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� G�G�GHG�G GHG�GHG�G�GHG G�GHG�GHG�G GHG�G�GHG�G�]HKNYd[(ILK{e h�YZK�K�]�KNYZ] OVI�]�KNWs] ^<o�� �<[(I�OtS
K{y QaG b
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� C��~� �
rsYdg�c�_`o�rsYd^�KNh�YdI�o�[;yz�Jc�h MPS�h�O

ds2 = dx2 + dy2 + dz2 oVWHYde OV] O3M
 ¢¡3£`¤J£$¥E¦�§/¦�¨q©Jª
«

|v| � c
R�YZS�I�rsYd^�KNhJYZI�o�[(yz�Jc�h  ¢¡3£`¤J£$¥E¦�§­¬dª+®

]�KNS
K{yX[;mxrsYd}�KN�¯Yd_fm�rHYZOVYdYZW ]�KNS
K{y
h�h�}v� Yd[\OVh�KN_H°JK{yEYdS|± ^<}�Ot[(mx]�KNS
K{y²G Q

oq[\KN^Jg�o¯oqYZ^<M+[X��KNhJ]�gJo�G YZ_fYZ^<h�}³S
K{y�� Y¢e _`}�O�S
K{y�� YZ[(OqmnSUS�K{y�� oVYdc�e YdM+h�}�± WsKNS�h�O¯]�KN[<KN^<g
G F
G �NI%y���KNYfR�M�ST_`p$KNO|] M+KN}�]��NO3p [;m�]�KNY¢e _`h�oVKNW�h���KNS|G oVR�mxY`´¢^�hJ]�gJ_HWsKNS�h�O

G rsYdh�K{e WvK{yzrsYd}�oq_`] O|]�KNS
K{y

~F = m~a
�{yE[�G oq�nOtYf´d^�] YZhJg��nOt] }�cEKNOµj

Inertia
u�oqYZc�hJ_`YZI

¶ ·�¸¹¶Lºsºv»½¼V¾¿¼qÀ�·ÂÁvÃsÄ-Å=Á Æ=Ç�Æ
f = mẍ

R�S�I�R�O3Oth�KNMP^ ~F = dm~v
dt

rHYfR�OVO|o
m�KN[;mnM
hJYfR�}�_LYZpfI�jlR�MP[(M

x
M�oqYfKN[(]�oqYdc�Ws_$KNg
u

f (x)
S�Yd_`_

V (x) = −
∫ x

a

f (ξ) dξ

]�Y¢e _`YdWwoqYZ}�h�_`IÈh�YZR�}�_

T =
1

2
mv2 =

1

2
mẋ2

[(M+WH_ p`ILK
dV

dt
=

dV

dx
ẋ = −f (x) ẋ

= −mẍẋ
dT

dt
= mẋẍ

⇒ dV

dt
+
dT

dt
= 0

⇒ E = V + T = const

G ��K{mnI%hz[(h�}$e _`YdI�G oq^JKN_`] ot[(m���K{mnI�hJot^�KNMPWso�I%YZo
mx]�[([\K{yEoÈoqYZ}�h�_`I%o�] I�p$K

ẋ2 =
2 (E − V (x))

m
∫ x

x0

dx
√

E − V (x)
= ±

√

2

m
(t− t0)

2
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oqYZh�KNg�h�K{eUS�] g�[��N] YZ_ h�KNpfS�O3oÈ�NOVp YZgJ[��{yE[�] Ydh�KNp`S�Ot]�KN}�oq_`] o|oqYZoq]�[(I�Ydc�_fe�KNg�h�KNM+M

x (t) =
a0

2
+

∞
∑

n=1

(an sin (πn) + bn cos (nπ))

Emin
[�WsYdg��nO�M+KNh�W

E
h<mnI%y�Yd[([;yX�Ng�KNI�M

V (x) = V (x = xm) +
1

2

(

d2v

dx2

)

(x− xm) +, , ,

V (x) = c1 + c2 (x− x)2

]�Yd_$KNOVh�o|oqYdoV]
x = xm

MPYdM+��oq^�KN_`] oÈ�{yE[
E = V (x)

E − V (x) = 0

X = α− β cos θ

h�KNp`S�OÈ�NOVp
P
rsIÈYdp`I

β = b−a
2 Ï K α = a+b

2

mx]HKNI%h�[�[(W
√

2

m
P = ±2

∫ b

a

dx
√

E − V (x)
= ±2β

∫ π

0

sin θdθ
√

E − V (α− β cos θ)

E − V (α− β cos θ) ' E − V (α− β) +

(

dv

dx

)

x=a

β sin θdθ

=

(

dv

dx

)

x=a

β sin θ∆θ

x ≈ a

√

sin θ
(

dv
dx

)

x=a

YZ[([;yX��KNh�] g�[~oVYdh�KNg�h�K{e�Ydp`I

ζ =
2πnt

P
;X =

a0

2
+
∑

an cos (ζ)

a0 =
1

π

∫ 2π

0

x (t) dζ =
2 (b− a)

π

an =
1

π

∫ 2π

0

x (t) cos (ζ) dζ

=
1

π

∫ 2π

0

x cos (ζ) dζ

=
2

nπ
x sin (nζ) |2π

0 +
1

nπ

∫ 2π

0

dx

dζ
sin (nζ) dζ

=
2

nπ

∫ b

a

sin (nζ) dx

a1 � an;n = 2, 3, ...
h�KNM+^�Ydp`I

X = A+B cos

(

2πt

P

)

ÐfÑ`Ò ÓfÔ$Ò ÐZÔ$Ô$Õ�Ön×(ØJÙ¿Ú�×<Û
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(a, b)
]�KNYd[(O3h�KN_`KN]�h�KNI�]�KNYZc�WH_$KNg�] h�R���mvYdm¯S�Yd_`_njÜoqYZYdh�KNg�YZh�K{eUR�O3[~I�[;m
YdO3[Pu h�M+�no

∫ b

a

uiujdx = δi,j =

{

1 i = j

0 i 6= j

YZo
mn[;yXoqYdc�Ws_$KNgÝh�KNMP^XjÞe h�MP[\Ydo�MPS�h�OHu
YfR�OVO ∞ M+STh�O3M

f (x) =

∞
∑

n=0

anun (x)

±
ai
ILKNc�OV[�oqc�h�_HrHI

∫

uif (x) dx =

∞
∑

n=0

an

∫

unuidx

= ai

rsYdI�_`] o�] I�]�KNO3YdYZWHOÈ�NoVK
sin, cos

�No�]�KNY¢e _$K�KN[(h�otoqYZc�WH_$KNg�otKN_`[(c�I

∀n,m ∈ N;

∫

sinmx cosnx = 0

∀n,m ∈ N

n 6= m
;

∫

sinmx sinnx =

∫

cosmx cosnx

�NOVp`M

t = ±
√

m

2

∫ θ(x)

0

β sin θdθ
√

E − v (α− β cos)

Ydp`I
Φ (x) = sin θ√

E−V (α−β cos θ)

�NOV�n_�rHI

Φ (x) =
d0

2
+

∞
∑

n=1

dn cosnθ +

∞
∑

n=1

cn sinnθ

cn =
1

π

∫ 2π

0

Φ (x) sinnθdθ

=
1

π

∫ 2π

0

sin θ sinnθ
√

E − V (α− β cos θ)
dθ

dn = ... = cos θ

KN_`[(M+YdWwYdp`I

t = t (θ) = β

∫ θ

0

(

d0

2
+

∞
∑

n=1

dn cosnθ +
∞
∑

n=1

cn sinnθ

)

dθ

=
(m

2

)
1
2

β

(

1

2
d0θ +

∑ dn

n
sin θ −

∑ cn

n
cosnθ

)

p`ILK
d0 � dn, d0 � cn

S�Yd_`_

t =
β

2

√

m

2
d0θ

x = α− cos θ = α− β cos

(

2
√

2t

β
√
md0

)
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£$æ Í�ÎdÍ�ÎÜç
[\MPWs_Loqh�KNW�oqp�rsI�G

f (ẍ) = mẍ
mnRESTotM+c�OVMXG

f (x, ẋ, t)
YZp`I

f (x) = mẍ
e�K{mng�otMPc�O3M

m (ẍ1 + ẍ2) = f (ẍ1) + f (ẍ2)

ẍ3 = ẍ1 + ẍ2
oqcEKNI�]wh�KNM+^\m�rHYdyEYdh�c�KN_`I�[(MPI

mẍ3 = f1 (ẍ3) + f2 (ẍ3)

m (ẍ1 + ẍ2) = f1 (ẍ1 + ẍ2) + f2 (ẍ1 + ẍ2)

ÐaèHé ¸sê è »v·�ë3º Æ=Ç¢ì
OUhJYfR�}�oq[z�N] Yd_íG

x (t)
^JK�R�Y

ẋ (t = 0) , x (t = 0)
��KN] _nrsIw�{yE[|G oVcEKNI%]�oU[(m²oqYdc�Ws_$KNgX]�KNYdoq[�[\K{yEYvI�[�S
K{yEo

G oqp`I�g�otMPS�h�O|I�KNotoVp MPS�h�OtG MPS�h�O
(p = mẋ, x)

E (x, ẋ) =
ILKNoÝ[<KN[(�nOVo�pfIzoqYZ}�h�_fI�] h�OqmnOz]LyEh�^<O3oÝrHItG ] YZh�KNpfS�O�oq^JKN_`]­Y`´¢^7h�cEKN_Th�KN}��t[<KN[(�nO½h�KN}��x[\KN[\�nO

p = 0
oqM�� Ws_ �JYdWsoq[îM+YdYZSXh�KN}��x[\KN[\�nOÈG

const

[\W�mnOtYZK�KNYdm¯]�REKNWs_
KNI
R�S�IvuHrsYd^J_ïrsYdOVYZ_`gJo�rsYd[\KN[\�nOVow[;yÈoqM+YdM+�vmðoVREKNWs_ï]�OVYdYZW²h�KN}��½[\KN[(�nO�°<KN] M oqMPYZc�Y

p = 0
[(^Ý]�I%c�O3_�I�Ydo|G jÜh�]�KNY

WsYdWs[(S�o�] ^�KN_`]wG ] I�pZy�[(WHmnOtYZK�KNY¢m�]�REKNWs_ I�Ydo�rsKNO3Yd�nWsO�mvY�oqYZ}�h�_`I%[�KNM�rsKNWsOVM�oqM+Ydc�Y�Yd] [\M
]�KNh�p`}�_`MzoVYZKN[(]�oq_`OVO

G
p = 0

oVM/oVREKNWs_`oÈ[(^�]�KNYZoq[�] M+YdYZS�oVRPKNWH_`o¯G o
yEh�R/^<_�j∞ u%rsYd[\KN[\�nO�h�g��nOqm²oVREKNWs_Ý]�KNYZh�[\KN}�_`Yd�x]�REKNWs_
G ] Ydh�[\KN}�_`YZ�x]�RPKNWH_HI%[�] I�p$K3^<_`]��JKN}�[îmnYL] h�S�I

«+¤�¨Vä3«­ f§�Ë�ä�¤zäq£�áï Zñ-©�§T¤�£s«+¤�¨VäV«/ Z§�Ë�ä
¤zä
£�á7 dñ-©�òÜä
£$ d¡V£�§�æ�ä
£$ Zó+¦ Í�ÎÜçBÎdÍ
oq_$KN] _

f (x) = mẍ

x (t = 0) = x0

ẋ (t = 0) = ẋ0

h�KNM+^�� oq[(I%mnot] [(I%mn_�Ydp`I
f (x) = mẍ

x (t = 0) = x0 + ε

ẋ (t = 0) = ẋ0

G oq_$K{mvI�h�otoqYZ^<M+o�[(m���KNh�] g�[�] Yd_$KN[(YZ�ng�I�WsYdg��nO�MTKNh�W���KNhJ]�gJotrsI�o
]�KNYde �nYd_`OVhJe�RU]�KNYd^JMPMôG oq_$K{mnI%h�o²oVYd^JMP[|] Yd_$KN[(YZ�ng�IðMTKNhJW���KNhJ]�gJo²KN[\I3y�]HKNYd^JMPM�]�KNY¢e �nYZ_fO3hJe�R�]HKNYd^JM
�NOVp`o�h�R��x°JKNg�Ydo
m
I�Ydo�]�KNY¢e �nYZ_fO3hJe�R�]�KNYZ^<MX[(mxrsYd_`OVO3�no�R�S�I�G mnI�h�OÈrsYd^�K�R�YLR�Yd] ^JoVK%h�MP^Jo

G YdhJmng�I���KNh�] gzI%YZo
YZK�K{mvyE^Jo�MPc�O3o�oqWHYZOV_`YZRPKNOVh�] M|oqOV}�K�R�[xG [\K�RE}�YZKN_`Y¢mõhJh�KN}��{e W1YZKN_`YdmõKNMtMPc�Ow]HKNYdoq[X[\K{yEY�]�KNYde�KNI%y�]HKNYd^JM

