X ¬ QWfoS�rRM k ³ M�V�hbSFªIV¸

c1
H�QWVsV�hbSFª9VdV~TIrRH�kdº ¬ QWT&SGJLfoV

G : R
k 7→ R

n−k

(x1, . . . , xn) 7→ (yn−k+1, . . . , yn)

graphG = {(x1, x2, . . . , xk, G (x1, . . . , xk))}

hbQWY&PRM¾Q`X:kÃJLfoXs�LSGJLM©SEJLM0JLSFPRV°SGJLQ`m�hEf}JLY&V¾ZFYIrRM« ¬ Q`\¶Z�riMeQ�JLV�QWnoXS�kOT&ªIM¾Qocuª½V�f}JLSFfoV
φ 6= S ⊂ Rn JLfoX²rRQur¡\�QWfofSGJLH�JjJ[rRM

m
X:r

f =















F1 (x1, . . . , xk)
...

Fm (x1, . . . , xk)D
c1
H�QWV

F : Rn 7→ Rm TIriH�kX:kOX ¬ H�r¼ª9K¶JLf�  SGJLM�JLSFPRV�SGJLQ`m�hEf}JLY&V²ZFYIrRMdM�noH
x

rank (Df |x) = m

n−m
N�MdM0M

c1
hEX�\�\¶Z�rRM

s
noH

T�JLfoQWM ¬ Q`QWh·T&T�JLU
rank (Df |x0

) = m
T&K]PRV

³ V�r¢k(cWV�Ke\�QWfof2D PRY&H�SFM¾JLfoQWH�r m × mSGJLf}JLT&\�H�VqSGJjNOJLMdªIV
m ³ MeKOkOT�JLMeT�JLfoQWM

⇒ ∂ (F1, . . . , Fm)

∂ (xn−m+1, . . . , xn)
|x0

6= 0

V�K(QWK(PRK
c1

#9JLX�QW\Æ�LSGJLf£ZFYIrRMdV �[kOX�J
G : Rn−m 7→ Rm Qocuª x0

X:rlV�MdQ`H�SGMdV

G =















xn−m+1 = gn−m+1 (x1, . . . , xn−m)
...

xn = gn (x1, . . . , xn−m)r°­$k
0 = F (x1, . . . , xn−m, G (x1, . . . , xn−m))

/ ��� ����� ������ èRâ�ß ìuí^é ï�ï

SEJLH�M0U�JjN
SGK]QWK(PRK

c1
¬ JLhEª¿VdTIQ�N�U.MËS�kOT&ªIMdV ¬ H�V§D C

(1, 1, 1)

F =

{

xy + yz + xz = 3

x3 + y2 + z2 = 3

Df =

(

y + z x+ z x+ y
3x2 3y2 3z2

)

Df |(1,1,1) =

(

2 2 2
3 2 2

)

rank
(

Df |(1,1,1)

)

= 2

D ¬ JLhEª2V�T&Q`N�U.M
F
T&M0JLX:k

D ¬ QWQ`hESFMsH�X V�U.T�N�VsQWH�foS£JLKOr©VdTIhbMÕD a
(0, 0) ³ K s =

{

(x, y) |x2 − y2 = 0
}

DF |(0,0) = (0, 0)VdU.T�N�V QWH�foS�r SGJLM0JLSFP SGJLQWm�hbf}JLYIK JLf�Q`H�T D gQW\�TIkOVsH�X ­9HqQ`hEY&PRM
S =

{

(x, y) |
(

x3 − y3
)

= 0
}

¬ JLhbªzX$K(hESGMq�LH�k�X$K]H
Df |(0,0) = (0, 0)

noH
y = x c1

g (x) ´ f}JLYÀX:rÇ¦ITIU.rÊT&MdH�f ¸ hbQurRMsK]\�T&MEº�V�T�N�U.V´ hbf�K f (x)
X:r¾¦IT&U.X

n
T�N�PRMshEQWrRM½H�JLV¬ H

x0

f (x) − g (x) = o (‖x− x0‖n
)

VdTIQ`noU
f : Rn 7→ R

V�Q`m�hEf}JLY|T�JLK]ª9rqJLf�Q`H�T VdTIªIV
´ f}JLYIVsX:rl¦9T&U.V x0 ³ K

xn+1 = f (x0) +Df |x0
(x− x0)

f (x)
X:r¥¦IT&U.X2�jJ[rRH�T²T&NOPRMqhbQurRMqH�JLVD

x0 ³ K
Rn+1 \¶Z�rRM�H�JLV f X:r£¦ITIU�V_V�ndV�T&hbMdK³ VdJ (x0, f (x0)) ∈ Rn+1 X:r·V�K(QWK]PRKX$k¯H�JLVlJLn|VdNOJLhbf�KÃ¦9T&U.X�hEQWriM0V T�J[rRQWM« ¬ Q`MdQ`QWhbMdV

(x1, . . . , xn+1) ∈ R
n+1 ³ V

0 = − (xn+1 − f (x0)) + ∇f |x,0
(x− x0)

= (fx1
(x0) , fx2

(x0) , . . . , fxn
(x0))











x1 − x0

x2 − x02

...
xn − x0n











H�JLV
(∇f (x0) ,−1)

r JLfohEPRVÎ�LH�kOM0J
(x0, y0) ´ hEfoK ¸ \¶Z�rRMEºd¦9T&U.X X$M0T�JLf
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¬ HÔD SEJLM0JLSFPRV¯SEJLQWm�hbfoJLY&VsZFYIrRMeQWH�foSFK Vdf�hbPRMV�T�JLm�KËV�f}JLSFf
f (x1, . . . , xn)

r \¶Q`fofQ�cWª®V�M�JLSFPRV
(xn+1 = f) F (x1, . . . , xn, xn+1) = 0(4)

(x0, f (x0)) = x ∈ Rn+1 X:r¡V�K]Q`K]PRKnoH
∂f

∂xi
|x0

= −
∂f
∂xi

∂f
∂xn+1

|(x0,f(x0))

(x0, f (x0)) ³ K hbQurRMdV T�J[riQ`MdV �[kOX�J
x ∈ ³ V£X:ksH�JLV ¸ p ºFQocuª½�LSGJLfoV S \¶Z�rRMdXrl­�k

Rn+1

0 =

(

− ∂Fx1

∂xn+1
(x0) , . . . ,−

∂Fxn

∂xn+1
(x0) ,−1

)

· (x− x0)

=

(

∂Fx1

∂xn+1
(x0) , . . . ,

∂Fxn

∂xn+1
(x0) ,

∂Fxn+1

∂xn+1
(x0)

)

· (x− x0)

= ∇F (x0) · (x− x0)T�N�U�JLMdr¥\¶Z�riM0X��[kOX9Jd#9JLX$Q`\eX:kOXz�jJ[kOfRVdnD X$M0T&JLfoV ∇F   F Q�cWª
³ foV�K�noH ¬ Q`f}JLª�ZFV ¬ SGJLH¯X�ª ¬ Q`TIT&n}JL\ ¬ H Vdf�hbPRM�LS

f : R
n 7→ R

m; f =







f1
...
fm







V�Q`m�hEf}JLY&V~X:rl¦IT&U.V±r°JLf�Q`H�T






y1
...
yn






= g (x1, . . . , xn) = f (x0) +Df |x0

(x− x0)

³ K f X:r¤¦IT&U.X_�jJ[riH�T½T&NOPRM¼hEQWriM£H�JLV
(x0, f (x0))

f =







f1
...
fm






=







y1
...
ym







¬ H •

Q�cWªz  V�M�JLSFPRVsV�T�JLm�K_V�f}JLSFf

F =















F1 (x1, . . . , xn, y1, . . . , ym)
...

Fm (x1, . . . , xn, y1, . . . , ym)

(5)

X:rlVdK]QWK(PRK
(x0, . . . , x0,n, y0, . . . , y0m) = (x0, y0) = x̃0

Qocuª�V�f}JLSFfoV
S ³ XëhbQurRMdV�K]\�T&MdV�noH³ VsX:k²¦IP¨JLHqH�JLV ¸ v$º

(x1, . . . , xn+m) ∈ R
n+m

¬ QWMdQ`QWhbMdV






y1
...
yn






=







xn+1

...
xn+m






= f (x0) +Df |xo

(x− x0)

−
(

F−1
y

)

· Q�cWª df |x0

SFH ¬ U.T&SFf ¬ H
(Fx) |(x0,y0)

⇒ 0 = −





xn+1 − y01

xn+m − y01



−−
(

F−1
y

)

· (Fx) |x̃0
(x− x0)

⇒ 0 = Fy|x̃0





xn+1 − y01

xn+m − y01



+ Fx|x̃ (x− x0)

⇒ 0 =









∂F1

∂x1
(x̃0) (x1 − x0) + . . .+ ∂F1

xn
(x̃0) (x− x0m) + ∂F1

∂xn+1
(x̃0)

(

xn+1 − x0n+1

)

+ . . .
...

∂Fm

∂x1
(x̃0) (x1 − x0) + . . .+ ∂Fm

xn
(x̃0) (x− x0m) + ∂Fm

∂xn+1
(x̃0)

(

xn+1 − x0n+1

)

+ . . .









⇒ 0 =







∇F1 (x̃0)
...

∇Fm (x̃0)






·







x1 − x01

...
xn+m − x0n+m







³ K S ³ X®hbQurRMdVeK(\�TIM0VeSFH�JjJ[rRMÔJLn
m
V�U�T&N

Df |x̃0
³ X:r=�LK]QWkOM (x̃0)³ X$K]hbMµnoH ¸ t ³ MzV�f}J[r Fy|x̃0

T&JLfoQ`MdVGº¬ QWfoM0PRM0J�D
n
N�M0MdM½hEQWriM½K]\�T&M ¬ Q

³ TIM�J ¸ Tangent−plane º T ³ K JLSGJLHJLSEJLH ¬ QWfoM0PRM0JR 
m
N�MdM0M¼K]m�Q`f¨K]\¬ QWT�J[ZFhiJjJLVsQ�cWª®rRTIY&foV

Nx̃0
³ K

∇F1 (x̃0) , . . . ,∇Fm (x̃0)

³ X�UõcuH ¬ Q`MdQWX$riM Tx̃0
³ J Nx̃0

³ r°­�k
Rn+m

0 = ∇Fi|x̃0
(x− x̃0)

V�H�JjJ[rRM¼X:kdº­IJLSFQ`\�J| 
Rn+m ³ KqT�J[rRQWMlX$ª~SFfoSGJLfD

n
NOMdMdMeK(\�TIM¯�LSEJLfFV�X$H�k

m
X:r

SEJLTIªIV
γ : R 7→ R

n+m �LSFfoV�K]rÓJLfoQWH�T¾D Cn�H
F (γ (t)) = 0

SFM0QWQWhbMdV






∇F1

...
∇Fm






· γ = ~O

a �



hbQurRM
γ̇
D hEX�\¼X9cuf�k

γ
X:kOX~T&M0JLX:k

´ f}JLYIVÁQ`H�foSFKÕSGJLH�T&V�X¢�LSGQWf DT ³ XH�JLV2XIcufoV
γ ³ VzX:kë¦9P¨JLH�rqSEJLM0JLSFPRVSGJLQ�JLT&QWV�M0V¼¦9P¨JLH©TIM�JLX:k¥D

T
hiJLQ`NOK

γ (t0) = x̃0
r°­�k

t0 ³ K�SGJLKOr¨JL\�MdVD
Tx̃0
³ X ¸ VdJjJ[rlV�riªIMdX(º�rRT�JLY

³ Q`hESGM ¬ foQWH°ZFYIrRMdVlQWH�foS¤TIrRH�k°D aJLfoQWH§X9cWfoV¥SGJLQ`JLT&Q`V�MdV¥¦IP¨JLHÀ  ¬ QWM0QD K]\�T&M~SGS¼\¶TIkOV�K
X$QWU.T&S

Rn ³ K x2
1

α2
1

+ . . . +
x2

n

α2
n

= 1
N�QWH�JLPRY&QWX�H¢T�JLK]ª D C­9SGJL\ÔV�KshEQWriM0VÃT�J[rRQWM0V±r¡­$kq  VdNOJLhbf¹JLfoH�m�MSGQurRH�TIVdM ¬ Q�JjJ[r ¬ QWhb\¶T&M0V ¬ QWT&QWm�V~SFH

D
a, b 6= 0

¬ Q`TIZFMdT&YeX:r»VdTIQ`\�KÔX$kOX:rÀJL\�Quk]JLVÕD aJ
x2 + y2 + z2 = 2ax

¬ Q`\¶Z�riM0V
x2 + y2 + z2 = 2by

D Q`f�riX®N�\�H ¬ QWkOfoJLH�M
Quk�K]X ¬ QWrif �jJLT&SFY

(x− a)
2

+ y2 + z2 = a2

x2 + (y − b)2 + z2 = b2

D ­IJLSFQW\~SGNOJLhbf ~O VdNOJLhbfGT�JLK]ª2n�HV�f}JLSFf
F = x2 + y2 + z2 − 2ax = 0

G = x2 + y2 + z2 − 2by = 0

SFM0QWQ`hEM
ϕ0 = (x0, y0, z0)

r¤\�Q`f�f}J¬ QWT�J[rRQWM0X ¬ QWX�MdT�JLfoV¡n�H
F,G

SFH¬ V
G,F ∈ p0

¬ Q`hEQWrRMdV
∇F |p0

= (2 (x0 − a) , 2y0, 2z0)

∇G|p0
= (2x0, 2 (y0 − b) , 2z0)�[kOX

∇f |p0
· ∇G|p0

= 4x2
0 − 4ax0 + 2y0 + 2z0

+4x2
0 − 4ay0 + 2y0 + 2z0 = 0

{

x2 − y2 + z2 = 1

xy + xz = 2

S�kOT&ªIMdV±r£JL\¶QWk]JLK X$QWU.T&S
(1, 1, 1)

SFK]Q`K]PRK
c1
¬ JLhEª T&Q�N�U.M\(Z�rRM0X JLn ´ hbfoKzhbQurRMdr

H : 0 = xyz − x2 − 6y + 6

∇H |(1,1,1) = (yz − 2x, xz − 6, xy) = (−1,−5,−1)

Df |(1,1,1)

(

∇F1

∇F2

)

=

(

2x −2y 2z
y + z x x

)

|(1,1,1) =

(

2 −2 2
2 1 1

)

F ∈ �[kOX�J r (Df |1,1,1) = 2
�[kOXD

(1, 1, 1)
SFK(QWK]PRK

c1
¬ JLhEª¼VdTIQ�N�U.M

c1SGK]m�QWf
(1, 1, 1) ³ hbfoK ¬ JLhbªIVµX:reSGJLT&QWV�M0V�[kOX9JdVdN]JLhEfoK� ∇F2,∇F1 ³ X

V ‖ (−2, 2, 2)× (2, 1, 1) = (−4, 2, 6)�[kOH�J

(−4, 2, 6)





−1
−5
1



 = 4 − 10 + 6 = 0

QWkzK]X ¬ QurRf
det

∂ (F1, F2)

∂ (y, z)
= det

(

−2 2
1 1

)

= −4 6= 0

´ hEfoK z = z (x) , y = y (x)
¬ Q`mOJLX$QW\�riQ

⇒ V =
(

1, y
′

(1) , z
′

(1)
)

0 =
d

dx
F1 (x, y (x) , z (x)) |(1,1,1)

= 2 − 2y
′

(1) + 2z
′

(1)

0 =
d

dx
F2 (x, y (x) , z (x)) |(1,1,1)

= 2 + y
′

(1) + z
′

(1)

⇒ y
′

(1) = −1

2

z
′

(1) = −3

2

⇒
(

1,−1

2
,−3

2

)





−1
−5
1



 = −1 +
5

2
− 3

2

³ QWhbMdV f : Rn 7→ Rm ´ f}JLY&VzX:k SFHsJLfoQWY&H X$QWU�TISSEJLMdQ
‖f (y) − f (x)‖ ≤ k ‖y − x‖2

k ≥ 0

VdM0JLPR\
Ω
QWVdS¾X�JLT²ZFYIrRMqX:r × �oV�X$X:kOVEº X$QWU�TIS

³ ª9K¶JGV�Y&Q`m�T f : Ω 7→ R
 
Rn ³ KeV�\±JLSFY�JSEJLTInoU.f2SFX$ªIK(Jz 

Ω ³ K°SGJLY&QWm�T©SGJLT&noU.fµSFX
�� �� �5��� ������ èRê�ð�e�í�ê ïgf

a w



 
Ω
SGY9rÁX$ª¯ª&JLK]h

f
¬ H
D

Ω ³ K¼SGJLQWhbX$\rlX:k
p0 ∈ Ω

VdNOJLhbfGSFM0QWQ`h¼n�H
∇f |p0

= 0

Ω
noHÈVdM0JLPR\

Ω
r �LK(QWQWhbM �jJLT&SFYSFX�K]hbM

f
�[kOX9J§D SGQuZFhbYIM�JLh¬ r

m = min
x∈Ω

f (x)

M = max
x∈Ω

f (x)

m = M ⇒ ¬ HÂD C
f = const ⇒ ∀p ∈

Ω;∇f |p = 0¬ V�M¤NO\¶H
n 6= m

¬ HÂD a¬ V�X:rËVdNOJLhbfoKÀX�K]hbSFM
∇f |p0

= 0
JLnEVdNOJLhbfoK(J

h ���.�I���2�u�&�&�}Å
´ f}JLY m < n

 
G : D ⊂ Rn 7→ Rm Q`V�S V�T�N�U.V

E ⊂ D
QWV�S D

D
V�\±JLSFY&V¥V�mOJLK(hEK

c1³ r T&MdH�f¹DG|E ≡ 0
r ­�k_V�T�JLU.P V�mOJLK(hX:kOK ¬ H½ 

E
X$rqV�m�heSGNOJLhbf�H�QWV_ 

p∗ ∈ E¸
Bn (p∗, r)

T�JjN&k_X:kOK�JLHRº
p∗
X$rlV�K(QWK(PD

G (p) = 0 ³ rl­�k p /∈ E
  VdNOJLhbfFrRQ

 
G : D 7→ Rm  Rn ³ K¾V�\±JLSFY D Q`V�S ZFYIrRM
f : D 7→ Q`V�S DC1 (D)

VdhESFªIVÔ 
m < n­�k¼V�T�JLU.P

E ⊂ D
QWV�SGJ� 

C1 (D) ³ K R´ hEf|H�QWV p∗ ∈ E ³ rÖ\�Q`f�f}J| G|E ≡ 0
rnoH ¸ PRhbM,i ´ foQ`MEº f X$r ¬ JLMdTIZFPRhbH

E
X:r°�jJLm�QWh ´ hEf p∗ ³ r°JLH»D C

T : D 7→ V�hESGª9V�V�r JLH»D a
T (p) =

QocuªÊSFT�N�U�JLM0V
Rm+1¬ ªÇSFT&noU.fÓSFX$ªIK

(G (p) , f (p))
p∗ ³ K m+ 1 > r

V�U.T�N
³ K SFQ`TIH�Q`f�Q`X Q�JLX$S ∇f |p∗

T&M0JLX:kdº­9QWQWr ∇f |p∗

JLH ∇g1|p∗ , . . . ,∇gm|p∗Qocuª ¸ T�N�U�JLM ¬ HRº3\(Z�rRM0XqK]m�Q`foV K]\�T&MdX¸
p∗ ³ K G (x) = 0

f : Rn 7→ R
SGQWT&H�QWfoQWXq 

f 6= 0
V�f}JLSFf V�MdU�JjN

Bn (0, 1)
X�ª
f
X:r ¬ JLMdQ`f�Q`M0J ´ PRhEM½JLH�m�M

�jJLT&SFY

  t ³ MeV�f}J[r¨JdSFQ`T&H�Q`foQWX f ´ nofoT&U.X�QWX$Y�J[k²QWX$K
0 6= V ∈ Rn ¬ Q`QWh©\¶TIkOK~noHr°­$k

f (x) = V ·X
noHÃD

x
X$kOX

‖x‖ ≤ 1;−‖V ‖ ≤ V ·X ≤ ‖V ‖

³ f�KÁJLX$K(hESGJ ´ f�Q`MdVdJ ´ PRhbMdV0J
x = ± V

‖V ‖
V0NOJLh

T�JjN&kOVeX:rlV�YIrRV ´ nofoTIU�X1QWX�Y&J[k ¬ H
g (x) =

n
∑

i=1

x2
i − 1 = 0

x ∈ T�JLK]ª ∇f |x = 0
¬ QurRY&\�M

∇f = V 6= T&JLK(ª Bn (0, 1)SEJjNOJ[rR\qSGJjNOJLhbf¹�LQ`HÔT&M�JLX:k
0V�YIrRVsX$ªzD T�JjN&kOV¯­IJLSFK