G oq[(S�] oÈYZI%_`] M�YfKN[(]�I%[�p`}�o�[;m
ÐZö$Ò ÓfÔ$Ò ÐZÔ$Ô$Õ�Ön×(ØJÙ¿Ú�×J÷
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ø «TªTña£$ù
ẋ2 + x2 = 1

x (t) = sin t, cos t

2ẋẍ+ 2ẋx = 0

ẋ (ẍ+ x) = 0

h�YZR�}�_�G
ẋ = 0

h�K{e [(Yd��KNIU[;m��JKNh�Ydc�KN_`[(MPYZW
ẋ2 + x2 = 1 + εt

2ẋẍ+ 2ẋx = ε

ẋ (ẍ+ x) = ε

⇒ ẋ 6= 0

G
ε
[;mxYfKN_fYdmx[;yE[�oq^�KN_`] MX[\K�R�}vYfKN_fYdm¯mnY�p`I
ÁnÄa¾�À�¸vÄ�ú³ëq¾�Ä-Ä�Á�Äa¾aÁ�ºv¸õÁ�ÄB¼LÁnÃ è¹ûýü ÀL¸vº²·nÄ-þ Æ=Çdÿ

rsYd[(^�KNg�G STeLmnOVo�[(^�WsYd[(S�oq[~�\[\KNI�O|WsYdWs[(S­G °<K{yEYZS/�NYdIth�O%KN[;y�� Ws[(S
Φ (x, y, z) = 0

STeLmnO�]�I�K�K{mnOtoq_$KN] _
]�KNS
K{ytF

oVYdc�e YdM+h�}�oqO3}�K�R�[ Ï Yd_$KNc�YdS F G Q
h�O%KN[;yzo3REKNMP^�o
m�KN^ÝI�[Ý�<KN[(YZI�o�S
K{yXG h�K{mvYZOVot[(^�WHhÝ^�KN_`[�WHYZWH[(S�o�] I��<[(I�O Ï �<KN[(YZI�S
K{y F c G F

W =

∫

~F c · d~r

�{yPKNOqy ~F c ⊥ d~r h�O%KN[;y

(Φ (x, y, z))⇒ dΦ (x, y, z)

t
=

∂φ

∂x
ẋ+

∂φ

∂y
ẏ +

∂φ

∂z
ż = 0

⇒ = ∇φ ·∆~r = 0

∇φ =

(

∂φ

∂x
,
∂φ

∂y
,
∂φ

∂z

)

Ydp`I
~F c ∝ ∇φ

G oVREKNM+^�o
m�KN^ÝS
K{yEot] YZ[(^<O3MXS
K{yz[;mnO3[ÝG oVREKNMP^�o
m�KN^�S
K{yEotp`I Ï �NOVp`M�YfKN[(]��JKN[(YdIÈS
K{y1G b
h�O3KN[;y­G oVREKNM+^�o
m�KN^ÝI�[�] YZ[(ILK{e hJYfK%oqWH]�^<o Ï ] Yd[\I�K{e h�YfKVoqWs] ^JoqM

W =

∫

~F c · d~r = 0

[(M+WH_�Ydp`I
∂φ

∂x
δx+

∂φ

∂y
δy +

∂φ

∂z
δz = 0

] YZ[(^JOVo|h�KNMP^Ý[;mnO3[
dz − wdt = 0

G ] Yd[(^JOVot]HKNhJYZoqO
w
hJmvI%y

6



G ILKNgJW
t
hJmnI3yX] Ydmn^<_fmx]�Yd[(ILK{e h�YZK

δż = 0
mxREKN^JM­] YZ] OVI�oqWs] ^<o

ż = w
«TªTña£$ù

� rs[;m�[(I�Ydc�_`h�gJYfR�mvYLrsI�o�oV[(I%mvot]�[(I%mv_zG �
a (x, y, z, t) dx+ b (x, y, z, t) dy + c (x, y, z, t) dz + p (x, y, z, t) dt = 0

∂ψ

∂x
= a

∂ψ

∂y
= b

∂ψ

∂z
= c

∂ψ

∂t
= t

]�KN}�h�R�Yd]LmwmnYfK
YdO3h�KN_$KN[\KNo|�JKN[(YdIÈoVI%h�Ws_�oqpfy��<KN[\YdItrvKNYdWwG ] I�pfy
ψ
] OVYZYdWUpfItrs[;m�[(I�YZc�_fh�g�YZR�rHYZYdW

] IUR�Ydh�KNoq[��N] YZ_ Y¢y�mng�KNS
mẍ = f1 (x, y, z, t)

mÿ = f2 (x, y, z, t)

mz̈ = f3 (x, y, z, t)

G ]HKNI�K�K{mnOUYd]Lmn[
G
(x0, y0 + ∆y, 0)

[(^�MEm�KNYEh�K�R�yEo­F%�NOVp`M~�ÞQ��NO3pfM
(x0, y0, 0)

oVREKNWs_`M
x, y

h�K{mnYdO�[(^�MEm�KNY¢m|h�K�R�y5��KN] _ «TªTña£$ù
�lj
(θ0, ϕ0 + ∆ϕ)

[³hJM+^
(θ0, ϕ0)

h�K{mnYdO3M�^<}�O3o�]HREKNWH_3h�K�R�yEoXh�K{mvYZOVM%u�r�mn[³[(}�[\}�] o�ILKNozhJmnI%y
G
(θ0 + 2π, ϕ0 + ∆ϕ)

K
(x0, y0 + ∆y + ∆y2)

���NOVp`M+KE�
(θ0 + π, ϕ0 + ∆ϕ) Ï K (x0, y0 + ∆y, 0)

b �NO3p`M
m1,m2

]�K�KNc�WHMX]HKNh�K{mnWHm1]�KN�nOtYd_fm�K
a (t)

°<h�KNI�M�e�KNOÈ��KN] _ «Tª+ña£$ù
(x1 − x2)

2 + (y1 − y2)2 + (z1 − z2)2 = a (t)2

pfILKVI�KNg�W¯�NO3p`o�S�Yd_`_
φ = (x1 − x2)

2
+ (y1 − y2)2 + (z1 − z2)2 = R2

Ydp`I
F c

1 ∝ ∇φ = ((x− x0) , (y − y0) , (z − z0))

m1r̈1 = ~F1 + ~F c
1

m2r̈2 = ~F2 + ~F c
2

~F c
1 = − ~F c

2

m
°(y
λ (t)

rHYZYdW�Ydp`I
F c

1 = λ (t) ((x− x0) , (y − y0) , (z − z0))

m1r̈1 = ~F1 + λ (t) (x− x0, y − y0, z − z0)
m2r̈2 = ~F2 − λ (t) (x− x0, y − y0, z − z0)

jl�NO3p`M�]�KN[\]�[([;yEM%u�mng�KNS�]�KN}�h�R�mvm�h�I%mn_H�NI%y
ÓfÒ Ó$ÓfÒ ÐZÔ$Ô$Õ
Ön×(ØJÙ¿Ú�×��
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h�KNMP^
m~̈r = ~F + ~F c

(

m~̈r − ~F
)

· δ~r = ~F c · δ~r = 0

�nS�YdM�] Y¢e _`I�Ydh�KN_`I
]LyEh�^<O3o¯rsI G
δ~r = (ξ, 0, 0)

S�WsYd_$K ~F = ~F (0, fy (x, y, z) , fz (x, y, z))
��KN] _ «TªTña£$ù

G hJOVmn_Zm�[\REKN}smnYL] Yd[\I�K{e h�YfKVoqWs] ^Joq[
mẍ = 0

mẋ = p

oVYdc�e YdM+h�}�oVR�mnMXh�K�R�y�Yd_`gÝ[(^�^<_HWHYZWH[(S «TªTña£$ù
x2 + y2 + z2 = R2

xδx + yδy + zδz = 0
~F c = λ (x, y, z)

mẍ = λx

mÿ = λy

mz̈ = −mg + λz

�{yE[zj
x, y

YdM+}�[~] Y¢e _`YdI�h�KN_`IÈ]LyEh�^JOVo�u3oq_fmnY%I�[
x, y

YfKN_fYdmx�{yE[�G
x, y Ï M�YZKN[(]wI�[�Yd_$KNc�YdS�o�S
K{yEo

xδx+ yδy = 0

[(YZgJyE_
y (mẍ) = λxy

x (mÿ) = λxy

⇒ m (ẍy − ÿx) = 0

⇒ l = m (ẋy − xẏ) = const

G
z
��K�KNY¢yEM�Yd]�YZK�KNp`o|rsK{e _`O3KNO3o|MPY¢yEh�] I�KN_`[(M+YdW

]�Y¢mnOVOtoqWs] ^Joq[�oqoqp�] Yd[(ILK{e h�YZK%oqWs] ^Jo½± �NO3p`MzrsYdYfKN[(]UI%[�rsYdcEKN[\YdI�o

v =
dr

dt
=
δr

δt ] Y¢e _`YZWHo�oqYd}�h�_`I�o

T =
1

2

∑

mi ~̈r
2
i

(

∑

(

mi ~̈ri − ~Fi

))

· d~ri = 0
(

∑

mi ~̈ri

)

· d~ri =
(

∑

~Fi

)

· d~ri
(

∑

mi ~̈ri

)

· d~̇ri =
(

∑

~Fi

)

· d~̇ri

8



] Yde _fYZWHo�oqYZ}�h�_fI�o�] h�p`}�_ Ydp`I
(

∑

mi ~̈ri =
dT

dt

)

⇒ dT

dt
=
(

∑

~Fi

)

· d~̇ri
rsYd_$KNc�YdS�o|]�KNS
K{yEotrsI

∇× ~F = 0

~F = −∇V
Ydp`I

dT

dt
=
(

∑

~Fi

)

· d~̇ri = −
∑

(

∂V

∂x
ẋ+

∂V

∂y
ẏ +

∂V

∂z
ż

)

= −dV
dt

⇒ dT

dt
= −dV

dt G oqYZ}�h�_`I%o|h�KNOVYdmxWvKNS­] IUKN_f[\MPYdW
��Ä�úïÀ3¾�º è À�����Ä¿ë ¼V¾�Ã è ìPÇ¢ì

G
δL = 0

m
°(y�oVREKNWs_`[~o3REKNWH_`Oth�KNMP^J[��N] Yd_�Ydp`I�G
L = T − V � p`_`hJ}�[î] YZYdc�Ws_$KNg oqh�R�}�o

~r (t) + δ~r (t)
] YZ[(ILK{e h�YZKLoqWs] ^JoÈrvK{mvh�[�]�KNhJmvg�I�mnYZK�YZ] OVI

~r (t)
[<KN[(�nO�mnY WsYdWs[(S�[;y­h�KNMP^ ��oqSTyPKNo

rsYd[(YZMPWsO�KN_`I%mvy
δr (t = t1) = δr (t = t2) = 0 (1)

oqWs] ^Jo�[(^�rHYZhJMTR�O�h<mnI%yXG
δ d~r

dθ

[(^�h�M+R�[~rH}s�N] Yd_HG [\KN[(�nOVo|rvKNYd��KVoq[(S�] o|]�K�REKNWs_
t1, t2

h�KNMP^
p`ILK

δt = 0
�NO3p`o�] IUKN_`Yd_`Y¢m¯I�[�rsYdS�Yd_`O|] Yd[\I�K{e h�YfK

δ
d~r

dt
=

dδ~r

dt
− d2r

dt2
δt =

dδ~r

dt
(2)

] Y¢e _`YZWHo�oqYd}�h�_`I�o
T = 1

2mv
2 hJmnI%y

δT =
1

2

N
∑

i=1

mi

[

(

~̇ri + δṙi

)2

− ~̇ri
]

=

N
∑

i=1

mi ~̇ri · δṙi +
1

2

N
∑

i=1

mi

(

δ ~̇ri

)2

Yd_fmno�h�R��no|] I�STYZ_`pf_�M+KNh�YdWsM

=

N
∑

i=1

mi ~̇ri · δṙi

[(h�}$e _`YdI�o�] I�S�] g�_
∫ te

ts

δTdt =

∫ te

ts

N
∑

i=1

mi ~̇ri · δṙidt

(2)⇒ =

∫ te

ts

N
∑

i=1

mi ~̇ri ·
dδ~ri

dt
dt

=

[

N
∑

i=1

mi ~̇ri · δ~ri
]te

ts

−
∫ te

ts

N
∑

i=1

mi ~̈ri · δ~ridt

(1)⇒ = −
∫ te

ts

N
∑

i=1

mi ~̈ri · δ~ridt

9



∫ te

ts

N
∑

i=1

~Fi · δ~ridt+

∫ te

ts

δTdt =

∫ te

ts

(

N
∑

i=1

~Fi · δ~ri + δT

)

dt

= −
∫ te

ts

N
∑

i=1

(

mi ~̈ri − ~Fi

)

· δ~ridt

KN_`[(MPYZWwhJM+OV[(ILR���KNh�WH^�YZg�[\K
∫ te

ts

(

N
∑

i=1

~Fi · δ~ri + δT

)

dt = −
∫ te

ts

N
∑

i=1

(

mi ~̈ri − ~Fi

)

· δ~ridt = 0

mvY�p`I�rsYdh�OVmvO|]�KNS
K{yEo
m1S�Yd_`_

δV = −
N
∑

i=1

~Fi · δ~ri

h�O%KN[;y
∫ te

ts

(

N
∑

i=1

~Fi · δ~ri + δT

)

dt =

∫ te

ts

(δT − V ) dt

KN_`[(M+YdW�Ydp`I�G ] YdyEh�^ Ï RES�]HKNh�RE}�KNOÈoqc�Wso�]HK�REKNWH_n� rHYZYdO%KN_`KN[<KNo�rsYdcEKN[\YdI�o|rHI

δ

∫ te

ts

Ldt = 0

L = T − V
G ] Y¢e _`YZWHoVKV] Yd[\I%YZc�_fe�KNgJo|oqYZ}�h�_`I%o�[([(}�M

L
(

~ri, ~̇ri

) hJmnI%y
G ]�KNS
K{yEO�oqWsYd_fyEOVo�] I�h�KN]�gJ[<K%�NI�YZpf_`h�}�[(o�] h�p`^<MXoVWHYZ_ZyEO3o�]�I�S��n_`[��NI%y��N] Yd_ oqh�^Jo

Ydp`IÈYdpfyEh�O|S
K{yz] ^JgJmnoqM­oqh�KN_�WsYdWs[(SXS�Yd_`_ oqOV}�K�R

T =
1

2
m
(

ż2 + ẋ2
)

V = mgz

L (x, z, ẋ, ż) =
1

2
m
(

ż2 + ẋ2
)

−mgz

ILKNo|Yd]�OVI�o|[\KN[(�nOVo hJM+�no

δ

∫ te

ts

Ldt = 0

∫ te

ts
Ldt

[~�nS�YZMzrvKNOVhJe �nWsI�h�O3KN[(y
]�KNh�^<o

G Yd] O3I�[\KN[(�nO�rH}sILKNo�YZ[(ILK{e h�YZK3[\KN[(�nOÈ[;y�Ydp`IÈrsYdYZO3KN_$KN[\KNo|rsYdcEKN[(YZI%o|[;y��$rsI G Q
�JKN[(YdI�o�Ydp`I�� ]LyEh�^JOVo�[;mõYd] O3I¯[\KN[(�nOw]HKNYdoq[�[\K{yEYnILKNo�j

Varied
uLoq_$K{mnOVo�[\KN[(�nO3owrHI G F

G YdO%KN_$KN[\KNo
� Ò Ó$ÓfÒ ÐZÔ$Ô$Õ! {Ön×(ØJÙ¿Ú�×#"
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~C · Ï K d~r = (dx, dy, dz)
h�KNM+^JK ~C = (a (x, y, z) , d (x, y, z) , c (x, y, z))

h�KNMP^ oqSTyPKNo
∇φ (x, y, z) =

�NYZI�h�O%KN[;y�oqYZc�h�}$e _`YdI�[î�N] YZ_�I%[~�<KN[\YdI�o
m¯S�Yd_`_�G �JKN[(YZI%o
d~r = 0G

cYZpfI
~c · δ~r = 0

rsYdYZWHO%K
~v = (ẋẏ, ż)

h<mnI%y
~c · ~v = 0

Yd] O3I�o�[<KN[(�nOVo
(~c+ δ~c) · (~v + δ~v) = 0]LyEh�^<O3o|[;m�YZhJmvg�I�Yd] O3IÈ[\KN[(�nOÈ[\MPWs_`KVYd_fmno�h�R��not]�I�S�Yd_`p`_
~c · δ~v + δ~c · ~v = 0 ] Yd[(ILK{e h�YZK3oqWs] ^JoqM
d

dt
c (a, b, c) · δ~r = 0

] YZ[(ILK{e h�YZK%oqWs] ^<o|YZMP}�[îpfILK
~̇c · δr + ~c · δṙ = 0 rsYdYZK{e YZMPo/mvh�g�o

~̇c · δr + ~c · δ~̇r − ~c · δ~v − δ~c · ~v = 0

~̇c · δ~r − δ~c · ~v = 0G Yd] O3I�[\KN[\�nOtrH}sYd[(ILK{e h�YZK�KNot[<KN[(�nOVo
m1��K�KNY¢yEOt]�I%p
rH}�K ~C = (a (x, y, z) , d (x, y, z) , c (x, y, z))

ȧ =
∂a

∂x
ẋ+

∂a

∂y
ẏ +

∂a

∂z
ż

rH}�K
~̇c = (∇a · ~v,∇b · ~v,∇c · ~v) Ydp`I

δ~c =

(

∂a

∂x
δx+

∂a

∂y
δy +

∂a

∂z
δz,

∂b

∂x
δx+

∂b

∂y
δy +

∂b

∂z
δz,

∂c

∂x
δx+

∂c

∂y
δy +

∂c

∂z
δz

)

YZp`I
(∇a · ~v,∇b · ~v,∇c · ~v) · δ~r − δ~c · ~v = 0

(

∂a

∂y
− ∂b

∂z

)

(ẏδz − żδy) +

(

∂a

∂z
− ∂c

∂x

)

(żδx− ẋδz) +

(

∂b

∂x
− ∂a

∂y

)

(ẋδy − ẏδx) = 0

oqWs] ^JoXh�KNM+^
~c ·~v = 0

�{yPKP] YdmnOVO­oqWs] ^JoXh�KNMP^
~c ·δ~r = 0

mUrHYZ^JREKNY3KN_fI��{yPKNOqy
�{yE[~]�Yd[(ILK{e h�YZK

C ∝ δ~r × ~v
= (ẏδz − żδy, żδx− ẋδz, ẋδy − ẏδx)
= (a, b, c) rvREKNWso|�<YZ^<�nM�MPYZc�_LrHI�h�O3KN[;y

(

∂a

∂y
− ∂b

∂z

)

a+

(

∂a

∂z
− ∂c

∂x

)

b+

(

∂b

∂x
− ∂a

∂y

)

c = 0

⇒ ~c · ∇ × ~c = 0rsKNYZWwMPYZYdS�O�KN_`[(M+YdWHmxYfK{e YdMPo
c = ∇Φ

rvK{yEYd�
]HKNYd[(I�Ydc�h�_`YdI�]�K{yEh�^<O3M­WshÝ]�KNOVYZW�]�KNYZh�K{e WvK�K%�No
m���K{e�KNYZ_n� ^JOÂG Q

jl�No
mn[;yX]�K{yEh�^JOVM­��K{yE_�YZ[\KNI%míu
δ
∫ xe

xs
Ldt = 0

hJmnI3y
L = T − V h�[(Ws�xKN_`h�R�}�oÂG F

Q¿Q



� é Å¿ë!$;À
Á�Ä¿¸vÄ-Ä%�­º ìPÇdÿ
R�YZh�KNoV[/�N] Yd_$K ∑N

n=1

(

mi~ri − ~Fi

)

· δ~r = 0
h�O3KN[;y�G jÜrsYdYdO%KN_$KN[\KNo¯S�Yd_`_au rsYdcEKN[\YdILKvoq^�KN_f]ð]�KNILK�K{mnO�]HKN_`KN]�_

G mng�KNS�]HKN}�h�R
h�MPYZI�[;y­oVpfM�oqpsYZKN[(]xYd] [(M

qi Ï oVKLh�S�I�O¯G rHYZYZKN[(]xYd] [\M
δqi

m¹°(y
q1, ..., qn

]�K{e _`YZREh�KNILKNW
]LyEh�^JOV[�h�KNM+^<_
G R�h�g�_fM��ng�I�] YLrvK{yE�nM

rso�]HKNI�K�K{mnO3o�Ydp`Iwj{Qïh�KNYdInuVh�RE_fYZ[(czg�´d^Ý^J_fmxWsYdWs[(S­��KN] _ oqOV}�K�R

]LyEh�^JOVoth�KNYdI�±ÜQ7h�KNYdI

mẍ = F c cosβ

mẏ = F c sinβ −mg
x2 + y2 = R2

δq2 = 0
�<KN[(YZI�o�]�I�K�K{mnO%K

q2 = x2 + y2 �JKN[(YZI%o|p`I�G (q1, q2) �<KN[(YZI'&Xmvg�KNS�]�KN}�h�R�FvmvYLh�O%KN[;y
pfILK

q1 = θ
h�YfR�}�_$K

x =
√
q2 cos q1

y =
√
q2 sin q1

�JKN[(YdI�[;yzp`ILK
k = 3N − J �NOV�n_�G

J < 3N
p`I�rsYdWsYdWs[(S

J Ï KVrsYdWsYdWs[(S N rHI¯� ^JO
i = 1, ..., J ; fi = fi (x, y, z, ..., xn, yn, zn)

�NOV�n_
i = 1, .., J ; qi = fi

]�KNYZKN[(]wI�[;m�[([(}�M­°<Ydh�c�h<mnI%y­G
qi
rso
mn[;y

i = J + 1, ..., 3N
rsIÈrsYd[;mnO3K

∂ (q1, q2, ..., q3N )

∂ (x1, x2, ..., x3N )
6= 0

oqWs] ^Jo�j
s = 1, ..., J ; dqs = 0

hJmvI%yVu�G �JKN[(YdI�ot]LmnYdh�R�[([\}�M
i = 1, ..., J ; δqi = 0

rsYdYdWs] O|p`ILK
± ] Yd[([(y

i = 1, ..., 3N ; dxi =
3N
∑

s=J+1

∂xi

∂qs
dqs +

∂xi

∂t
dt

�JKN[(YZI%o|YZI%_`]Up`I

k = 1, ..., J ;

3N
∑

i=1

∂fk

∂xi

δxi = 0

12



MPYZc�_ G Yd]�KNh�YZh<m
j = J + 1, ..., 3N ; δqj

p`I
δxi =

∑3N
s=J+1

∂xi

∂qs
δqs

]�Yd[(ILK{e h�YZKVoqWH]�^<o|h�KNMP^�p`ILK
�JKN[(YdI�MXKN_`[(MPYZW�mxoqOt] I

3N
∑

s=1

∂fk

∂xs

δxs =

3N
∑

s=1

∂fk

∂xs

3N
∑

i=J+1

∂xs

∂qi
δqi

=

3N
∑

i=J+1

δqi

3N
∑

s=1

∂fk

∂xs

∂xs

∂qi

=

3N
∑

i=J+1

δqi

3N
∑

s=1

∂qk

∂xs

∂xs

∂qi

rHYZYZKN[(]UYd]�[(MXrHYZO3R�WsOVoqm¯[([(}�MTK

=

3N
∑

i=J+1

δqiδki

�{yE[\K
i > j

[\MPI
3N
∑

s=1

∂fk

∂xs

δxs = 0

ẋi =
∑3N

j=1
∂xi

∂qj
q̇j + ∂xi

∂t

KN_`I�c�O Í)(;ÎdÍ Í�Îlç%(*(,+î¦/«�§
Ê�©�«
oqO3[

∂ẋi

∂q̇j
= ∂xi

∂qj

S�YdyPKN_�G Q
Ydg�[�YZR�YZYdO «�¨qæJ£�«

ẋi =

3N
∑

j=1

∂xi

∂qj
q̇j +

∂xi

∂t

∂ẋi

∂q̇j
=

∂xi

∂qj

∂ẋi

∂q`
= d

dt

(

∂xi

∂q`

) S�YdyPKN_�G F
Ydg�[ «�¨qæJ£�«

∂ẋi

∂q`
=

3N
∑

j=1

∂2xi

∂qj∂q`
q̇j +

3N
∑

j=1

∂xi

∂qj

∂q̇j

∂q`
+

∂2xi

∂q`∂t

=

3N
∑

j=1

∂2xi

∂qj∂q`
q̇j +

∂2xi

∂q`∂t

=
d

dt

(

∂xi

∂q`

)

13



] Y¢e _`YZWHo�oqYd}�h�_`I�o

T =
1

2

∑

miẋi
2

= T0 + T1 + T2+, , ,+Tn

T2 =
1

2

3N
∑

i,j=1

aij q̇iq̇j

YZK{e YZMPMzMPYdc�_
3N
∑

i=1

(miẍi − Fi) · δxi = 0

3N
∑

i=1

(miẍi − Fi) ·
{

3N
∑

s=J+1

∂xi

∂qs
δqs

}

= 0

Y¢y�M+[îrsY¢mn_

ẍi

∂xi

∂qs
=

d

dt

(

ẋi

∂xi

∂qs

)

− ẋi

d

dt

(

∂xi

∂qs

)

=
d

dt

(

ẋi

∂ẋi

∂q̇s

)

− ẋi

∂ẋi

∂qs

�NOV�n_

Qs =

3N
∑

i=1

Fi

∂xi

∂qs

G [([;yPKNOVotS
K{yEotYfK{e YdMP[~I�h�WH_$K
δqk

[(mxrvR�WHO3o
3N
∑

s=J+1

{

mi

[

d

dt

(

ẋi

∂ẋi

∂q̇s

)

− ẋi

∂ẋi

∂qs

]

−Qs

}

=

3N
∑

s=J+1

{

mi

1

2

[

d

dt

∂ẋi
2

∂q̇s
− ∂ẋi

2

∂qs

]

−Qs

}

=

3N
∑

s=J+1

(

d

dt

∂T

∂q̇s
− ∂T

∂qs
−Qs

)

· δqk = 0

⇒ d

dt

∂T

∂q̇s
− ∂T

∂qs
−Qs = 0

äV©<ª�á7ª�ä
æ�©JóPª�¦

δV = −
3N
∑

i=1

Fi · δxi

[\[;yPKNOVotS
K{yEot] I�MPYdc�_

δV = −
3N
∑

s=J+1

Qs · δqs

14



�{yE[

Qs = −∂V
∂qs

M+KN] yE[Ý�N] Yd_ p`ILK

⇒ d

dt

∂T

∂q̇s
− ∂T

∂qs
+
∂V

∂qs
= 0

[\MPWs_LpfI ä
£�©J f«Tª�¦­ Z£`¤�ä|§T¤
V - á1âEñ7¨q dË$Ë

d

dt

(

∂ (T − V )

∂q̇

)

− ∂ (T − V )