∇f = λ∇g
= 2λx

x =
V

2λ
#9JLX$Q`H�K ¬ Q`K]QWm�M ¬ H�J

x = ± V

‖V ‖

SEJLTIªIV
NOQWY&hEVdX¹QWH�N&k�V�QWªIK�X$ª|ªIN�Q`M_�LSFQ]ZFYIrRMdV�rqQ`N&klD C
∇f =

¬ QWMdrRJLTIrÎQWfoY&X
rank (g) = m

X$ª
∑

λi∇gi

d2 SFH¤T&JLhb\�XsTISEJLQA\�f d SFH ¬ QWT&hiJL\ TIriH�k°D aQuk�TISEJLM0J
g (x, y) =

X$ª�T&SGJLQWKµVdK(JLT&hqVdN]JLhEf�JLH�m�M V�M0U�JjNTIrRH�k
(−1, 1)

V0NOJLhEfoX
(x− y)

2
= 0

−1 ≤ x ≤ 2

³ f�Q`M H�JLm�MdX¥H�QWV VdQWªIK]V¤�jJLT&SFQ`Y&X �jJLQ`PRfX:r ¬ JLMdQ`PRhEM ¬ JLMdQ
d2 ((x, y) , (−1, 1)) = f = (x+ 1)2 + (y − 1)2

g = 0
SF\�S

∇f = λ∇g
(

2 (x+ 1)
2 (y − 1)

)

= λ

(

2 (x− y)
−2 (x− y)

)
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n�H
=

(

0
0

)

⇒ x = −1, y = 1X$ª|SGJjN]J[ri\2SGJjNOJLhbf��LQWH�TIM�JLX:knoH¯SEJjJLm�h¾K]Q`m�fFD #9JLX�QWH�V
x1 = 2, y1 = 2; f (x1, y1) = 10

x2 = −1, y2 = −1; f (x2, y2) = 4

f (0, 0) =
Qukµ�jJ[kOf�JLfoQWH~V�n0X$k]JD

2
g = x− #IJLX$QWH�V�VdMdU�JjN�X1X$K]H
∇g =

(

1
−1

) noH
y = 0Q`noH

(

2 (x+ 1)
2 (y − 1)

)

=

(

λ1

λ2

)

⇒ (0, 0)

Q�cWª
R3 ³ K²V�PRY&Q`X$HqV�f}JLSFf X$QWU.T&S

g1 (x, y, z) = 2x2 + y2 − 4 = 0

g2 (x, y, z) = x+ y + z = 0SGJLK¶JLT&h SGJjNOJLhbfÖV�PRY&QWX$H�V X$ª JLH�m�MD
y
T&QWm�MsT&SGJLQ`K_SGJLhbJL\�T�J

ª&JLK]Q`TIKÆhE\�T&MdVÎSFHËT�JLhb\¶f �jJLT&SFY
y
TIQ`m�M

f (x, y, z) = x2 + z2

g1 = g2 = 0
SF\�S

Dg =

(

4x 2y 0
1 1 1

)

¬ Q`T�JLf�Q`MdV
∣

∣

∣

∣

2y 0
1 1

∣

∣

∣

∣

= 2y,

∣

∣

∣

∣

4x 0
1 1

∣

∣

∣

∣

= 4x

(0, 0) ³ K hbfqN�\�Q ¬ Q`PRY&H�SGMV�U�T&NÃT&M0JLX:k
g1
¬ Q`QWhbM¾H�X:rr¨JLT�N�fi�[kOX�J�D #9JLX$Q`H�X®V�H�X$M

∇f = a∇g1 + b∇g2

⇒





2x
0
2z



 =





4ax+ b
2ay + b

b





⇒ −2x+ 4xa+ b = 0

2ya+ b = 0

−2z + b = 0

X:r �jJLT&SFQWY
(1, a, b)

T&M�JLX:k




−2x 4x 1
0 2y 1

−2z 0 1



x = 0

⇒ det





−2x 4x 1
0 2y 1

−2z 0 1



 = 0

⇒ xy + z (2x− y) = 0
#IJLX$Q`H�V SEJLH�JjJ[rRMÓSFH ¦9Q`P¨JLfSGH T&M0JLX:k D �jJLT&SFQWY·X$K]hbf}JSGJjN]JLhEfoV
p =

(

1,
√

2,−1−
√

2
)

, q =
(

1,−
√

2,−1 +
√

2
)

r =
(

−1,
√

2, 1−
√

2
)

, s =
(

−1,−
√

2, 1 +
√

2
)

jlk �`� j � j*mlm	n �²�I�}�*��Ù
D
f
X:r°V�Q`f`rRV~SFT&noU.foV 〈Hx0

v, v〉 VdTIªIV
5l9ëÐpoqT²795 � <8@&�rV¤Ï s

ϕ1 (x, y) ≤ z ≤ JLK ¬ JL\�S½�jJLSFf f (x, y, z)
V�T&ª9VnoH

ϕ2 (x, y)
∫∫

Vxy

dxdy

[∫ ϕ2

ϕ1

f (x, y, z) dz

]

D K(J[rRQ`\¶X®�LSFQ`f
X$QWU�TIS

∫∫∫

V

dxdydz

(1 + x+ y + z)
3 = I

V = {(x, y, z) |0 ≤ x, y, z, x+ y + z ≤ 1}D
0 ≤ z ≤ 1 − x − y

¬ QWª&JLK]h
x, y
X:kOXX�K]hbfFV�QWm�T&U}ZFfoQ`HeQWT&\�H

∫∫

Vx,y

dxdy

[

∫ 1−x−y

0

dz

(1 + x+ y + z)3

]

= I

k(cuV�P°D
0 ≤ y ≤ 1 − x

ª&JLK]h
x
X$kOX

I =

∫∫

Vx,y

dxdy

[

∫ 1−x−y

0

dz

(1 + x+ y + z)3

]

= −1

2

∫∫

Vx,y

dxdy

(

1

(1 + x+ y + z)2

)1−x−y

0

=
1

2

∫∫

Vx,y

dxdy

(

1

(1 + x+ y)
2 − 1

4

)

=
1

2

∫

dx

∫ 1−x

0

(

1

(1 + x+ y)
2 − 1

4

)

dy
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=
1

2

∫

dx

(

− 1

1 + x+ y
− 1

4
y

)1−x

0

=
1

2

∫

dx

(

−1

2
− 1

4
(1 − x) +

1

1 + x

)

=
1

2

∫ 1

0

(

−3

4
+
x

4
+

1

1 + x

)

dx

=
1

2

(

−3x

4
+
x2

8
+ ln (1 + x)

)1

0

=
1

2

(

−5

8
+ ln (2)

)

³ T&Y&V»�LQ`K ¬ JLPR\�VÂ¦&JLU.V»\�Y&f²SFH·JLK]ri\ X$QWU.T&S¬ Q`N�Q`H�JLX�JLK
z = x2 + y2, 2z = 12 − x2 − y2

H�JLV¯­9JLSGQW\ ¬ JLhbª �jJLT&SFY
3z = 12

z = 4

⇒ x2 + y2 = 4

Vx,y =
T&Q�N�U.f �[kOX�JX:kOX (

x2 + y2 ≤ 4
)¬ QWª&JLK]h

x, y

x2 + y2 ≤ z ≤ 12− x2 − y2

2

I =

∫∫

dxdy

∫
12−x2−y2

2

x2+y2

dz

=

∫ 2

−2

dx

∫

√
4−x2

−
√

4−x2

(

6 − 3

2

(

x2 + y2
)

)

dy

= 4

∫ 2

0

dx

(

6y − 3

2
x2y − y3

2

)

√
4−x2

0

= 4

∫ 2

0

y

(

6 − 3

2
x2 − y2

2

)

√
4−x2

0

dx

= 4

∫ 2

0

√

4 − x2
(

4 − x2
)

dx

= 4

∫ 2

0

(

4 − x2
)

3
2 dx

(x = 2 sin t) ⇒ = 64

∫ π
2

0

cos4 tdt

= 64

∫ π
2

0

cos4 tdt

= 26

∫ π
2

0

cos2 tdt− 26

∫ π
2

0

cos2 t sin2 tdt

= 26

∫ π
2

0

(

1

2
cos 2t+

1

2

)

dt− 24

∫ π
2

0

sin2 2tdt

= 24π − 22π

= 12π

JLHRº0K(JLK(QWP¾T&Q`m ¬ HqV�f}J[r ­�T�N¸ SGJLQ`X$QWX�UbSEJ[ZFf�Q�N�T�JLH�JLh

SEJjNOJLhEfoK
mi
SGJLPRM

N
rRQ ¬ H ¸ T�J[rihqH�X(º X$QWU�TISSFkOTIªIMdV¤X:rôV�PRM0V¥n�kOTIM¤noH

~ri
K(\¶T&KH�JLV

~RCM =

∑N
i=1 mi~ri
∑N

i=1mi

Xcm =

∑

mixi
∑

mi

ρ (x, y, z)
V�PRM SGJLU.X$Y&SFV V�f}JLSFf ¬ H�JnoHqD \�Y&fGSGN�Q`\�QWX V�PRM

Xcm =

∫∫∫

V xρ (x, y, z)
∫∫∫

V
ρ (x, y, z)

dv

D V�f}J[rRH�TIVqV�X$H�rRV�M
V
T�JLK]ª ~Rcm

JLV�M VdMdU�JjN
V = {(x, y, z) |0 ≤ x, y, z, x+ y + z ≤ 1}

30



ρ = const
TIrRH�k

∫∫∫

V

dxdydz =

∫ 1

0

dx

∫ 1−x

0

dy

∫ 1−y−x

0

dz

=

∫ 1

0

dx

∫ 1−x

0

dy (1 − y − x)