∂qs
= 0

°<KNg�oqoÈ��K�KNYdyEM�h�KNM+^<[�rsYd_`YZYd_$KN^<O/.�KN_`I 0 ®�Ë�©<ñ�¤�ä
£�§�£$£�á7ªP¤Ý¬¢£`¡V¤J Zª�«/¬¢£�©På< dó+ª�©�¦TóPª

δ

∫ te

ts

L (q, q̇, t) dt =

∫







n
∑

j=1

∂L

∂qj
δqj +

n
∑

j=1

∂L

∂q̇j
δq̇j + δt

∂L

∂t







dt

(

δt
∂L

∂t
= 0

)

⇒ =

∫







n
∑

j=1

∂L

∂qj
δqj +

n
∑

j=1

∂L

∂q̇j
δq̇j







dt (3)

∫ te

ts

n
∑

j=1

∂L

∂q̇j
δq̇jdt =

∫ te

ts

n
∑

j=1

∂L

∂q̇

d

dt
δq̇jdt

=





n
∑

j=1

∂L

∂q̇j
δqj



−
∫ te

ts

n
∑

j=1

d

dt

(

∂L

∂q̇j

)

δqjdt

= −
∫ te

ts

n
∑

j=1

d

dt

(

∂L

∂q̇j

)

δqjdt

oVI�K�K{mnO3[Ýh�KNpfS�_

(3) =

∫ te

ts

(

∂L

∂qj
− d

dt

∂L

∂q̇j

)

δqjdt = 0

⇒ ∂L

∂qj
− d

dt

∂L

∂q̇j
= 0

p`I�K3[([;yPKNOÈe _fO%KNO
pj = ∂L

∂q̇j

h�YZR�}�_
dpj

dt
− ∂L

∂qj
= 0

�{yE[<K dpj

dt
= 0

p`I ∂L
∂qj

= 0
rsI

pj = const

rsYZR�YZh�KNO�KNInu
G h�KNOVY¢m�YdWvKNS�rHYZhJYfR�}�O�]LyEh�^<O3o�[;m�]�KNYdhJe OVYZ�no�h�O%KN[;y�G h�KNOVYdm�WsKNS�hJYfR�}�_�oqp
oqh�WsOVM
pj
h�O%KN[;y
jÜoV}�h�R

Ó`Ñ`Ò Ó$ÓfÒ ÐZÔ$Ô$Õ�Ön×(ØJÙ¿Ú�×�1
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�NYdM��NYdS�MP_ oqh�^Jo

KNOqy�]�KNg�Ydc�h�]�KNYdhJe O3Yd�nM1G Q
YZh�I%YZ_`Yd[~rsK{e _`O3KNO ← oVWH] ^Jo�jÜIvu

YZ] YZK�KNp rvK{e _`O3KNO ← MTKNMPYZ� jÜM3u
T + V

]�[([\K{yEoÈoqYZ}�h�_`I%o ← �NOVp�jÜ} u
]HKNgJYZc�h�I�[�]�KNYdhJe O3Yd�nM1G F

��KNWHYdm"jÜIvu
P − parity ]�KNYZ}�KNpXjÜM3ujl�N^<e OHu

C − charge jÜ}¿u
T
�NO3p`Mz°JKNg�Ydo�jlRqu

G R�h�gJ_`M�rsoqOÈR�S�I�[;yEM�I�[\K
CPT

M�rsYd_`YdO3I�O�rvKNY¢y

äq£$Ì�¥�£$Ësä
£�©Jó�« çBÎ32BÎdÍ
h�KNMP^

qj → q
′

+ f (s)

L (q, q̇, t) → L (q (s) , q̇ (s) , t (s))

G hJOVmn_ ∑n
j=1 Pj

∂qj

∂s

p`I

G h�K{mnYZOt[(^ÝWsYdWs[(S­] ^�KN_`]
L = 1

2m
(

ṙ2 + r2θ̇2
)

− V (t)
oqOV}�K�R

KN_`I¯[(M+I G YdhJe O3Yd� Ï YZhJg��ðhJO%KN[;y|M+KNMPYZ�n[�MPyPK{y�[<KNO�mvOVmð[;mõ]LyEh�^<O¯[;mðoqYZhJe OVYd�¹mnY¢m¹oqI�h�_
rHYZ^JRPKNY

∂L

∂θ
= 0

Ydp`I�G mnOqmnoÈ°<h�Rzh�M+KN^�K%h�K{mvYZOV[�MPc�YZ_fm¯h�Ydc�[��nS�YdM�] YdhJe O3Yd�¯] yEhJ^JOVotG rsYdYZWH] O|oqpH�{yE[

Pθ =
∂L

∂θ̇
= r2θ̇

G h�[(g�W�[;mxYZ_fmvo�WvKNSTotKNIUG Yd] YfK�KNpH^J_`]�h�KNOVYdm�h�O%KN[;y
I�[�� p`_`h�}�[�]HKNI�K�K{mnO%K

L → L + dF
dt

�Ng�KNI�MÈ�NI�Y�� p`_`hJ}�[([��JYd��KNoV[��N]�Yd_
F (q, q̇, t)

Y¢y�MP[�rHYdmn[�mnY oqh�^<o
G KNh�OVmvY�rHYZhJS�IÈrsYd^�KNMPWw[<KNY¢y�[;yzh�KNM+^JK3[\KNY¢y

F Ï [�I�h�WH_ h�O%KN[;y­G KN_f] mvY
G REKNO3cz[\[;yPKNOte _`O3KNO

pJ
mnYLYdp`I�� rsYd[([(yPKNOtrHYZh�KN^<m

q ∂L
∂q̇i

= 0
�NOV�n_

Yf´d^�] S�I�oqILK�K{mnOV[�WHhÝ}�hJM+_`pfYZIt[;m
]�KNILREK�KNo Ï YZI���KNh�WsYd^�] I�[(Yd[(yEoq[��N] Yd_ oqh�^Jo

∆pj∆q ∼ ~

16



M+KN]LyE_s�{yE[
δqi = αq̇i

] Y¢mnO3OtoqWH]�^<o|rs}HI�Ydo�] YZ[(ILK{e hJYfK�K%oqWH]�^<o|Ydp`IÈ]�YdO3KN_$KN[\KNot] yEhJ^JOVM
n
∑

j=1

(

d

dt

(

∂L

∂q̇j
− ∂L

∂qj

))

q̇j = 0

∑ d

dt

(

∂L

∂q̇j

)

q̇j =
d

dt

n
∑

j=1

q̇j
∂L

∂q̇j
−

n
∑

j=1

q̈j
∂L

∂q̇j




d

dt

n
∑

j=1

q̇j
∂L

∂q̇j
−





n
∑

j=1

q̇j
∂L

∂qj
+

n
∑

j=1

q̈j
∂L

∂q̇j







 = 0

d

dt





n
∑

j=1

q̇j
∂L

∂q̇j
− L



 = 0

n
∑

j=1

q̇jpj − L = const

Jacobi
[;m�[(h�}$e _`YdI�o|] I�KN_`[(M+YdW

H =

n
∑

j=1

q̇jpj − L

T = T2 = m
2

(

ẋ2 + ẏ2 + ż2
) oqILK�K{mnOVo�[;mUrHYZ_$K{mvI�h�ozrHYZWH[(S�o�Yd_fm�] I­S�YZ_fp`oq[��N] Yd_

T
[;m�S�Yd_`_ oqOV}�K�R

h�O3KN[;y�F�h�R��nOt] Yd_`}�KNO%KNo|] Yd^�KNMPYZhÝ] Yd_`M+]Uh�O%KN[;y
n
∑

j=1

∂T

∂q̇i
q̇i = 2T

] YZ_fM+]�KL�NOVp`MXYfKN[(]¯I�[ÝrsI�h�O%KN[;y
H =

∑n
j=1

∂T
∂q̇i
q̇i − T + V = T + V

G
Jacobi

[(h�}$e _`YdIUpfI
G ] [\[\K{yEoÈoqYZ}�h�_fI�o

H
Ydp`IwFnoq[(^JOVOÈ]�Yd_`}�KNO3KNo|] YZ^JKNM+Ydh
] YdO%KN_$KN[\KNot]LyEh�^<OtYZ[([;y54��Ng�KNI�M oqh�^Jo





d

dt

n
∑

j=1

q̇j
∂L

∂q̇j
−





n
∑

j=1

q̇j
∂L

∂qj
+

n
∑

j=1

q̈j
∂L

∂q̇j







 = 0

d

dt





n
∑

j=1

q̇j
∂L

∂q̇j
− L



 = −∂L
∂t

y+´doq��K
dH

dt
= −∂L

∂t

Ófö$Ò Ó$ÓfÒ ÐZÔ$Ô$Õ6 {Öv×(ØJÙ¿Ú�×�7
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p`I
L = T (q̇i)− V (q)

rHI ¬¢ªT®�¦98<£�å< fá¹äq¨Vätäq ¢¡VË�§� f©J£$£$Ë$ Z§�äqæ�©<ó+ª

T =

n
∑

i=1

1

2
miv

2
i =

∑

i

1

2
mi





∑

j

∂~ri

∂qj
q̇j +

∂~ri

∂t





2

T = T0 + T1 + T2

T0 =
∑

i

1

2
mi

(

∂~ri

∂t

)2

Tj =
∑

i

mi

∂~ri

∂t

∂~ri

∂qj

T1 =
∑

Tj q̇j

Tj,k =
∑

i

1

2
mi

∂~ri

∂qj

∂~ri

∂qk

T2 =
∑

jk

Tj,k

Noether 1915
úïê��­º ìPÇ;:

hJmnI3y
Qj = f (qj , s)

�Ng�KNI�M
qi → Qj

]�K{m�R�S�]�K{e _`YZREh�KNILKNWs[/]�KNh�MTKN^\m ]HKN[([;yPKNO
]�K{e _`YZR�h�KNILKNW½]�KN_$KN] _
± h�O3KN[;yXoq_`]LmnOtI�[��NI�Y�� pf_`h�}�[(o�p`I�K

L (q, q̇, t)→ L
(

Q (s) , Q̇ (s) , t
) I%YZo�oV_`K{yE]�otYdp`I�G ]�KNoqpHI�Ydo

s = 0rs}�K
s
oq[;m
hJe OVh�g�o
mxoVgJYZc�hÝoqc�YZOVh�KNg��n_fhJeUmnY=<$rHI

d

ds
L
(

Q (s) , Q̇ (s) , t
)

= 0

jÜYZ[(WHYZp`Ydg�[\REKN}v[;m
h�KNOVYdm¯mnY�u
p`I

⇒
n
∑

j=1

pj

∂qj

∂s
= const

oqSTyPKNo
t = t (s)

h�O3KN[(yXG ��KN^<mxYfKN_`Y¢m¯] [\[\K{y­oqSTyPKNoqo oqh�^<o
pi = ∂L

∂q̇i
, Pi = ∂L

∂Q̇i

rsYd_$KNO3Yd�nMzmnOV]Lmn_
dL

ds
=

∑

i

∂L

∂Qi

(

∂Qi

∂s
+ Q̇i

dt

ds

)

+
∑

i

∂L

∂Q̇i

(

∂Q̇i

∂s
+ Q̈i

dt

ds

)

+
∂L

∂t

dt

ds

hJmnI%y
∂L

∂Qi

=
d

dt

∂L

∂Q̇i

=
dPi

dt
= Ṗi

⇒ dL

ds
=

∑

i

Ṗi

(

∂Qi

∂s
+ Q̇i

dt

ds

)

+
∑

i

∂L

∂Q̇i

(

∂Q̇i

∂s
+ Q̈i

dt

ds

)

+
∂L

∂t

dt

ds

=
∑

i

Ṗi

∂Qi

∂s
+
∑

i

Ṗi

∂Q̇i

∂s
+
dt

ds

(

∑

Ṗ Q̇+
∑

PiQ̈i +
∂L

∂t

)

=
d

dt

∑

i

Pi

∂Qi

∂s
+
dt

ds

(

∑

i

d

dt

(

PiQ̇i

)

+
∂L

∂t

)

Ð$ÐZÒ Ó$ÓfÒ ÐZÔ$Ô$Õ�Ön×(ØJÙ¿Ú�×#>
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(

H =
∑

i Pi
˙Qi − L

⇒ dH
dt

= −∂L
∂t

)

⇒ =
d

dt

∑

i

Pi

∂Qi

∂s
+
dt

ds

dL

dt

⇒ 0 =
d

dt

∑

i

Pi

∂Qi

∂s

⇒
∑

i

Pi

∂Qi

∂s
= const

pfyEh�OVoqO
θ
] YZK�KNp`MTK

ϕ̇
Yd[\}�^<O|[\KN[\�nOVMX] M+M+KN] �nOVm�] [(e�K{e Otoq_$KN] _ oqOV}�K�R

(T0 6= 0)⇒ T =
1

2
m`2

(

θ̇2 + ϕ̇2 sin2 θ
)

V = mg` (1− cos θ)

L = T − V
G Yd_fmxh�R��nOt]�Yd^�KNMPYdh�] Yd_`MP]Uoq_`YdI�] Y¢e _`YZWHo�oqYd}�h�_`I�o�h�O%KN[;y|j

T0 6= 0
u

j
J → H = E

YdM+KNWs^JY%[\hJ}�e _fYZIÈYd_fm¯h�R��nOt]�Yd^�KNMPYdh�] Yd_`MP]�h�KNMP^�u
[(^Jg�KNOVmxe _`O%KNOVo|] I