=

∫ 1

0

dx

(

1 − x− (1 − x)2

2
− x (1 − x)

)

=
1

6
∫∫∫

V

xdxdydz =

∫ 1

0

dx

∫ 1−x

0

dy

∫ 1−y−x

0

xdz

=

∫ 1

0

dx

∫ 1−x

0

dyx (1 − y − x)

=

∫ 1

0

dx

∫ 1−x

0

(

y − y2 − xy
)

dy

=

∫ 1

0

dx

(

y2 (1 − x)

2
− y3

3

)1−x

0

=

∫ 1

0

dx (1 − x)
2

(

5x

6
− 1

3

)

=
1

4

X$T&U}ZFfoQWH�V~SFHÃJLK]ri\ X$QWU.T&S
I =

∫∫∫

V

x2dxdydz

V =

{

0 ≤ z ≤ 2, y ≥ 0,
1

3
x ≤ z ≤ 1

2
x,

1

2
y2 ≤ z ≤ 2y2

}

JLf�X�rRQ
2z ≤ x ≤ 3z
√

z

2
≤ y ≤

√
2z

I =

∫∫∫

V

x2dxdydz

=

∫ 2

0

dz

∫

√
2z

√
z
2

dy

∫ 3z

2z

x2dx

. . . =
608

27

JLH�QWK(V ¸ V�Y&QWm�TIr \�QWfof^º
f : R 7→ R

V�f}JLSFf X$Q`U.T&SX�TIU.ZFf�Q`H�V½SFH
I =

∫ 1

0

dx

∫ 1−x

0

dy

∫ x+y

0

f (z) dz

D N�Q`\�Q�Vdf�SFriMqX$ªµX$T&U}ZFfoQWH�X

�jJLTISGY
0 ≤ z ≤ x+ y

0 ≤ y ≤ 1 − x

0 ≤ x ≤ 1

z ≤ x+ y ≤ 1
D ªIJLK(h

z
T�JLK]ªX$T&U}ZFfoQ`H¯X$K]hbX�V�m�T&f

I =

∫∫∫

dV

dzdxdy

z, y
T�JLK(ª D ¬ QWhbX$\zQWf�rRXAhbX$\�fnoH

z ≤ y
¬ H ¬ Q`ªIJLK(h

0 ≤ x ≤ 1 − y

noH
y < z

¬ H
z − y ≤ x ≤ 1 − y

k(cuV�P
I =

∫ 1

0

f (z) dz

(∫ z

0

(∫ 1−y

z−y

dx

)

dy +

∫ 1

z

(∫ 1−y

0

dx

)

dy

)

=

∫ 1

0

f (z) dz

(∫ z

0

(1 − z) dy +

∫ 1

z

(1 − y) dy

)

=

∫ 1

0

f (z) dz

(

−z2 +
1

2
− z2

2

)

³ MdQWPRVqTIQ`m�º ¬ Q`X$QWK(hEM0V V ¬ QuZGJLT&\sV�M�k X$QWU�TIS¬ QWM0QWQ`hEM0V ¬ f`rRQ
z
T&QWm�X ¸ X$QWK(hEMsV�Q`TIZ

∫∫∫

V

zdxdydz = c

∫∫∫

V

zdxdydz = b

∫∫∫

V

zdxdydz = a

D N�\�HÔSGJL\�YIXµJLfoS �
V0
¬ \�Y&f�r

T&m�Q`QWX1�LSFQ`f�NOQWMdS3º]¦&JLP ³ �LQWH~rRQ �jJLTISGYJLX$r»V�PRM°n�kOT&MdV±rÁ­$kÔZGJLT&\D
V0
JLX:r°\�YIfoVdJ

z ≤ 0
Q�cWª ¬ JLPR\�Ve\�Y&foV½SFH × � JLK]rR\ X$QWU�TIS

z + x2 + y2 + 2x+ 1 = 0

x2 + 2x+ y2 = 0

 �� ��� �����5t èRê�ð�e�í�ê ï !
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�jJLT&SFY
z = − (x+ 1)

2 − y2

(x+ 1)2 + y2 = 1SGJ[ZFfoQ�N�T�JLH�JLhbX ¦IQWX�\¶fSGJLQWX$Q`X$U
x+ 1 = r cos θ

y = r sin θ

z = z

|J | = r ¬ JL\�SFV
0 ≤ r ≤ 1

0 ≤ θ ≤ 2π

−r2 ≤ z ≤ 0

∫ 2π

0

[∫ 2

0

r

∫ 0

−r2

dzdr

]

dθ =

∫ 2π

0

[∫ 2

0

r3dr

]

dθ

= 2π
r4

4
=
π

2

JLK]ri\ X$QWU.T&S
I =

∫∫∫

xdxdydz
√

x2 + y2 + z2

x = 1, x = 0, x2 =
Q�cWª ¬ JLPR\

v
T9rRH�k

y2 + z2

PRQ`PRK \¶Z�r SGH K]rR\¶f �jJLT&SFYD P¨JLfoJLhbV
(z = r sin θ, y = r cos θ) ⇒ s(x) =

∫ 1

0

dx

∫∫

xdydz
√

x2 + y2 + z2

=

∫ 1

0

dx

∫∫

xdydz
√

x2 + y2 + z2

=

∫ 1

0

xdx

∫∫

rdθdr√
x2 + r2

= 2π

∫ 1

0

xdx

∫ x

0

rdr√
x2 + r2

= 2π

∫ 1

0

x
(

√

x2 + r2
)x

r=0
dx

= 2π

∫ 1

0

x2
√

2 − x2dx

=
2

3
π
(√

2 − 1
)

JLK]rR\ X$QWU�TIS
∫∫∫

V

(

x2 − y2
)

dxdydz

v =
{

1 − x ≤ y ≤ x, 1 − x ≤ y ≤ 2 − x, 1 − x2 + y2 ≤ z ≤ y2 − x2 + 2x
}

=

∫∫

D

(

x2 − y2
)

dxdy

∫ y2−x2+2x

1−x2−y2

dz =

∫∫

D

(

x2 − y2
)

(2x− 1)xdy

«
D
SFHqH�m�M0f

D = {−1 ≤ y − x ≤ 0, 1 ≤ y + x ≤ 2}

v = y + x, u = y − x
K]QWm�f

∣

∣J−1
∣

∣ =
∂ (u, v)

∂ (x, y)
=

∣

∣

∣

∣

−1 1
1 1

∣

∣

∣

∣

= −2

⇒ |J | =
1

2 k(cuV�P
I =

∫∫

1 ≤ v ≤ 2
−1 ≤ u ≤ 0

1

2
uvdudv

¬ JL\�SFVeX:rl\¶Y&foVsSFHÃJLK]rR\ X$QWU�TIS
v =

{

x2 + y2 + z2 ≤ 2az, x2 + y2 ≤ 3z2
}

�jJLTISGY
x = r cos θ sinϕ

y = r sin θ sinϕ

x = r cosϕ

J = r2 sinϕ

V =
{

r ≤ 2a cosϕ, r2 sin2 ϕ ≤ 3r2 cos2 ϕ ⇒ tan2 ϕ ≤ 3 ⇒ 0 ≤ ϕ ≤ π

3

}

∫∫∫

v

r2 sinϕdrdθdϕ =

∫ 2π

0

dθ

∫ π
3

0

dϕ sinϕ

∫ 2a cos ϕ

0

r2dr

=
2πa3

3

∫ π
3

0

8 cos3 ϕ sinϕdϕ

=
16

3
πa3 1

4

(

− cos4 ϕ
)

|
π
3

0

g a



H�JLV ¬ JL\�S�r ¬ QWhbQWY&PRM�J ¬ Q`\¶TIkOV ¬ Q`H�foS SGJLT&ªIVV0N�QW\�Q�X�JLU.Q`ª
V�T�JLMdhôD C

SFQWZFhEY&M0JLh D a
0
SFHÃV�X$QukOM¡D g
SFQWTIZFM0QWP·D p

³ TIZFPRH¯VdTIhbfFV�n�VdT&JLM0h V�mOJLK(hEV~TIriH�k X$QWU.T&SD \�Y&foV~SGHÔJLK]ri\~D N�QWH�J
x

2
3 + y

2
3 + z

2
3 = 1

�jJLT&SFY
u3 = x

v3 = y

w3 = z

J =

∣

∣

∣

∣

∣

∣

3u2 0 0
0 3v2 0
0 0 3w2

∣

∣

∣

∣

∣

∣

= 27u2v2z2

n�H
∫∫∫

V

dxdydz =

∫∫∫

u2+v2+w2

27u2v2z2

u = r sinϕ cos θ

v = r sinϕ sin θ

w = r cosϕ

n�H
= 27

∫ π

0

dϕ

∫ 2π

0

dθ

∫ 1

0

r8 sin5 ϕ cos2 θ sin2 θ cos2 ϕdr

= 27

∫ π

0

sin5 ϕ cos2 ϕdϕ

∫ 2π

0

cos2 θ sin2 θdθ

∫ 1

0

r8dr

= 3

∫ π

0

(

1 − cos2 ϕ
)2

cos2 ϕ sinϕdϕ

∫ 2π

0

1

4
sin2 2θdθ

(cosϕ = t) ⇒ = 3

∫ 1

−1

(

1 − t2
)2
t2dt

∫ 2π

0

1

8
(1 − cos 4θ) dθ

=
3π

4

∫ 1

−1

(

1 − t2
)2
t2dt

=
4π

35

¬ Q`\�YIfoV~SFHÃJLK]rR\ X$QWU�TIS
V1 = |x+ y| + |y + z|+ |x+ z| ≤ a

V2 = (2x+ y + z)2 + (x+ 2y + z)2 + (x+ y + 2z)2 ≤ 1

V1 =

∣

∣

∣

∣

∂ (x+ y, y + z, x+ z)

∂ (x, y, z)

∣

∣

∣

∣

a3

6
8

= 2
a3

6
8

V2 =

∣

∣

∣

∣

∂ (2x+ y + z, x+ 2y + z, x+ y + 2z)

∂ (x, y, z)

∣

∣

∣

∣

a3

6
8

=
π

3

Q�cWª ¬ JLPR\
V1
D
V1, V2

¬ Q`f}JLSFf X$QWU�TIS
0 ≤ z, x+ y + z ≤ 1, x2 + y2 ≤ 1

4Qocuª ¬ JLPR\
V2

0 ≤ z, z ≤ 1 + x3, x2 + y2 ≤ 1

4D TISEJLQ�X�JjN�UR\�Y&f ¬ VdMeQWMdX
π
4

PRQWPRK�\¶Z�rÁD ¬ Q�JjJ[r ¬ VdQWf�r �jJLTISGYD π
4 ³ X VdJjJ[r°\¶Y&fETIT�JLUQocuª Y&JLPR\�V ¦&JLU.V X:r \�Y&foV ×vu JLV�M X$QWU�TIST�JLK(ª9f (

x2 + y2 + z2
)3

= gxyzSGJLQWT�JjN&k_SGJ[ZFfoQ�N�T�JLH�JLhbX
r6 = 9r3 cos θ sinϕ sin θ sinϕ cosϕ

r3 = 9 cos θ sinϕ sin θ sinϕ cosϕT�JLK(ª¾T&M0JLX:k
xyz > 0

T�JLK]ªlV�T�JLh·V�nNO\¶H»X:kOX£QWTIZFMdP¨JÂD K]\�T&MdV§SGJLQWfoQWMdr pNO\¶H�X®K]ri\�X®hbQWY&PRMe�[kOX X9cufoV ¬ QWªIK]T&V�MD p ³ KqX9JLY9kOX9J x, y, z > 0
X9cWfoV ¬ Q`ª9K(T&V�MnoH�J

0 ≤ θ, ϕ ≤ π
2

�[kOX

I =

∫ π
2

0

dθ

∫ π
2

0

sinϕdϕ

∫ (9 cos θ sin ϕ sin θ sin ϕ cos ϕ)
1
3

0

r2dr

=
9

3

∫ π
2

0

dθ cos θ sin θ

∫ π
2

0

sinϕ sinϕ sinϕ cosϕdϕ

=
9

3
4

∫ π
2

0

dθ cos θ sin θ

(

1

4
sin4 ϕ

)

|
π
2

0

=
9

3

(

1

2
sin2 θ

)

|
π
2

0

(

1

4
sin4 ϕ

)

|
π
2

0 =
3

2

tw� ��� �����5t â�ß ìuí^Üçé ï 0
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X$QWU.T&S
∫ ∞

0

e−x2

dx =

(
∫ ∞

0

e−x2

dx

∫ ∞

0

e−y2

dy

)
1
2

=

(
∫∫

x,y≥0

e−(x2+y2)dxdy

)
1
2

=

(

∫ π
2

0

∫ ∞

0

e−r2

rdrdθ

)
1
2

=

(

π

2

∫ ∞

0

e−r2

rdr

)
1
2

=

(

π

2

(

−1

2
e−r2

)

|∞0
)

1
2

=
(π

4

(

e−r2
)

|0∞
)

1
2

=

√
π

2

x1, x2, . . . , xn > 0
\(Z�rRV±r°\�QukOV�XÔSFQ`K�X�QWU.T&S

x+ x2 + x3 + . . .+ xn ≤ h

hn

n!

H�JLV
Rn ³ K R P¨JLQ`NOTIK²T�JjN&k_\�Y&fFK(J[rRQW\ X$QWU.T&S

�jJLT&SFY
B5 (R) =

{

x2
1 + x2

2 + x2
3 + x2

4 + x2
5 ≤ R2

}

Quk�K]X ¬ QWrRf
x1 = r cos θ sinϕ

x2 = r sin θ sinϕ

x3 = r cosϕ

¬ V�X:r �LQWK(JLhbªIQWX H�T&hbf
|J123| = r2 sinϕ

x4 = ρ cos γ

x5 = ρ sin γ

|J4,5| = ρ

r¨N�\�V¯�LªIQWK¶JLhEªIQWV½n�H
J =

(

J1,2,3 0
0 J4,5

)

|J | = |J1,2,3| |J4,5|
= r2ρ sinϕ

r2 + ρ2 ≤ SGJLMdQ`QWhbM½SGJjN]JLhEfoV�[kOX
R

V =

∫ 2π

0

dγ

∫ 2π

0

dθ

∫ π

0

sinϕdϕ

∫∫

r2+ρ2≤R2

r2ρdrdρ

= 8π2

∫∫

r2+ρ2≤R2

r2ρdrdρ

(r = τ sin t, ρ = τ cos t) ⇒ = 8π2

∫ π
2

0

sin2 t cos tdt

∫ R2

0

τ4dτ

= 8π2 1

3

(

sin3 t
)

|
π
2

0

R5

5

=
8

15
π2R5

R3 ³ K²VdN�QW\�Q`V~T�JjN&k B X$QWU�TIS
VdQWm�hbfoJLY£X$ªl  X�TIU.ZFf�Q`H�V¥SFH¡JLKOrR\¤D C

∫∫∫

B ‖~r‖2
dxdydzSFHÔJLKOrR\¤D a

∫∫∫

B

x2dxdydz,

∫∫∫

B

xydxdydz,

∫∫∫

xyzdxdydz

�jJLTISGY
D C

∫ π

0

sinϕdϕ

∫ 2π

0

dθ

∫ 1

0

r4dr = 4π

(

r5

5

)1

0

=
4π

5

D a
4π
15

¸ HRº
0 ≤ x2+y2 ≤ 1− ª&JLK]h z X:kOX ¸ K0ºV�k]JLYIV

xy
N]JLMdmeªIQWK]T½X:kOX

z2të�[kOX�JX�ªÎSFQWTIZFMdQ`P ³ QuZFfoH V�Q`m�hEf}JLY ¸ U�º¬ H D t¥�[kOX�J�QWTIZFMdQ`P ¬ JL\�ST�J[rRQWM0K T�JjN&kOV SFH ­IJLSF\�fSGH n�kOT&MdV ­�T�N T&K(JLª9rhiJLQ`NOKôH�QWV
I
N�m�KÓV�mOJLK]hbVD

II
N�m�K²V�mOJLK]hbVsX:r©P¨JLfoQWM

SFHÃJLK]ri\
A = [aij ]3×3

V�m�Q`TIZFM~VdfoJLSGf X$QWU�TIS
∫∫∫

B

〈Ax, x〉 dxdydz
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�jJLT&SFY
=

∫∫∫

∑

i,j

aijxixjdx1dx2dx3

=

3
∑

i=1

∫∫∫

B

aiix
2
i +

3
∑

i, j = 1
i 6= j

∫∫∫

ai,jxixj

=
4π

5
trA

Ø
�õÒ��²��þ Ä ��xC�����9�d�¶�I�

V�MÊD
x
T&QWm£­�T�JLH�X¯X$U.X�U.SFV X$U.ªIM × 2 �jJLSFf X$QWU.T&SV±r¨JLªlJLSGJLHÂX�JLX�PRMdV¡X:rÓV�QWm�noQWTIZFM0TIY&V

³ foV¯N�ª�SFQWriH�T&K�VdX$QW\�SFK�SGª9U�JLfoV¯V0NOJLhEfD ª9hbT&hEK²V�X:rlV�H�K]VsV�ªIQWU
X:rÕK(JLK(QWPRVÔSFQ`JjJLn3H�QWV±r

θ
T9ZFM0T&Y�\�hEQ`f �jJLT&SFYnoHqD X$U�X$U.V

x = Rθ −R sin θ

y = R−R cos θ

~γ (θ) = R (θ − sin θ, cos θ)D V�Q�JLm�T&VeVdNOJLhbf�VsH�JLV
Q`T9ZFM0QWP§SFQurRH�T&Kqn�kOT&M ¬ H©P¨JLT�J[Z¢�jJLSFf X$QWU.T&SD

a,A
¬ QurRH�T ¬ QWP¨JLQ�N�TµX$ªIK

z
X

X:r©SFQ`JLnoV
β
TIrRH�k

β, α
SGJLQ`JjJLnEQWf�r¾ªIK]hbf �jJLT&SFY

³ U�VzX$U�ª9M0V�­IJLSFK®SFQ�JLn�V α   QWriH�T&V�X$U.ªIMdVX�JjN
x = (A+ cosα) cosβ

y = (A+ cosα) sinβ

z = a sinα

S (α, β) = (x (α, β) , y (α, β) , z (α, β))

¬ HeP¨JLQWK(M½SFªIKOZÔX:r¾V�Q`m�noQWTIZFMdT&YµJLH�m�M X$QWU.T&S
θ
QurRH�T2P¨JLQ�N�T�J

2
QWK¶JLª

Q`m�\qH�QWV£SFªIKOZFV¼X:rÕK(JLK(QWPRVÔX:rÕSFQ`JLnoV �jJLT&SFY
r = [−1, 1] , θ ∈ T&QWK(ª9f®D SFªIKOZFVÔSFQ`JjJLnoMD SFªIKOZFVsQWK¶JLª®X$ª

[0, 2π]

x =

(

A+ r sin
θ

2

)

cos θ

y =

(

A+ r sin
θ

2

)

sin θ

z = r cos
θ

2

����� ��� �����5t èRâ�ß ìuí^é ï 6

noH
~v (t)

SGJLT&QWV�M�J
~γ (t)

¬ JLhbª®T�JLK]ª SFT�J[kOnoS
|d~r| = |~v| dt

�jJ[rRH�TzU�JLPRMeQWX9JLX$PRMdVsX$T&U}ZFfoQWH�VsnoH
∫

t

f (γ (t)) |~v| dt

X�U.ª9M0MqX$K(hESGM�r ¬ JLhEªIVq­9T&JLH¼SGHÔK]rR\ X$QWU�TIS¸ ¬ N]JLh X$QWU�TISGK0º±K(K(JLSFPRMdr
�jJLTISGY

γ (t) = (Rt−R sin t, R−R cos t)

v (t) = (R−R cos t, R sin t)