N
MX�NOV�n_

δW = Nδϕ

� p`_`h�}�[î]�I�K�K{mnO
d

dt

(

∂L

∂θ̇

)

=
∂L

∂θ

d

dt

(

∂L

∂ϕ̇

)

=
∂L

∂ϕ
+N

m`2θ̈ = m`2ϕ̇2 sin θ cos θ −mg` sin θ

d

dt

(

m`ϕ̇ sin2 θ
)

= N

pfI�^JKNM+W
ϕ̇ = ω

m�KNh�R�_HrsI
d

dt

(

m`2ω sin2 θ
)

= N

p`I
N (θ (t))

] I�[(M+WH[~[;yPKN_HpfI
θ (t)

] I�oqYdoqY�rsI

L =
1

2
m`2

(

θ̇ + ω2 sin2 θ
)

−mg` (1− cos θ)

∂L

∂t
= 0

YdM+KNWs^JY3[(h�}$e _`YZIÈS�] g�_HG ] S�I�mvg�KNS�] }�h�R�KN_f[\MPYdW

θ̇
∂L

∂θ̇
− L =

1

2
m`2θ̇2 − 1

2
m`2ω2 sin2 θ +mg` (1− cos θ) = C

ω = ϕ̇
^�KNMPW¯]�KNh�YdoqO3MX] MPMTKN] �nOqm�] MPMTKN] �nOVo|]LyEh�^JOVot[(^Ý[(yE] �n_

TR =
1

2
m`2θ̇2

VR = mg` (1− cos θ)− 1

2
m`2ω2 sin2 θ

19



G YZ[(}�KNg�YdhJe _`c�S
K{yX�N]�KN_fmx[(I�YZc�_Ze�KNg 1
2m`

2ω2 sin2 θ
� oqYdc�e YZMPh�}

mg` (1− cos θ)
h<mnI%y

LR = TR − VR

p`ILK
TR + VR = const

G h�Oqmn_HYdM+KNWs^JY3[(h�}$e _`YZIÈrH}�K
LR → ∂L

∂t
= 0

G ]�MPM+KN]��nOVo|]LyEh�^<O3ot[;mxoVYd}�h�_`I�o
K{yEh�KNIU] I�]�KN_fmn[�[\K{yEY�e�KNO3o
mxS�Yd_`_

L = T − V =
1

2
m
(

ṙ2 + r2θ̇2 + r2ϕ̇ sin θ
)

−mgr (1− cos θ)

∂L

∂r
= m

(

rθ̇2 − g (1− cos θ) + rϕ̇ sin2 θ
)

∂L

∂ṙ
= mṙ

d

dt

(

∂L

∂ṙ

)

− ∂L

∂r
= Qr

] M+M+KN] �nO3o�] yEhJ^JOVot]�I�WvK�R�MP_
θr = θ

rR = r

ϕR = ϕ− ωt

LR =
1

2
m
(

˙rR
2 + r2Rθ̇

2 + r2R (ϕ̇− ω)
2
sin2 θR

)

−mgrR (1− cos θR)

ϕ
h�KNMP^

L
] ILK�K{mnO

mr2ϕ̈R sin2 θ +mr2 (ϕ̇R − ω) 2 sin θ cos θθ̇ = Qϕ,R

Fcor = 2m~ω × ~v
~v =

(

0, θ̈R, ϕ̇R sin θR

)

~ω × ~v = ~ω × ~vθ,R + ~ω × ~vϕR

= ωr ˙θR cos θR + ωrϕ̇R sin θR

= ϕR + θR

axial vector
I�Ydo|] YZh<e WvK�K3oq[(gJyEO oVhJ^Jo

jl��KN^<mxYfKN_fYdmx] [\[\K{y É@? I�[Pu
Noether

e gJmnOV[�oqSTyPKNo

0 =
dL

ds
=

n
∑

i=1

∂L

∂qi

∂qi

∂s
+

n
∑

i=1

∂L

∂q̇i

∂q̇i

∂s

=

n
∑

i=1

Ṗi

∂qi

∂s
+

n
∑

i=1

Pi

∂q̇i

∂s

=
d

dt

(

n
∑

i=1

Pi

∂qi

∂s

)

ÐZÕ$Ò Ó$ÓfÒ ÐZÔ$Ô$Õ6 {Öv×(ØJÙ¿Ú�×<ÛBA
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h�O%KN[;y
n
∑

i=1

Pi

∂qi

∂s
= const

z
h�Ydc�[~MPYdM+�nO

s
] YZKNp`M�M+KNM+Yd�

Noether
e gJmnOV[�oqO3}�K�R

x
′

(s) = x cos s− y sin s

y
′

(s) = x sin s+ y cos s

z
′

(s) = z

G ��KN^<mvot]�I�oq_fmnOtI�[~oVYdc�OVh�KNg��n_`hJe o

dL =
d

dt

(

n
∑

i=1

Pi

∂qi

∂s

)

ds

= px

dx

ds
|s=0 + py

dy

ds
|s=0 + py

dz

ds
|s=0

⇒ Lz = xpy − ypx G ^J_`]wh�KNOVY¢m�WsKNS�KN_f[\MPYdW
Á�Ä-Å�ú5¼¯Á�Ä-¶LÄ-Å=Á ìPÇ�C

p`I�G [(WHmnOtYZK�KNYdmxMPc�O
q1 . . . qn

�NOV�n_

T = T2 =
1

2

n
∑

α,β=1

aα,β q̇αq̇β

aα,β = aα,β (q1 . . . qn)

]�KN_fe W�]�K�RPKN_f]�o
m�STYZ_`_`K7Yd_fmno
h�R��no1R�^�S�] g�_5h�KN[(YZY¢e½] S���KN_`O G ] YdmvI�h�o1] M+hJWsM�]�KN_fe W�]�K�REKN_`]�S�YZ_f_
rHYZh�R��no|hJI%m�] I�S�Yd_`p`oq[~YZR�y�WsYdg��nO

V =
1

2

∑

bα,βqαqβ + first− order + V (0 . . . 0)

YZK�KNYdm²]�REKNWs_�[([(}�O�rsYd�ng�I�] OUM+KNh�YdWsM���K{mnI�h�o�h�R��noqOUrsYdh�MPYZI%o
G �NOVp`M�oqO3KN�nSÈ]�Y¢e _`YdWsotoqYd}�hJ_`I�o
m¹S�YZ_f_
G [(WHmvO

V =
1

2

∑

bα,βqαqβ

bα,β =
∂2V (0)

∂qα∂qβG Yd_fm¯h�R��nOt] YZM+KNYZS­] Yd^�KNMPYZh�] YZ_`MP]�KN_f[\MPYdWwh�O%KN[;y
L = T − V

p`_`hJ}�[îh�[(YfKNI�]�KNILK�K{mnO�p`I
α = 1 . . . n; q̇α, qα

YZg�[î] YZM+KNYZS/] YZ^JKNM+YdhÝ] YZ_`MP]UI�KNoÈ�NI�Y�� p`_`h�}�[(o/p`I
n
∑

β=1

aα,β q̈β +
1

2

n
∑

γ=1

n
∑

δ=1

(

∂aγ,δ

∂qδ
+
∂aα,δ

∂qγ
− ∂aγ,δ

∂qα

)

q̇δ q̇γ = − ∂V
∂qα

�N] YZ_LpfI�G rsKNO3Yd_`YdO3o/] YZ}�h�_fI�[îoqM+KNh�W�oVREKN_`] o�[;m¯oqYZ}�h�_`I%o�oqh�WHO�[;yEM
qα

o
e _`YZREh�KNILKNWwh�KNMP^�oqILK�K{mnOVotS�YZ_f_
Yd_fmno�h�R��no|] I�M+KNh�YdWso�] YdOVmvoV[

n
∑

β=1

aα,β q̈β +

n
∑

β=1

bα,βqβ = 0
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T =
]�KNc�YdhJe O3K

~q = (q1, q2, . . . qn)
h�YZRE}�_5�{yE[�G

α = 1 . . . n
[(yE[|��K{yE_îoqpfm�h�S�I�O ä
 ZÊT f©\¡3ª�«
«�©J£�Ê
«

(aα,β) , V = (bα,β)

L =
1

2

[

~̇qtT ~̇q − ~qtV ~q
]

jÜh�MP^JOt] c�YdhJe O
S
u��nYZ�nMzh�M+^<O|Yf´d^Ý]�K{e _`YfR�h�KNI�KNWxh�YZR�}�_

φi =

n
∑

α=1

S−1
iα qα

qα =
n
∑

α=j

Sαjφj

[(M+WH[�oqc�h�_

Tij =
1

2
δijλiφ̇

2, Vi,j =
1

2
δi,jλiΛ

2
iφ

2
i

oqYdoqY�p`_`h�}�[îh�[(YfKNI�p`ILK3G mnO3OtrHYZM+KNYdS
λi, λiΛ

2
i

^�´¢^Jo|Yd_fm¯h�R��nOt] YZ^JKNM+YdhÝ] YZ_`MP]
T, V

h�S�I%O
φ̈i + Λ2

iφi = 0

G ] YZMPY¢e Ws[\KNWwo
e _`YfR�h�KNI�KNW
normal mode Ï φ [îI�h�Ws_

]�KNYdh�KNp`S�OVoqO oqSTyPKNo
q = q0e

iωt

hJ[\YdYZKNI�]�KNILK�K{mnO�p`I
t
O�rs[(^J] _

−ω2Tq0 + V q0 = 0

�NOV�n_
~q0 = S~ξ

p`I
−ω2TS~ξ + V S~ξ = 0

⇒ −ω2StTS~ξ + StV S~ξ = 0

Ydp`I
aj > 0;Tnew = StTS = δi,jαj

h�YZR�}�_ G jl�N�vyE[\[Ý�N] Yd_ YdyVu

Mi,j , δi,jα
1
2

j

⇒M tStTSM = I

η
rHYZh�KN^JY¢mxhJYfR�}�_

~q0 = SM~η

~η = M−1S−1 ~q0

= M−1~ξ

22



Ydp`I
T

′

new = ω2~ηtM tStTSM~η

h�[(YZYZKNI�]HKNI�K�K{mnO�g�´d^Ýrs}�K
V

′

new = ~ηtM tStV SM~η

p`ILK
~η = O~φ

hJYfR�}�_
ω2φtOtM tStTSMOφ+ φtOtM tStV SMOφ = 0

hJmnI%y
~q = SMO~η

G
V
[;m
��KN�vyEYd[

OtM tStTSMO
� oVR�YZSTY�] c�YZhJe O

M tStTSM
� ��KN�vyE[

StTS
h�O%KN[;y

p`I�]�KNh�YdWso½Yd_fm �NYZMP[UrH_`YdMTKírsOVc�^��NYZMP[UrH_`YdM�rsYdc�Ydg�W i
m, 2m, 3m, 4m

]HKN�nOÂ�trHYZ_`KN]�_ «TªTña£$ù
�NO3�n_�G [(WHmnOtYZK�KNY¢mnOt]�KN�nO3o|[;m�WsS�h�OVo

q1, q2, q3, q4
]�K{e _`YZR�h�KNILKNWso

n2 =
P

2m` ]�KNILK�K{mnOVoVK
q̈1 = 2n2 (q2 − q1 − q1)

2q̈2 = 2n2 (q1 − q2 + q3 − q2)
3q̈3 = 2n2 (q2 − q3 + q4 − q3)
4q̈4 = 2n2 (q3 − q4 − q4) � p`_`hJ}�[îh�[(YZYZKNIÈ]�KNILK�K{mnO

(

ω2 − 4n2
)

q1 + 2n2q2 = 0

2n2q1 +
(

2ω2 − 4n2
)

q2 + 2n2q3 = 0

2n2q2 +
(

3ω2 − 4n2
)

q3 + 2n2q4 = 0

2n2q3 +
(

4ω2 − 4n2
)

q4 = 0

äq£�©<ó�«
n normal modes

mnY�pfI�mng�KNS�]�KN}�h�R
n
mnY É¢É ]LyEh�^JOV[wG Q

mng�KNS�] }�h�R�rHYfR�MPI�OUrHc�^JMtKN_`I�p`I�K
wi = wj

mvYvh�O3KN[(y|��K�KNYZ_vmvYvp`I�]LyEh�^JOVM|oqYZh<e O3Yd�1mnYshJmvI%y1G F
G ] yEhJ^JOVot[(m

N
mnY¯G

a
WsSTh�O3MwWHS�h�OVM�rsoqYd_`M�rHYZh�M+KNS�OVo

m
oq�nO1YZ[(^JMwrHYZO3K{e I¹[(m � YfR�OVO²RES¯mnYdM+}~��KN]�_ «TªTña£$ù

[(W�mnOtYfK�KNY¢m¹� Ws_`Kq[(I�Ydc�_fe�KNg�h�KNM�mnY�rsK{e I�[;yE[�G jlKNh�RE}�KNMPIUWHg��nOsu
rHYZO3K{e I

V =
1

2

N−1
∑

i=1

(τ

a

)

(qi+1 − qi)2

T = T2 =
1

2

N
∑

i=1

mq̇i
2

L =
1

2

N
∑

i=1

mq̇i
2 − 1

2

N−1
∑

i=1

(τ

a

)

(qi+1 − qi)2

mq̈j =
(τ

a

)

(qj+1 − 2qj + qj−1)

ÓfÒ Ó�ÐZÒ ÐZÔ$Ô$Õ�ÛýÛ
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rHYZ_f] mvO|]�REYdh�g�^Jc�MP_
q (x, t) = f (xj) g (t)

mg̈t = g (t)
(τ

a

)

(f (xj+1)− 2f (xj) + f (xj−1))

. . .⇒ qn
j = A sin

(

2π (j − 1)a

λ
+ α

)

sin (2πνt)

−4π2ν2m =
(τ

a

)

(

2 cos

(

2πa

λ

)

− 2

)

⇒ ν (λ) =
1

π

√

τ

am
sin
(πa

λ

)

oq[(S�] otYZI�_f]UWvK�R�MP_
oqS
KN_`OVoÈ��K{mnI�h�o|rsK{e I�o|rHIU�{yE[

α = 0

G p$KNp`Y%I�[���KNh�S�I%otrvK{e I�o
m�°<Ydh�czoqS
KN_`OVMXoqYZoqYL��KNhJS�I�o|rsK{e I�o
m�[(YdMPmnM

λn =
2 (N − 1) a

n y+´doq�

νn =
1

π

√

τ

am
sin

(

πn

2 (N − 1)

)

c = λnνn =
2 (N − 1) a

nπ

√

τ

am
sin

(

πa

λn

)

λn � a
h�KNMP^

sin

(

πa

λn

)

=
πn

2 (N − 1)

c = a

√

τ

am

G h<mnWsot°\h�KNI�OÈREKNI�OÈ[\K�R�}v[(}v°<h�KNIUh�KNMP^ÝYZ�n[(Ww[(}�[~M+KNh�YZW�KN_f[\MPYdWwh�O%KN[;y
a→ 0, N →∞ �Jc�h�[ É�D h�KNM+^<_

m

a
q̈j =

τ

a

(

qj+1 − qj
a

− qj − qj−1

a

)

qj → q (t, x) , qj = q (t, x = xj)

p`I

q̈j → ∂2q (t, x)

∂t2

qj+1 − qj
a

→ ∂q (t, x)

∂x

∣

∣

∣

∣

x=x
j+1

2

qj − qj−1

a
→ ∂q (t, x)

∂x

∣

∣

∣

∣

x=x
j+1

2

m

a
→ ρ E

Ò Ó�ÐZÒ ÐZÔ$Ô$Õ
Ön×(ØJÙ¿Ú�×<Ûý÷
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KN_f[\MPYdWwh�O%KN[;y

ρ
∂2q (t, x)

∂t2
=

τ

a





∂q (t, x)

∂x

∣

∣

∣

∣

x=x
j+ 1

2

− ∂q (t, x)

∂x

∣

∣

∣

∣

x=x
j+ 1

2





→ τ
∂2q

∂x2

∣

∣

∣

∣

x=j

⇒ ∂2q (t, x)

∂t2
− τ

ρ

∂2q

∂x2
= 0

]�g�rsI�G mnOVOtYZ�n[(Ww[(}vKN_f[\MPYdWwp`I

q (t, x) = f (x+ ct) + g (x− ct)

8JÊ�©�¤�áð«Vå< dË$æ�ª çBÎBF;ÎdÍ
] Y¢e _`YdW�oqYZ}�h�_`Itm�R�S�OÈh�YZR�}�_

T =
1

2

N
∑

j=1

mq̇2j

→
∫ x1

x0

1

2
ρ

(

∂q (t, x)

∂t

)2

dx

] YZ[(I�Ydc�_fe�KNg�otoqYd}�h�_`I�oVK

V =
1

2

N−1
∑

j=1

τ

a
(qj+1 − qj)2

→
∫ x1

x0

1

2
τ

(

∂q

∂x

)2

dx

�NI�Y�� p`_fh�}�[î]�KNg�Ydg�czhJYfR�}�_$K

L =
1

2
ρ

(

∂q (t, x)

∂t

)2

− 1

2
τ

(

∂q

∂x

)2

� p`_`hJ}�[5h�[(YdYfKNI�]�KNILK�K{mnO3K
∂

∂t

∂L
∂
(

∂q
∂t

) − ∂

∂x

∂L
∂
(

∂q
∂x

) = 0

G �Jc�h�[�]�KNYd�nYZ�nMz]HKNI�K�K{mnOUKN_f[\MPYdWvK
h�K{mnW�h�] YdOth�KNMP^

q (t, x) =

∞
∑

n=1

an sin
(nπx

`

)

eiωnt;ωn =
πc

`
n

{an}n∈N

[;m
]�K{e _`YZR�h�KNILKNWH[��nS�YZYd] oq[~hJmngJI
normal modes

o|rHo
m
an

hJYfR�}�_ p`I
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©JùEË 0 ®�¤�ä
£$ fÊTªT©J£$Ì�¥�Ë�©<¡V£väq£$ ¢¤+å< ZÊ�ä
£`¡VË$ ZùP©J£�§�£�å çBÎBF;ÎÜç
pfI

q1 = . . . = qm
jÜ]�KNS�Yd_`pauq]�KNYZ[(Wsc�]�K{e _`YfR�h�KNI�KNW

m Ï KVmng�KNS�]�KN}�h�R n ]�KN_$KN] _

i = 1 . . .m;Pi =
∂L

∂q̇i
= Ci

�NI�Ydp`_`hJ}�[(o�p`I
L (q̇1, q̇2, . . . , ˙qm, ˙qm+1, . . . , q̇n, qm+1, . . . , qn)

[�KN_`]�KNIUI�YdMP] mxoqYZc�OVh�KNg��n_fhJe�mvg�S�_
L → L

′

( ˙qm+1, . . . , q̇n, qm+1, . . . , qn)

jÜo
e Y¢mnMX��KNh�] g�[Pu oqOV}�K�R

T =
1

2

(

a11q̇1
2 + a12q̇1q̇2 + a22q̇2

2
)

��KN] _

P1 =
∂L

∂q̇1
= C1

h�O%KN[;y

C1 =
∂L

∂q̇1
= a11 ˙q11 +

1

2
a12q̇2

h�O%KN[;y

q̇1 =
C1 − 1

2a12q̇2

a11

V
′

= V +
c2
1

2a11

h�YZR�}�_Lrs}�K
T (q̇2)

KN_`I%c�O
Y`´¢^

L
′ o
m�R�S�oqYdc�Ws_$KNgÝh�YZR�}�_�Yd[([;yX�Ng�KNI�M

R = L− C1q̇1

L
′ Ï y�mnOqmn[�[\K{yEY R hJmnI%y

R (q2, q̇2, C1)
p`ILK

]�KN_$KN] _ äq ¢¤J¤Jæ�«+¡V Zá
C1 . . . Cm

˙qm+1 . . . q̇n

q̇1 . . . ˙qm

�<[(S�_�h�O3KN[;yXrsYdO3[(^<_
n Ï M�]�KNYdh�I�Yd_`Yd[~]�KNILK�K{mnO m h�O%KN[;y

i = 1 . . .m; q̇i = fi ( ˙qm+1 . . . q̇n, C1, . . . , Cm)

h�YZR�}�_

R = L−
m
∑

i=1

q̇i
∂L

∂q̇i
≡ L−

m
∑

i=1

Ciq̇i
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R (qm+1 . . . qn, ˙qm+1 . . . q̇n, C1, . . . , Cm)
[<´dc

δR =

n
∑

j=m+1

∂L

∂qj
δqj +

n
∑

j=1

∂L

∂q̇j
δq̇j −

m
∑

j=1

∂L

∂q̇j
δq̇j −

m
∑

j=1

q̇jδCj

=

n
∑

j=m+1

∂L

∂qj
δqj +

n
∑

j=m+n

∂L

∂q̇j
δq̇j −

m
∑

j=1

q̇jδCj

p`I

j = m+ 1 . . . n;
∂R

∂qj
=

∂L

∂qj

∂R

∂q̇j
=

∂L

∂q̇j

?BC�GH
79;�I� 8 � 9�
³���ïC���C|? � 9;:<C#GI
�9;�I��� J
�NOV�n_

H =

n
∑

i=1

q̇iPi − L (q, q̇, t)

mng�KNS�]�KN}�h�R
n
mvY ± oqYZc�h�KN}�Ydg�_$KNWHo|M+STh�O|[(^�KN_`[;yE]��noÈKNY¢mvyE^�R�^

H (q, P, t)
�NI�Yd_$K{e [(YdO3oqo�pfILK

2n
y+´doq��h�O3KN[;y

q, P
rHYZYZKN[(]�YZ] [(M�rHYZ_`]LmnO�h�YfR�}�_H± oqp`I�g�otMPS�h�OtKNY¢mvyE^

G h�Oqmn_HSTeLm�]�R�YdS�YZ[~�<eLmno�h�O%KN[;yXrHYdyE] S�_�I�[�[\KN[(�nOVotYfK�KNWwoqp M+STh�O3M
ç%K;ÎdÍ�ç=Îlç%(*(,+î¦/«�§
Ê�©�«

(t = t0) , ~x0 = (q01, q02, . . . , q0N , p01 . . . p0N )

(t = t1) , ~x1 = (q11, q12, . . . , q1N , p11 . . . p1N )

dx (t) = J (xt, x0) dx0

[(YZM+KNYZ[5e gJmnO É ø [([(}�M

J = 1 = const

oqYZo­oqMÝo
e _`YfR�h�KNI�KNWUILKNc�OV[~�N] Yd_%oqYdo
∆q∆p ∼ ~

h�KNM+^îp`I�rHYZYdWs] O­oqYZoXI%[î[(YdMTKNYd[³e gJmnO�KN[(YZI oqh�^<o
Yd_`I�Y�� p`hJ}�[5oqg�KNc�[ÝG ]�KN^�REKNo Ï YZI�] I�R�YZh�KNoq[��N] Yd_

dρ

dt
= 0

YZ_fYZh�[(YZKNIÈoVg�KNc�[
∂ρ

∂t
= 0

ÐZö$Ò Ó�ÐZÒ ÐZÔ$Ô$Õ�Ön×(ØJÙ¿Ú�×<Û3L
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rHI y+´doq�
[ρ,H ] = 0

[F1, H ] = 0

[F2, H ] = 0

⇒ ρ = ρ (F1, F2)

dρ

dt
=

∂ρ

∂F1

dF1

dt
+

∂ρ

∂F2

dF2

dt oq^�KN_`] otYd^�KNMPW
ρ = ρ (H,L,Lz, (3rd Integral))

hJYfR�}�_
ρ1 = ρ1 (H,L,Lz)

[([(}�M
ρ ∼ e−( ) p`I ρ = ρ (H)

h�KNM+^zG MTK{mvS
p1, q1

WshJm
°\y��{e WwWsYdg��nOt^�KNMPYZhJo
ρ
[;m�]HKNgJYZg�c�o

G ��KN]�_fo|WsYdWs[(S�o�]�I�ILKNc�OV[�]�KNh�M+] �noqot]�KNg�Ydg�cEK3rHYZWHYZWH[\S­[;mx]�Yd[(O3h�KN_H]�KN}�[(g�] o
oqYZ�nWH[\}�M oqOV}�K�R

ρ ∼ e
−

p2
1

2m2σ2
1
−

p2
2

2m2σ2
2
−

p2
3

2m2σ2
3

Á�Äa¾NMs¸s¾�ëVÄ¿Ä���Ä¿»O�/· ÿEÇ�Æ

δ

∫ 2

1

Ldt = 0

G ]HKNYdO3KN_$KN[\KNo�]�K{yEh�^<O%K ∂L
∂t

= 0
hJmnI%y

E =

n
∑

j=1

∂L

∂q̇
q̇j − L

]�I�oq[\KN^Jgzr�mnM­�NOV�n_

A =

∫ t1

t0

n
∑

j=1

q̇1
∂L

∂q̇1
dt



ω =

n
∑

j=1

q̇jPj



⇒ =

∫ t1

t0

ωdt

[<´dc

δA =
n
∑

j=1

∂L

∂q̇j
δqj |t=t1

t=t0
+

∫ t1

t0

∆Edt

jÜoqM+YdMP�n[z]LyEh�^JOVow�NYdM�oqYd}�hJ_`I���KN[(YZS��NYdI¯hJO%KN[;yVu5G Yde MPI�YZREIwYZKN_`Y¢m¹oVhJWs_�oqpïpfI ∫ t1

t0
∆Edt = 0

mðh�O3KN[;y
±�Yd_`I�Y�� }�h�}�[îYZKN_`Y¢m

∫ t1

t0

∆Ldt =

∫ t1

t0





∂L

∂t
δt+

n
∑

j=1

∂L

∂qi
δqi +

n
∑

j=1

∂L

∂q̇i
δq̇i



 dt
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]HKNhJYZoqOVMXYfKN_`Y¢mno

∆q̇j =
d

dt
δqj − q̇j

dδt

dt

⇒ δ

∫ t1

t0

∆Ldt =
∑

j

∂L

∂q̇j
δqj |t1t0 +

∫ t1

t0

(

∂L

∂t
δt− ωdδt

dt

)

dt

−
∫ t1

t0







n
∑

j=1

[

d

dt

∂L

∂q̇j
− ∂L

∂q

]