` =

∫ 2π

0

‖~v‖ dt

=

∫ 2π

0

√

R2 − 2R2 cos t+R2 cos2 t+R2 sin2 tdt

=
√

2R

∫ 2π

0

(1 − cos t)
1
2 dt

= 2R

∫ 2π

0

∣

∣

∣

∣

sin
t

2

∣

∣

∣

∣

dt

= 2R

∫ 2π

0

sin
t

2
dt

= 8R

f :
hESFªIV �jJLSFf3QWf�r§U�JLPRM Q`JjJLh¥X�TIU.ZFf�Q`H V�T�N�U.VD

γ (t)
¬ JLhEª&J

R3 7→ R3

∫

t

~f · d~r =

∫

t

~f (γ (t)) · ~v (t) dt

=

∫

t

∣

∣

∣

~f
∣

∣

∣ |~v| cos θ (t) dt

~f (x, y, z) =
X:r X$T&U}ZFfoQWH�V¡SFHÁJLKOrR\ V�M0U�JjND ¬ NOJLhbV ¬ JLhbª9Ve­9T&JLH�X

(x, y, z)

�jJLTISGY
γ (t) = (Rt−R sin t, R−R cos t, 0)

v (t) = (R−R cos t, R sin t, 0)

~f (~γ (t)) = ~γ (t)
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∫ 2π

0

~γ (t) · ~v (t) dt =

∫ 2π

0

(

R2 (t− sin θ) (1 − cos θ) +R2 (1 − cos t) sin t
)

dt

= R2

∫ 2π

0

t (1 − cos t) dt

= R2

[

(2π)2

2
−
∫ 2π

0

t cos tdt

]

= R2
[

2π2 − 0
]

= 2π2R2

d
dt

1
2 ‖γ (t)‖2 N�foT&U}ZFfoQWH�V Quk K]X ¬ QWrRf�[kOX�J

1

2
‖γ (2π)‖2

= 2π2R2

�jJ[rRH�T2U�JLPRMeQ`\¶Z�riMsX$T&U}ZFfoQ`H V�T�N�U.V
~S (u, v) = (sx, sy, sz)

~su = (sxu
, syu

, szu
)

~su × ~sv ⊥ S�jJ[rRH�TzU�JLPRMsQ`\(Z�rRMeX$T&U}ZFfoQ`H¯noH
∫∫

f (~s (u, v))
∥

∥

∥

~N ( ~su × ~sv)
∥

∥

∥
dudv = I

V�T&QWY&PRX V�QWm�noQ`T9ZFM0T&Y V�M0U�JjN
S (θ, ϕ) = (R cos θ sinϕ,R sin θ sinϕ,R cosϕ)

Sθ = (−R sin θ sinϕ,R cos θ sinϕ, 0)

Sϕ = (R cos θ cosϕ,R sin θ cosϕ,−R sinϕ)

Sθ × Sϕ =
(

R2 cos θ sin2 ϕ,R sin θ sin2 ϕ,R2 sinϕ cos θ
)

= R2 sinϕ (cos θ sinϕ, sin θ sinϕ, cosϕ)

V�f}JLSFf D Q`f`rÇU�JLPRM=Q`\(Z�rRM × @}X$T&U}ZFfoQ`H V�T�N�U.Vª&cW\�\½VdhESFªIV
f : R

3 7→ R
3

T&NOU�JLM¯X$T&U}ZFfoQWH�V~noH
∫∫

S

~f · dS =

∫∫

S

~f · ~Su × ~Svdudv

=

∫∫

S

∥

∥

∥

~f
∥

∥

∥ cos θ (S)
∥

∥

∥d~S
∥

∥

∥

=

∫∫

S

~f · n̂ds

�5��� ��� �����5t èRê$ðGe�í�ê ï B

�LMdPRf ¬ H

s (u, v) =





x (u, v)
y (u, v)
z (u, v)





�LMdPRf}J
u, v ∈ D ⊂ R

2 T&JLK(ª
~f = (P,Q,R) noH�J

I =

∫∫

u,v∈D

[

p
∂ (y, z)

∂ (u, v)
+Q

∂ (z, x)

∂ (u, v)
+R

∂ (x, y)

∂ (u, v)

]

dudv

VdN&rRVeX:rl¦�Z�rRVsSFHÃJLK]rR\ VdMdU�JjN
~f (x, y, z) = (x, y, 0)

³ riH�T&K2n�kOT&M ¬ ª R P¨JLQ`NOTIKzV�T&QWY&P ­9T&ND SFQ
T&M0JLX:k ∣

∣

∣

~ds
∣

∣

∣ = R2 sinϕ
�jJLT&SFY

~f · n̂ =
√

x2 + y2 sinϕ

= R sin2 ϕ noH
∫ 2π

θ=0

dθ

∫ π

0

R sin2 ϕR2 sin θdϕ

= 2π

∫ π

0

R sin2 ϕR2 sinϕdϕ

= 2πR3

∫ π

0

sin3 ϕdϕ

= 2πR3

[∫ π

0

sinϕdϕ−
∫ π

0

cos2 sinϕdϕ

]

= 2πR3

[

2 − 2

3

]

= 2
4

3
πR3

S�rRX�J[rRM¯V�X$YIkOM ¬ H
~f |s = (R cos θ sinϕ,R sin θ sinϕ, 0)

¬ U�J
~N = ~Sv × ~Su =

(

R2 cos θ sin2 ϕ,R2 sin θ sin2 ϕ,R2 cosϕ sinϕ
)

∫∫

S

~f · d~s =

∫ 2π

0

dθ

∫ π

0

dϕ
[

R3 cos2 sin3 ϕ+R3 sin2 θ sin3 ϕ
]

= 2πR3

∫ π

0

sin3 ϕdϕ
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JLK]ri\
(0, 2, 1) ´ hbfoJ (0,−2,−1) ´ hEfoV�M X$QWU.T&SSFH

I =

∫

γ

y2dx+ x2dx+ z2dz

γ =
{

(x, y, z) |x2 + y2 = 4, x2 + y2 = 1, x ≥ 0, y ≥ 0
}

�jJLT&SFY
x = cos θ

z = sin θ

y =
√

4 − cos2 θnoH −π
2 ≤ θ ≤ π

2

TIriH�k
~γ (t) =

(

cos t,
√

4 − cos2 t, sin t
)

~̇γ (t) =

(

− sin t,
sin t√

4 − cos2 t
, cos t

)

�[kOX
I =

∫ π
2

−π
2

~f (~γ (t)) · ~v (t) dt

=

∫ π
2

−π
2

[

− sin t
(

4 cos2 t
)

+
cos2 t sin t√
4 − cos2 t

+ cos t sin2 t

]

dt

=

(

2

3
sin3 t

)

|
π
2

0 =
2

3

X$ªIM
x2 + y2 N�QWH�JLX�JLK(T&YIVeX$r©¦ITIU�V~�jJLSFf X$QWU.T&SJLX:r©V�PRMdV�SEJLYIQ`Y&m�D

x2 + y2 ≤ 1
¬ JL\¶SGVD ~Rcm

SFH_JLK]ri\
x2+y2 H�QWV®\¶Z�reSGN�Q`\�QWX

V�QWm�noQWTIZFM0TIY&V �jJLT&SFY
x = x

y = y

z = x2 + y2

sx = (1, 0, 2x)

sy = (0, 1, 2y)

sx × sy = (−2x,−2y, 1)

= (−∇z, 1)

‖sx × sy‖ =
√

4x2 + 4y2 + 1

M =

∫∫

x2+y2≤1

(

x2 + y2
)

‖sx × sy‖ dxdy

=

∫∫

x2+y2≤1

(

x2 + y2
)
√

4x2 + 4y2 + 1dxdy

=

∫ 2π

0

dθ

∫ 1

0

r3
√

4r2 + 1dr

Z
X�ªµªIJLm�Q`MdV

I =

∫ 2π

0

z
(

x2 + y2
)

‖sx × sy‖ dxdy

=

∫ 2π

0

(

x2 + y2
)2 ‖sx × sy‖ dxdy

=

∫ 2π

0

dθ

∫ 1

0

r5
√

4r2 + 1dr

⇒ Zcm =
I

M

X:rl¦�Z�rRV X$QWU�TIS
f (x, y, z) =

(−2x,−2y, 1)
√

4x2 + 4y2 + 1D V�X$ªIM¯QWY&X:k²\¶Z�rRMdVe­�T�N
�[kOX9J

n̂ =
~N

‖ ~N‖
X$MdT�JLfoMdV£X$M0T�JLf�V£H�JLV

f
�jJLTISGY

H�JLVe\¶Z�riM0Ve­�T�N
f
X:rl¦�Z�rRV

∫∫

s

~f · ~N =

∫∫

∥

∥

∥

~N
∥

∥

∥

D \(Z�rRM0Ve\(Z�rlH�QWV~V�H�mOJLSFVeT&M0JLX:k
∫∫

√

4x2 + 4y2 + 1dxdy =

∫ 2π

0

dθ

∫ 1

0

√

4r2 + 1rdr

=
2π
(

(

4r2 + 1
)

3
2

)1

r=0

12

=
π
(

5
3
2 − 1

)

6

∂V = S
J ¸ ¬ Q`H�SFMEº

V
¬ JL\�S¾�LSFfoV�K ¸ P¨JLH�U�º±ZFYIrRMD #IJL\~QWY&X:k

~n
QWX$M0T�JLfFT�J[ZFhbJjJ ¬ HnoHqD

V
SFHÃV�X$QukOM0V

F : R3 7→ R3 QWV�Q�J
∫∫∫

V

~∇ · ~FdV =

∫∫∫

V

(

∂

∂x
Fx +

∂

∂y
Fy +

∂

∂z
Fz

)

dV

=

∫∫

s

~F · n̂dσ

=

∫∫

s

~F · ~dσ

~F = xî+Y ĵ+Zk̂
X:r ¦9Z�rRV�SFH¯JLK]rR\ VdMdU�JjN­�T&h

S =
{

x2 + z2 = 4, 0 ≤ y ≤ 1
}
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X$Q`X$U.X Q`X$MdT�JLf T&J[ZFhiJjJÊT&QurRQÉK(J[rRQW\ �jJLT&SFY
(x, y, z) ∈ S; n̂ = 1√

x2+z2
(x, 0, z)

~F · n̂ =
1

√

(x2 + y2)

[

x2 + z2
]

=
√

x2 + z2 = 2

⇒
∫∫

s

~F · n̂dσ = 2 · 2π2 · 1 = 8π

X:r ¬ QWPR\�M0VµSFH
S
X3¦9Q`P¨JLf « ZFYIrRMdV�­�T�ND X$Q`X$U.V

s1 =
{

y = 0, x2 + y2 ≤ 4
}

s2 =
{

y = 1, x2 + y2 ≤ 4
}

P¨JLH�U3ZFY9rRM£YOcuª��[kOX9J D U�JLP¥\¶Z�rRMÔX�K]hbfV�Q`V�Q
S∪S1∪S2

\¶Z�rRMdV_X:kµ­9T�N ¦�Z�rRVX VdJjJ[r
∫∫

S∪S1∪S2

~F · n̂dσ =

∫∫∫

V

~∇ · ~Fdv

= 3

∫∫∫

V

dv

= 3 · π22 · 1 = 12πnoH
S1, S2

­�T�N°¦9Z�rRV¡SFH»Vdn�MÂTIQ`PR\�fH�JLV
S1
X X$MdT�JLfoV

n̂1 = (0,−1, 0)
∫∫

S1

~F · n̂dσ = −
∫∫

S1

ydσ = 0

S2
T�JLK(ª

n̂2 = (0, 1, 0) �[kOX
∫∫

S2

~F · n̂dσ =

∫∫

ydσ = 4π

­9T�N
xî+ yĵ + z2k̂

X:rl¦�Z�rRV~SFHÃJLK]ri\ V�M0U�JjNV�Q`QWK(JLhbV�X$rlV�YIrRV
0 ≤ x, y, z ≤ 1 noH

~∇ · ~F = 1 + 1 + 2z = 2 (1 + 2)

∫∫

S

~F · d~σ =

∫∫∫

V

~∇ · ~FdV

=

∫ 1

0

∫ 1

0

∫ 1

0

2 (1 + z) dxdydz

= 3

VdTIQ`noU
f : R3 7→ R ³ J V SFH ¬ \±JLS S

X$QWU.T&SSFQWf}JLM0TIV0JdSGJLY&Q`m�TIK ¬ QWQ`MdªIY
~∇ · ~∇f = ∆f =

(

∂f2

∂x2
+

∂2

∂y2
+

∂2

∂z2

)

(f) = 0

n̂
TIrRH0k ∫∫

s
f ∂f

∂ndσ ≥ 0
QWkÖJL\¶QWk]JLV

s ³ X�Q`X$MdT�JLfEVdN�QW\�Q�T�J[ZFhbJ
∫∫

s

f
∂f

∂s
dσ =

∫∫

s

f ~∇f · n̂dσ

=

∫∫∫

V

~∇ ·
(

f ~∇f
)

dV

=

∫∫∫

V

(

~∇f · ~∇f + f∆f
)

dV

=

∫∫∫

V

∥

∥

∥

~∇f
∥

∥

∥

2

dV ≥ 0

SFQWf}JLM0TIVsV�Q`m�hEf}JLYµX$rlV�f}J[kOS V�T&ª9V
∫∫

S

∂f

∂n
dσ =

∫∫

S

∇f · n̂dσ

=

∫∫∫

∇ · ∇fdv

=

∫∫∫

∆fdv = 0

~∇· ~F =
r¼\�QWfof y �.ý��b�d��þ3�²Ùd�����(�

Ø
���±�1�F�(�.þ3�`�D Q�cWª®KOr¨JL\�M¯SGJLQ`V�X X�J[kOQ�\�Y&f�VsnoH
const = c

V =
1

c

∫∫∫

V

~∇ · ~F

=
1

c

∫∫

S

~Fd~σ

X9cWf`k ~F ³ X{SEJLH�M0U�JjN
~F = (x, y, z) , (x, 0, 0) . . .Q`X$X:k_�LY&JLH�K

~F = (P (y, z) + px,Q (x, z) + qy,R (x, y) + γz)

NOQWH�JLPRY&QWX$H�Ve\�Y&fFSFHqK]rR\ VdMdU�JjN
x2

a2
+
y2

b2
+
z2

c2
≤ 1

D
∂V = S

X:r°V�QWm�noQWTIZFM0TIY&V~noH
x = a cos θ sinϕ

y = b sin θ sinϕ

z = c cosϕ
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�[kOX
Sϕ = (a cos θ cosϕ, b sin θ cosϕ,−C sinϕ)

Sθ = (−a sin θ sinϕ, b cos θ sinϕ, 0)

noH
n̂ = Sϕ × Sθ

=
(

bc cos θ sin2 ϕ, ac sin θ sin2 ϕ, ab sinϕ cosϕ
)

TI\�K(f
~F = ~r = (x, y, z)

V =
1

3

∫∫∫

~∇ · ~FdV

=
1

3

∫∫

s

~F · d~σ

=
1

3

∫ 2π

0

∫ π

0

~r · ~Ndθdϕ

=
1

3

∫ 2π

0

∫ π

0

abc
(

cos2 θ sin3 ϕ+ sin2 θ sin3 ϕ+ sinϕ cos2 ϕ
)

dθdϕ

=
1

3

∫ 2π

0

∫ π

0

abc sinϕdθdϕ

=
abc

3
4π

¬ ª SFQWª&JLK]Q`T V0N�QWM0TIQ`Y
V
¸ ´ M a H�JjN�\�º0X$QWU.T&S�jJLSFf}J

A0, A1, A2, A3, P
¬ Q`N�hiN�h

P = (−1, 6, 10) , A1 =

(

1

2
, 0, 0

)

, A2 =

(

1

2
,
1

2
, 0

)

, A3 =

(

0,
1

2
, 0

)

, A0 = (0, 0, 0)

SEJjN&rRV ¬ Q`foJLSGf
~F =

(

2xy + 5x,−5y2z, 4− 3yz + 5yz2
)

~G = ~r − ~rpD
~rp = ~r (p)

 
~r = (x, y, z)

TIriH�kJLK]ri\
∫∫

S1

(

~G+ ~F − ex2−z3 ~G
)

· d~σ

SFYIr
S1
TIriH�k1V0N�QWM0TIQ`Y&X¹QWf}JLm�Q`\¶Vz�jJjJLQukOKD

A0, A1, A2, A3
PRQWPRK]V~H�X$X®VdN�Q`MdT&QWY&V

H�QWV QWkÓVdNOQWMdT&Q`YIV SFYIrRX V�X$Q`K]U.M ~G
�jJLT&SFYVdNOQWMdT&Q`YIVÔSFYIr¤X�ª�VdNOJLhbf¹X:kOX²V�M0H�SFMK]ri\�X_hbQWY&PRM �[kOX_VdNOJLhbfoX ~P M T�J[ZFhbJjJ

~F
PRfoU.T&K]Q`N2KOrR\�fED ∫∫

S1

~F · d~σ

~∇ · ~F = 5

SEJL\¶Y
5
X9JLY9k¯\�Y&foV¼H�QWV¼V�H�mOJLSFV¾k(cuV�PD PRQ`PRK]Vs­�T�N�V�mOJLQWr©¦9Z�r
n2 = (0, 0,−1)

noH
~F · n̂2 = −4 + 3yz − 5yz2

⇒
∫∫

base

~F · n̂2dσ = −4 · 1

4
= −1

VdNOQWMdT&Q`YIVsX:rl\�YIfoV
5 · V = 5 · 1

4
· 10 · 1

3
=

25

6k(cuVdPl�[kOX
∫∫

S1

~F · n̂d~σ =
25

6
− 1

�LT&h{X$kÎ­9SGJL\�VÇ\¶Z�rRM
S
QWVdQ Ù��`�����I�ÊÙ��W�}���SGQWK]\�T&MdV£SFQ�JLnoVÂD T&SGJLQWV¼X:kOX�SF\�H ¬ ª9Y½SFQurRH�T&V�MTIrRH�k VdN�QW\�Q`V¡SFT&QWY&PÈX�ª¾T&mOJLfoV¡\(Z�rRM0V¡H�Q`V

ωX$r°cWX�NOJLU�cWVdJF  SFQurRH�T&X SFQWPR\�Q
S1 X$ª S SFH ¬ Q`X$QuZFMD

µ (ω)
VdX:rl\¶Z�rRVsH�JLV

ω

Quk × D.JL\�Quk]JLV X$QWU�TIS
µ (ω) =

∫∫

S

cos θ

r2
dσ

=

∫∫

S

1

r2
∂r

∂n
dσ

�jJLTISGY
∂r

∂n
= ∇r · n̂
= r̂ · n̂
= 1 · 1 · cos θ

�[kOX
∫∫

S

cos θ

r2
dσ =

∫∫

S

1

r2
∂r

∂n
dσ

=

∫∫

S

1

r2
∇~r · d~σ

=

∫∫

S

~r

r3
· d~σ

~∇ · ~r
r3

= ∇ · (x, y, z)

(x2 + y2 + z2)
3
2

� 3 � ��� �����5t èRê�ð�e�í�ê ï F
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=

(

x2 + y2 + z2
)

3
2 − 3x2

(

x2 + y2 + z2
)

1
2

(x2 + y2 + z2)
3

+

(

x2 + y2 + z2
)

3
2 − 3y2

(

x2 + y2 + z2
)

1
2

(x2 + y2 + z2)
3

+

(

x2 + y2 + z2
)

3
2 − 3z2

(

x2 + y2 + z2
)

1
2

(x2 + y2 + z2)
3

=
3
(

x2 + y2 + z2
)

3
2 − 3

(

x2 + y2 + z2
) (

x2 + y2 + z2
)

1
2

(x2 + y2 + z2)3
= 0

V�X�QukOMÂH�X:r¿V�T�JLU.P¿VdmOJLK]h
S
r X�X$U.KVdN]JLhEfoX ¬ Q`foJjJLQWk2¦&JLP¾�LQWHsrRQ�n�HeQWkdº

0
SFH�[kOXÔD SFQurRH�T&X

S
�LQWK½hE\�T&MÔrRQbnoH ¸ SF\�H

³ rRM0K�SFH ¬ P¨JL\¶r 0 < ε < d
V�Y&Q`X:k_rRQ 

S
Q�cWª�\¶Z�rRM T&Q`N�U.fA�[kOX¾D SFQWriH�T&V�M©\(Z

³ V0J�SFQWriH�T&Vs­�T�N2�LT&h£X:r Bε
X$ª X:ZFQ`V�VD V�noVs\(Z�rRM0V~X$rlSGJLfoY�NX$X9J[kOVe¦�Z�rRVsnoH