δqj







dt

(euler − lagrang)⇒ =
∑

j

∂L

∂q̇j
δqj |t1t0 +

∫ t1

t0

(

∂L

∂t
δt− ωdδt

dt

)

dt− 0

∫ t1

t0

{

∆L+ ω
dδt

dt
− ∂L

∂t
δt

}

dt =

n
∑

j=1

∂L

∂q̇j
δqj |t1t0

⇒
∫ t1

t0

{

∆ω + ω
dδt

dt

}

dt =

∫ t1

t0

∆Edt+
∑

j

pjδqj |t1t0

G
∆E = 0

KNMEmÈYd[\OVYd_`YZOVoXj
A
uEoq[\KN^JgJo���KNh�WH^³] I/oqI�hJ_
p`ILK

δ
∫ t1

t0
ωdt =

∫ t1

t0

{

∆ω + ω dδt
dt

}

dt
]�KNI�h�oq[7h�I%mn_

± rHYZWH[\STM�oqYZc�h�}$e _`YdI�O
∫

ω
dδt

dt
dt = −

∫

δt
∂ω

∂t
dt

p`I

∆ω = δw +
∂ω

∂t
δt

⇒
∫ t1

t0

∆ωdt =

∫ t1

t0

{

∆ω + ω
dδt

dt

}

dt

⇒ δ

∫ t1

t0

ωdt =

∫ t1

t0

{

∆ω + ω
dδt

dt

}

dt

��K{e [(YZOVo�[;m1��KNhJWs^�] I É � �NOV�n_
δS = δ

∫ t1

t0

Ldt

] YZ[(OVYZ_`YdOVo�oq[\KN^Jg�ot[;m���KNh�Ws^JK

δA = δ

∫ t1

t0

wdt = 0

oq_`]LmnOÈI�[��NOVp`o
m

(δS)T = 0

oq_`]LmnOÈI�[�oqYd}�hJ_`I�o
m

(δA)E = 0

ÐQP$Ò Ó�ÐZÒ ÐZÔ$Ô$Õ6 {Öv×(ØJÙ¿Ú�×<ÛB�
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Q7[SR Ï Oth�M+^<O3Mz]�[([\K{yEotoqYZ}�h�_fI�o T = t1 − t0 h�YZR�}�_

E =
1

T

∫ t1

t0

H (q (t) , p (t))

=
1

T

∫ t1

t0

wdt− 1

T

∫ t1

t0

ET = A− S
⇒ δS +EδT = δA− TδE

rs}�K
δA = 0

m¹°<Ydh�c��ngJI�] Yv�NYdO3YHR�c�mðYZR�ywG
δS = 0

KLoV_f] mvYvI�[��NOVp`o
m¹°<Ydh�c­�ng�I�] YH[\I%OVm¹�J}�I%m¹YZR�y
G oq_`]LmnOÈI�[�oqYd}�h�_`I�o

T = E − V =
√
T 2 =

√

T (E − V )

δA = δ

∫ t1

t0

Tdt = δ

∫ t1

t0

√

T (E − V )dt = 0

T =
1

2

∑

mij q̇iq̇j

°\h�KNI�]�_fO3[(I

(dp)2 =
1

2

∑

mijdqidqj

T =
1

2

(

dp

dt

)2

dT =
dp√
2T

δA = δ

∫

√

2 (E − V )dp = δ

∫

√

2 (H − V (q))dp = 0

m�°\y�Yd[(}�^JO|[\KN[(�nO��NO3�n_ rsI «T®�§�ÌE«�¦�¨q©JªT¦
∫

δLdt =
∑

piδqi|t1t0

⇒
∮

Ldt = 0

d

dt

∮

pdq = 0

⇒
∮

pdq = const

hJo3KNMX[;mxoqYZh�KNI%]�otYdg�[
∮

pdq = const = nh

Yd_$KNOVh�o�h�K{e [(Yd��KNI�M­KNI
∮

pdq = const =

(

n+
1

2

)

h

G oqYZc�pfYde _$K�KNW�KN_f[\MPYdWwh�O%KN[;y
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Á�Äa¾�Å-Ä-ÅB¼xÁnÄ-¾TMsºsë3Äaê�ULÅ¿ëqú ÿEÇ¢ì
G
K,Q, P

[;mxmnRES
set Ï [ H, q, p �NYdMzoqYZc�OVh�KNg��n_fhJe�h�c�Yd[�rHYZOV^Jg�[ É ��oqc�h�_

STWsYd_ oqOV}�K�R

H =
1

2

(

P 2
1

2m1
+

P 2
2

2m2
+Aq21 +Bq22 + Cq1q2

)

oqYdc�O%KNg��n_fhJeUhJYfR�}�_
(

P1

P2

)

=







(

m2

m1

)
1
4

0

0
(

m1

m2

)
1
4







(

p1

p2

)

p`I

T =
1

2m

(

P 2
1 + P 2

2

)

,m = (m1m2)
1
2

hJYfR�}�_$K
(

Q1

Q2

)

=

(

cosα − sinα
sinα cosα

)(

q1
q2

)

tan 2α =
C

B −A p`ILK

H =
1

2m

(

P 2
1 + P 2

2

)

+
D

2

(

SQ2
1 + S−1Q2

2

)

D =

√

AB − C2

4

S
1
2 =

A+B +

√

(A−B)
2
+ C2

√
4AB − C2

ω =
√

D
m
, ω1 = S

1
2ω, ω2 = S−

1
2
hJmnI%y

poisson
YZh�}�KN��KN_`h�R�}�o|rsI oqh�R�}�o

[P,Q] =

n
∑

j=1

(

∂P

∂qj

∂Q

∂pj

− ∂P

∂pj

∂Q

∂qj

)

Lagrange
YZhJ}�KN�¯h�YZR�}�_

{P,Q} =

n
∑

j=1

(

∂qj

∂P

∂pj

∂Q
− ∂qj

∂Q

∂pj

∂P

)

oqc�h�_H]�KNYd_$KN_`W�]�KNWs] ^Jo�[\MPWs[~YfR�y ]�KNWs] ^Jo

Q̇k =
∂H

′

∂Pk

Ṗk = −∂H
′

∂Qk V Ò ÓfÒ ÐZÔ$Ô�Ñ$ÛXW
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h�O%KN[;y

q̇i =
∂qi

∂t
+

n
∑

k=1

∂qi

∂Qk

Q̇k +

n
∑

k=1

∂qi

∂Pk

Ṗk =
∂H

∂pi

ṗi =
∂pi

∂t
+

n
∑

k=1

∂pi

∂Qk

Q̇k +
n
∑

k=1

∂Pi

∂Pk

Ṗk = −∂H
∂qi

pfILK�jlKNo
mn[;yXoq_`]LmnO
s
u ∂qi

∂s Ï M�oqYZYd_fmno�] ILK ∂pi

∂s Ï MzoV_`K{mnI�h�otoqILK�K{mnOVoÈ] I�[(YdgJyE_

∑

i

∂pi

∂s
q̇i =

∑

i

∂pi

∂s

∂qi

∂t
+
∑

i

n
∑

k=1

∂pi

∂s

∂qi

∂Qk

Q̇k +
∑

i

n
∑

k=1

∂pi

∂s

∂qi

∂Pk

Ṗk =
∑

i

∂H

∂pi

∂pi

∂s

∑

i

∂qi

∂s
ṗi =

∑

i

∂qi

∂s

∂pi

∂t
+
∑

i

n
∑

k=1

∂qi

∂s

∂pi

∂Qk

Q̇k +
∑

i

n
∑

k=1

∂qi

∂s

∂pi

∂Pk

Ṗk = −
∑

i

∂H

∂qi

∂qi

∂s

]�KNILK�K{mnOVoÈYZ_fm¯] IUhJ�nS�_

−
∑

i

(

∂pi

∂s

∂qi

∂t
− ∂qi

∂s

∂pi

∂t

)

+
∑

i,k

(

∂pi

∂s

∂qi

∂Qk

− ∂qi

∂s

∂pi

∂Qk

)

Q̇k

+
∑

i,k

(

∂pi

∂s

∂qi

∂Pk

− ∂qi

∂s

∂pi

∂Pk

)

Ṗk

=
∑

i

(

∂H

∂pi

∂pi

∂s
+
∂H

∂qi

∂qi

∂s

)

=
∑ ∂H

∂s

m�KNh�R�_s�{yE[

{t, s} = 0

∀k, j; {Qk, s} = 0

{Pk , s} = 0

{Qk, Qj} = 0

{PK , Pj} = 0

{Qk, Pj} = −{Pk , Qj} = δkj

± h�O3KN[(yX� h�OqmnYL] YZ[(OVYZ_fYZOVo�oq[\KN^Jg�ot[;mxoqYZc�I�Ydh�K�KNoÈ��KNh�WH^�rs}$m¯m�KNh�R�[�rsYd[\K{yEYLKN_`I oqh�^Jo

0 = δ

∫

(

∑

piq̇i −H
)

dt = δ

∫

(

∑

PiQ̇i −K
)

dt

⇒
∑

piq̇i −H =
∑

PiQ̇i −K +
dF

dt

hJYfR�}�_ oqh�R�}�o

dW1 (q,Q, t) =

n
∑

i=1

pidqi −
n
∑

i=1

PidQi

32



G rs[;m
[(I�Ydc�_`h�gJYfR�ILKNo
m
WvK�R�MP[�oqc�h�_$K

dqi =
n
∑

k=1

(

∂qi

∂Qk

dQk +
∂qi

∂pk

dPk

)

+
∂qi

∂t
dt

dW1 =
∑

j

∂W1

∂qj
dqj +

∑

j

∂W1

∂Qj

dQj +
∂W1

∂t
dt

= −
∑

i

PidQj +
∑

i

pi

{

n
∑

k=1

(

∂qi

∂Qk

dQk +
∂qi

∂pk

dPk

)

+
∂qi

∂t
dt

}

(4)

⇒W1 (q,Q, t) = w (q (Qk, Pk, t) , Qi, t) = w1 (Qk, Pk, t)

dw1 =
∑

`

∂w1

∂Q`

dQ` +
∑

`

∂w1

∂P`

dP` +
∂w1

∂t
dt = (4)

rsYdO3REWHO�oVK�K{mn_
∂

∂P

∂W1

∂Qs

= −Ps +

n
∑

`=1

P`

∂q`

∂Qs

∂

∂Qs

∂W1

∂Ps

=

n
∑

`=1

P`

∂q`

∂Ps

∂W1

∂t
=

n
∑

`=1

p`

∂q`

∂t

]�KNM+h�KN^<OÈ]HKNhJp`}�_H]�K�K{mnoq[�oqc�h�_

−1 +
∑

i

∂p`

∂Ps

∂q`

∂Qs

+
∑

p`

∂2q`

∂Ps∂Qs

=
∂2w1

∂Ps∂Qs

∑

i

∂p`

∂Qs

∂q`

∂Ps

+
∑

p`

∂2q`

∂Qs∂Ps

=
∂2w1

∂Qs∂Ps

⇒ {Qs, Ps} = 1

rsYd�nYZS�R�Yd]�[(M É � rsYdOVo  Zª+Ë$£�Ê­©�ÊT£$ËZY< Z§�£
shallow water waves

c2 = γ
P

ρ
≫ 1 {∞}

hJmnI%y

γ =

(

d lnP

d ln ρ

)

rsYdOVo|h�KNOVYdmxWvKNS�O
∂ρ

∂t
+∇ · (ρ~v) = 0

�{yE[\K3rsYd�nYdS
R�Yd] [\MXrHYZOVo�[(MPI
∇ · ~v = 0

v = ∇φ
∇2φ = 0

Ñ`Ò ÓfÒ ÐZÔ$Ô�Ñ�Ön×(ØJÙ¿Ú�×<Û3"
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]HKN[\KNMPh�^JO��NYdIÈS�YZ_f_
∇× ~v = 0

YZ[\KN_`h�Mz]�I�K�K{mnO
ρ
d~v

dt
= −∇p− ρ∇ϕ

jÜYd_$KNYZc�e YZKNh�}H[\I%YZc�_fe�KNg�KN_`[;mxoVhJWsOVM%u
ϕ
hJmnI%y

ρ
∂∇φ
∂t
− ρ (~v · ∇)~v = −∇p− ρ∇ϕ

∇
(

ρ
∂φ

∂t
+ ρ

v2

2
+ p+ ρϕ

)

= 0

⇒ ρ
∂φ

∂t
+ ρ

v2

2
+ p+ ρϕ = const = φ

z
oqYZc�e YdMPh�}�o���K�KNY¢y�rHI��{yE[

ρ
dvz

dt
= −∂P

∂z
− pg

ρ
dvx

∂t
= −∂P

∂x p`I V
C
� 1

rH}�K ∂vz

∂t
≈ 0

S�Yd_`_

ρ
dvz

dt
= ρ

∂vz

∂t
+ ρ (~v · ∇~v)

= −∂P
∂z
− pg

p
v2

L
≈ P

L
, v2 ∼ p

ρ �{yPKNOVy

γ =

(

d ln p

d ln ρ

)

=
cp

cv
≈ 1− 2

cwater = 1450
m

s

ρ
dvz

dt
= −∂p

∂z
− ρg ≈ 0

⇒ p = p0 − ρg (h+ η)

rvK{e _`O3KNO3o�jÜS
K{y­�NYdItrHmíu
x
��K�KNYdyEM

dP

dt
= 0

ṁv = −ma
ṁ = ˙(h+ η)∆xρ

= ∆xρ (h+ η)
∂v

∂t

⇒ v∆xρ
∂η

∂t
= ∆xρh

∂v

∂t

h
∂vx

∂x
=

∂η

∂t

34



�NOVp`o�YZg�[~h�KNp`}�_

hg
∂2η

∂2x
=

∂2η

∂t2 �{yE[
c2ph = gh = 40000

c = 200
m

s

�NOVp`M�oqYZKN[(]�oqYZc�OVh�KNg��n_`h<e o É .�rHI ä
£$ ZË$£$Ë�åÝäq£$ ZÊTª�©<£$Ì�¥�Ë�©<¡q¤X«�©<®�¨q¦