∫∫∫

V

∇ · ~r
r3

=

∫∫∫

0dV = 0

SFH¾X$QukOMÔH�X:r¤\¶Z�rRXzX�QWK]hbMqV0N&rRVÔ�[k]J­9T�N½¦9Z�rRV¼�[kOX�J D ¬ r
0
�[kOX9J

Bε
SGH�J

SSFHÔKOrR\�X®hbQWY&PRM¯�[kOXzD VdJjJ[r
S
­9T�NOJ

Bεn�H
Bε

=

∫∫

Bω

~r

r3
· d~σ

=

∫∫

Bε

1

r2
dσ

=
1

ε2

∫∫

Bε

dσ

=
1

ε2

∫∫

Bε

ε2 sinϕdθdϕ

=

∫∫

Bε

sinϕdθdϕ

= µ (ω)

¬ QWQ`hESFM
S
T�JLU.PÇ\¶Z�rRM X:kOX:r JLH�T&V X$QWU.T&S

∫∫

s
~r
r3 dσ =

{

4π 0 in S spher

0 else

¦�Z�rRV
∫∫

sε

~r

r3
· n̂dσ =

∫∫

sε

r

r3
dσ

=
1

r2

∫∫

sε

dσ = 4π

n̂ (p)
D
V
X$r£VdY9rRV�H�JLV±r¼T�JLU.P£\¶Z�rRM

S
X�QWU.T&S

p ∈ S
X:kOX

S
XeQWX$M0T&JLf�VdN�Q`\�QëT�J[ZFhbJjJT�J[ZFhiJjJLVdJ

n̂ (p)
�LQWK�SFQ�JjJLn�V

α (p)
D ¸ QWf}JLm�QW\�ºr©JLH�T&V

p ∈ S
X:kOX ~̀ ªIJLK(hEV

∫∫

s

cosαdσ = 0

�jJLTISGY
∫∫

s

cosαdσ =

∫∫

s

l̂ · n̂dσ

=

∫∫

s

l̂ · d~σ

=

∫∫∫

∇ · l̂dV

=

∫∫∫

0dV = 0

¸ SFQ`K]K²\¶k]JLQ�ºë�LQ`TIUESGJLQ`JLVdn
V�f}J[rRH�TIV¯�LQ`T&UGSGJLV�nzD C

∫∫∫

(

φ∆ψ + ~∇φ~∇ψ
)

dV =

∫∫

φ~∇ψ · n̂dσ

�LQWT&UGZFYIrRMÕD a
∫∫∫

(φ∆ψ − ψ∆φ) dV =

∫∫

S

(

φ~∇ψ − ψ~∇φ
)

· n̂dσ

(∆ ≡ 0)
Ù±�}�.�}�}��� Ä Ù��}��xdÒ��}�}�®��þ¢Ù����}�}Å�Ù

∫∫

s
∂u
∂ndσ = 0

D C
S = ∂V

X$ª�SGJjJ[r¨J ¬ JL\�SFKeSEJLQWf}JLMdT&V
u, v
¬ HÖD aD

V
X:k²X$ªµSGJLVdNOn�M ¬ VsnoH

SGQWf}JLMdT&V
u
¬ H0r \�QWk]JLV�X¢hbQWY&PRM \¶k]JLV

u ≡ 0
\�T9kOVdKen�H

S
X$ª�SGPRYIH�SFM�JD

V
X:k�X�ªV�f}J[rRH�T&V¯�LQWT&UESEJLV�nGYOcWª

∫∫∫

(

u∆u+ ~∇u · ~∇u
)

dV =

∫∫

u~∇u · n̂dσ

⇒
∫∫∫

(

0 + ~∇u · ~∇u
)

dV =

∫∫

u0 · n̂dσ = 0

⇒
∫∫∫

∥

∥

∥

~∇u
∥

∥

∥

2

dV = 0

⇒
∥

∥

∥

~∇u
∥

∥

∥

2

= 0

⇒ ~∇u|V = 0

u|V = constD
u = 0

�[kOX�J
0
V�YIriVsX$ªz­�T&ªIVdJ
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cWV�YIr¹cÔX$ª9KÈQ`NONOm·JjN × I \(Z�rRM S
PRhiJ[ZFP¾ZFYIrRMT&QWnoU3VdN&r

f ∈ R3 7→ R3 QWV�Q�J ∂S = C
S
SGH¯V�X$QWkOMdV�Vd\�JLSGY2V�mOJLK(hEKzSGJLY&QWm�T&KnoHÃ  cWJLSGY9r¹c`J
∫∫

s

(

~∇× ~F
)

· d~s =

∮

∂S

~F · d~r

Q`YIXÔªIK]hbQWf X$H�M�rÓ¦9U.H�KlX$MdT�JLfoVÕTIriH�kD
c
X�ª2�jJjJLQukOX SFQ`PR\¶Q��LQ`MdQ�N�Q�X$X:k

SGJLH�M0U�JjN
TIriH�k ~F = (−y, x, 1)

D C
S =

{

(x, y, z) |z = a2 − x2 − y2, 0 ≤ z ≤ a2
}

X$H�M�rl¦9U�H ¬ QWKOrR\�M ¬ H
~∇× ~F = 0x̂+ oŷ + 2ẑ

n�H
~N = (−∇z (x, y) , 1)

= (2x, 2y, 1)

∫∫

S

(

~∇× ~F
)

d~s =

∫∫

(~∇×~F)·n̂ds

(

~∇× ~F
)

· n̂ds

=

∫∫

x2+y2≤a

(0, 0, 2) ·





2x
2y
1



 dxdy = 2πa2

X$U.ªIMdVsH�QWVsV�YIrRV
x2 + y2 = a2, z = 0

~C = (a cos t, a sin t, 0)

~V = (−a sin t, a cos t, 0)

~F (c (t)) = (−a sin t, a cos t, 0)

Q`JjJLhbVsX$T&U}ZFfoQWH�V
∮

C

~F · d~r =

∫ 2π

0

~F (c (t)) · ~vdt

=

∫ 2π

0

a2dt

= 2πa2

��tw� ��� �����5t èRâ�ß ìuí^é ï K

X:r
C
¬ JLhEªIVe­�T�JLH�X®X$T&U}ZFfoQWH�V~SFHÃJLK]ri\¤D a

∮

C

(y − z) dx+ (z − x) dy + (x− y) dz

Q�cWªµT�N�U�JLM
c
TIriH�k

{

x2 + y2 + z2 = 36, y =
√

3x
}

KOrR\�f
~∇× ~F = (−2,−2,−2)

PRhiJ[ZFP¾YOcWªµKOrR\�fE�[kOX
n̂ =

(√
3,−1, 0

)

√
3 + 1

=
1

2

(√
3,−1, 0

)

⇒ ~∇× ~F · n̂ = −
√

3 + 1

­9SGJL\~Quk�V�Y&QWX$hbV½X$rlH�JLVsT�J[riQ`MdVsX:rlP¨JLQ`N�T&V�[kOX�J0T�JjN�UiX$U.ªIM¯�[kOX�JdSGQurRH�TIVsSFH
S = πr2 = 36π

k(cWV�P
∫∫

s

(

~∇× ~F
)

· n̂ds =
(

−
√

3 + 1
)

36π

VdK(J[rRSFV ¬ JLhbªIV§�jJjJLQWklSFH»JLTI\�K°H�X:rÈT&\�H�M�LMdQ`P¾Q�N�Quk²N�ªµH�QWV
∫∫

S

(

~∇× ~F
)

d~s
SFHÃJLK]ri\ X$QWU.T&S

~F = (y, z, x) , S =
{

z =
√

x2 + y2, 1 ≤ z ≤ 2
}

¬ QukOT�N�QWf�r
P¨JLH�UiSFT&n�ªIK°D C
PRhbJ[ZFP©SFT&n�ªIK°D a

�jJLTISGY
noH ~E = ~∇× ~F

�LM0PRf ¬ HÖD C
∫∫∫

∇ · ~EdV =

∫∫∫

0dV = 0

c ¬ QWPikOM�cWV²­�T�N�¦�Z�rRX|VdJjJ[r
S
­9T�N1¦9Z�rRV_�[kOX�JD \�Y&f�VsX:rQuk�K]X ¬ QWrRf

~∇× ~F = (−1,−1,−1)

~n1 = (0, 0,−1)

p C



X�V0JjJ[r ~S1
VdPikOMdV ­9T�N ¦9Z�riV TIM�JLX:k¬ U�J ∫∫

S1

~∇× ~Fd~s = 4π

~n2 = (0, 0, 1)

⇒
∫∫

S1

~∇× ~Fd~s = −π
∫∫

S1∪S2

(

~∇× ~F
)

· d~s = 3π

�jJLSF\�SFVeX�U.ª9M0Vsn�HÖD a
C1 = (cos t, sin t, 1)

V1 = (− sin t, cos t, 1)

∮

C1

~F · d~r =

∮

ydx+ zdy + xdz

=

∫ 2π

0

(

− sin2 t+ cos t
)

dt

= −π
D
4π
QWf�rRVs­�T�JLH�X®VdNOJLK(ª9V¯�LY�JLHÃJLSEJLH�K

¬ JLhEªIV H�JLV
C

X$QWU.T&S
{

x2 + y2 = 4z2, x2 + z2 = 1, x ≥ 0, z ≥ 0
}

(0, 2, 1)
VdNOJLhbf�X

(0,−2, 1)
VdNOJLhbfoV�MSFHÃJLK]ri\

∫

C

z2dx+ y2dy + x2dz

¬ X$SFriMePRhiJ[ZFP ¬ H¯hiJjN�K(f �jJLT&SFY
~∇× ~F = (0, 2z − 2x, 0)

X$T&U}ZFfoQ`H�VYz ¬ JLhbª9V°­�T�NÔX$T&U}ZFfoQWH�VlnoHK]ri\�fb�[kOX�J
0
H�JLV ~C2 = (0, t, 1)

JLKOr
C2D TIrRQWVe­9T&N�X$T&U}ZFfoQ`H

∫

~F · d~r =

∫ 2

−2

t2dt

=

(

t3

3

)

|2−2

=
16

3

p a