{t, s} = −∂
2W1

∂t∂s p`I�K
K = H +

∂W1

∂t

]�KN_fmnYdoVK%]�K{m�R�S�oÈ]�K{e _`YfR�h�KNI�KNWsot[;m�]�KNYdc�_`YdM+O3KNWso�[(yE[
W2,W3,W4

h�YZRE}�oq[��N] Yd_ oqh�^Jo
oqc�h�_ oqh�^Jo

δ

∫ t1

t0

(

n
∑

i=1

piq̇i −H
)

dt = δ

∫ t1

t0

(

n
∑

i=1

PiQ̇i −K
)

dt

j
gauge

u+[<KNY¢y�YZR�yXR�^ÝrsYdoqpLrsYZRE_fh�}$e _`YZI%o�p`I
n
∑

i=1

piq̇i −H =

n
∑

i=1

PiQ̇i −K +
dW

dt

oqOV}�K�R
H =

1

2

(

p2 + k2q2
)

q =

√

2Q

k
cosP

k > 0; p =
√

2Qk sinP

p`I
{P,Q} = −1

[(M+WH_

K =
1

2

(

2Qk sin2 P + k2 2Q

k
cos2 P

)

= kQ

rsc�^JM
Q = const

�{yE[~G ]�Yd[(WsYdczo
e _`YZR�h�KNILKNW
P
[\MPWs_ p`I

Q ∼ E

P ∼ t

G �NOVp`oVK3oqYd}�hJ_`IÈ]HK{e _fYfR�h�KNILKNWH[ÝKN_`h�MP^�KVh�K{e [(YZ��KNI�] yEhJ^JOV[ÝKN_`h�MP^
G
[E, T ] 6= 0

[(^Ý]�KN^�REK Ï YZIU[\MPWs[~�N] YZ_��Ng�KNI�KN]�KNI�MÓfÔ$Ò ÓfÒ ÐZÔ$Ô�Ñ[ {Ön×(ØJÙ¿Ú�×<ÛB1
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G ^�KNMPW��NI�Yd_$K{e [(YZOVoqoÈ� ]�KNYd[\WHYZc�]�K{e _`YZREh�KNILKNWsot[;y�oqh�KNMP^<m�oqYZc�OVh�KNg��n_`h<ewKN_`I�c�OtrHI oqh�^Jo
K = K (α1, α2 . . . αn)

pfILK%G R�[�^JKNM+WHMXKN]�KNIUp`Ydp`oq[��N] Yd_ p`I
H +

∂W1

∂t
= 0

rs}�K

dW1 (q,Q, t) =

n
∑

i=1

pidqi −
n
∑

i=1

PidQi

p`I
H = H (q, p, t)

= H

(

q,
dW1

dq
, t

)

+
∂W

∂t
= 0

h�YZR�}�_ p`I
Q,P 
 (u1, u2, . . . u2n)

oqYdc�O3h�KNg��n_`hJe o|rHI
Lij = {ui, uj} , Prk = [ur, uk]

2n
∑

r=1

{ur, us} [ur, uk] = δks

h�YZR�}�_
Qi = qi + δqi

Pi = pi + δpi

δqi = εqi (p, q)

δpi = εpi (p, q)

p`I

F (q, P ) =

n
∑

i=1

qiPi + εG (q, P )

δqi = ε
∂G

∂pi

δpi = −ε∂G
∂qi

�{yE[~G oVREYdS�Ydo|] YZc�OVh�KNg��n_fhJe O
F
[;mxoVYdc�I�Ydh�K�KNo

G
hJmnI%y

f → f + δf = f + ε [f, g]

δH = ε [H,G]

]�KNYZ_`KN_`Wso�]�KNYdc�O3h�KNg��n_`hJe o­[;m�rHYZh�cEKNYdo
mwKN_`[(MPYZWÈ�{yE[îG
[H,G] = 0⇒ δH = 0

p`I/]LyEh�^JOVoX[;m�^�KNMPW
G
rHI

G oq^�KN_`] otYd^�KNMPWwrso
�NI�Yd_$K{e [(YZOVoqo�[;mx]�Y¢mnI�hJotoVYdc�Ws_`KNgJy��NI%Y�� p`_`h�}�[5[(m�oqYZc�I�Ydh�K�Kqm�KNh�R�_HrHI

S = δ

∫ t1

t0

L (q (t) , q̇ (t) , t) dt

S = S (q0, q1, t0, t1)

36



Yd_fmxR�c�O%K
= f (qi0, ˙qio, t0, t1)

p`I

δS =

∫ t1

t0

Ldt =

n
∑

i=1

pi1δqi1 −
n
∑

i=1

pi0δqi0 = 0

(holonomic)⇒ L 6= L (t)

∂S

∂qi0
= pi1

∂S

∂pi0
= qi1

p`I
ds

dt1
=

d

dt

∫ t1

t0

Ldt = L1

=
∂s

∂t1
+

n
∑

j=1

∂S

∂qj1

dqj1

dt1

=
∂s

∂t1
+

n
∑

j=1

pji ˙qji = L1

[\MPWs_��{yE[
∂S

∂t1
= −

n
∑

j=1

pji ˙qji + L1 = −H

⇒ ∂S

∂t
+H

(

q,
∂s

∂q
, t

)

= 0

rsYd^�KNMPW
n
[(Y¢yEOVmUrs[;m�[(h�}$e _`YdI­rsIÈjÜYZ_Zm�h�R��nOXhE´dREO

n Ï OHu
G rsYd_`]LmnO n+1
rsI���K{mnI�h~h�RE�nO­Sq´dR�O�KN_f[\MPYdW
G oq^�KN_f]�oÈYd^�KNMPW

n
] I�[(M+WH_
oqOV}�K�R

H =
P 2

2m
∂s

∂t
+

1

2m
(∇S)2 = 0

MPYZc�_$K
S = −αt+K (q1, . . . , q3)

h�KN] g�_
1

2m
(∇k)2 = α = E

�<YZ��KN_ rsI
s = −Et+K

[(MPWs_

H =
P 2

2m
+ V (q)

��KNhJ]�gJotp`I

k (x, y, z, E) =
√

2mE
x− x0 + y − y0 + z − z0√

3
S = −Et+ k

b �



G h�K{mnYdOt[(M+WH_s� oVYdc�h�KN}�Ydg�_$KNWso�M+STh�O3Mz^�KNMPW
S
h�KNMP^

−E∆t+ k = 17

G
E∆t

WHS�h�OVM�oqYZc�h�KN}�Ydg�_$KNWHo|MPS�h�OVM�jÜ^�KNMPW
S
[(^�uqrsYdh�K{mnYdO|] h�R��
ILKNo|��KNh�] g�oth�O3KN[(y

rsYdWsYdWs[(S�oÝ[;y
∆t

h�KNM+^\y~p`I|G ��K�KNYdy~KN]�KNI�M�rvK{e _`O3KNOVo3K
S = 17

h�K{mvYZOVM�rsYdWsYdWs[(S��<��KNI­rsY¢mn_
rsI
G
S
KN[;mxoVpfI�g�oVK%rsYdWsYdWs[(SX[;mxYZh�K{mvYZOt[(}vKN_f[\MPYdWwh�O%KN[;y�G m�R�S�STeLmnOV[ÝKNp$KNp`Y

[(I�Ydc�_fe�KNg�STWsYd_ oqOV}�K�R

H =
p2

2m
+ gz

S�WHYZ_Zm���KNhJ]�gJotp`I
x− x0 = x0 (t− t0)

z − z0 = ż0 (t− t0) +
1

2
g (t− t0)2

T =
1

2

(

ẋ2 + ż2
)

, S =

∫ t1

t0

1

2

(

ẋ2 + ẏ2 − gz
)

dt

[(M+WH_

S =
(x1 − x0)

2 + (z1 − z0)2
2 (t− t0)

− (t1 − t0) (z1 − z0)
2

− g2 (t1 − t0)3
24

G∇S = ~p
STeLmvO3[�[(OVh�KN_`otG ] Y¢mnI�h�o
m
Y¢e g�Yd[(I

S
KN_`[(M+YdW

G oq^�KN_`] ot]�KNILK�K{mnOVM
S
Yf´d^�h�ILKN] Oqm
[(}v[;mx]HKNO3R�Ws] otoqp

©<ñaË$ ZùP©�á
¤�á¹«�§�£$£�áïª
«

−~
∂ψ

∂t
=

[

− ~
2

2m

∂2

∂x2
+ V (X)

]

ψ (x, t)

ψ (x, t) = ei
S(x,t)

~

−∂s
∂t
ψ =

[

1

2m

(

∂s

∂x

)2

+ V (x) − i~

2m
∇2

]

ψ

É 4`MPYdc�_
S = K (x,E)−Et

rsYd[(}s] h�KNMPS�oqYdoqY
ψ
Ydp`I

ψ (x, t) =

∫

g (E) ei
(k(x,E)−Et)

~ dE

] h�p`}�_`o1KNMwrsKNWsOVo1h�KNMP^�WHh�oqYdoq]µjlREYZR�O1h�M+RU[;yEO¹WHYZgJ�nO1�{e W
~
KNM�[\KNM+}�M3u

~ → 0
[\KNM+}�M�oqO3KNh�] o

]��ngJI�] O
∂

∂E
(K (X,E)−Et) =

∂K

∂E
− t = 0

G j
~→ 0

YZ�nI%[\WHo|[\KNM+}�M3uqG I�c�O3_�WsYdWs[(S�o�] I�p o3REKNWH_`MXh�O3KN[(y
MPYdc�_

ψ = R (x, t) ei
S(x,t)

~
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[(M+WH_ p`I
∂s

∂t
+

(∇s)2
2m

+ V − ~
2∇2R

2mR
= 0

∂R2

∂t
+∇ ·

(

R2∇S
m

)

= 0

jÜ^<YZ[(Ww] ^�KN_f] É <�h�KNMP^�u~jÜYdM+KNWs^JY���K{e [\YdOVoHu
oqOV}�K�R
∂s

∂t
+

1

2

(

∂s

∂x

)2

+
1

2

(

∂s

∂z

)

+ gz = 0

�{yE[\K3oqYd}�h�_`IÈ] h�OVmvOt] yEhJ^JOVo
S = K − Et
K = αx+ f (z)

Ydp`I
(

∂f

∂x

)2

= 2E − 2gz − α2 = 2g (k − z)

k =
2E − α2

2g
, E =

1

2
α2 + gk

S = S (x, z, α, E) =
√

2 (E − gk) +
2

3
(k − z)

3
2

��KN] _
S = (q1 . . . qn, Q1, . . . , Qn)

∂s

∂Qi

= −Pi

∂s

∂qi
= pi

mnY%rsI�[(mvO3[��{yE[
I (q1, . . . , qn, p1 . . . pn) = C1

E (q1 . . . qn, p1 . . . pn) = C2

REKN^JM
Isolating integral

KNI�h�WHYqKN[([\o­oq^�KN_f]�o­Yd^�KNMPWÈrsYdh�YfR�}$mnOXrHYZSTeLmvO3o�Yd_fmU[(m�°JKN] YdS�o­p`I
non isolating integral

KNI�h�WsY�KN[\YdMP}�Y%I�[;m
KN[(I%m
rsYdcEKNh�KN_`I�Yd[([;yX�Ng�KNI�M oqh�^Jo

0 6= J

=

∣

∣

∣

∣

∂ (p1 . . . pn)

∂ (Q1 . . . Qn)

∣

∣

∣

∣

=

∣

∣

∣

∣

∂2S

∂qi∂Qi

∣

∣

∣

∣

G oVRPKNWH_HrsK{mnMX] YZhJI�YZ_fYZ[î]HKN[(]��NYdI%mxh�O%KN[;y
Ófö$Ò ÓfÒ ÐZÔ$Ô�Ñ�Ön×(ØJÙ¿Ú�×<Û3>
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YdMTKNWH^JY%��K{e [\YdOVo|h�KNMP^
∂s

∂t
+H

(

q,
∂s

∂q
, t

)

= 0

⇒ ∂s

∂Q1∂t
+

n
∑

i=1

∂2s

∂Q1∂qi

∂H

∂pi

= 0

oq^�KN_`]w^JKNM+W
P1

hJmnI%y ∂s
∂Q1

= −P1
rHYZ^JREKNY KN_`I�[(MPI

dP1

dt
= 0

∂2s

∂t∂Q1
+
∑

j

∂2s

∂qj∂Q1

dqj

dt
=

dP1

dt
= 0

YZM+KNWs^<Y���K{e [(YZOVo|] I�h�M+ST_�rHI
n
∑

j=1

∂2s

∂qj∂Q1

[

∂qj

∂t
− ∂H

∂pj

]

= 0

h�O%KN[;y ∂2s
∂q

j
∂Qq
6= 0

KN_fmnh�R�[\MPI
∂qj

∂t
− ∂H

∂pj

= 0

��KN] _ [(YZ}�h�]
∂s

∂t
+

1

2

(

∂s

∂x

)2

+
1

2

(

∂s

∂z

)2

+ gz = 0

s = K −Et
K = f (x) + f (z) = αx+ f (z)

(

∂f

∂z

)2

= 2E − 2gz − α2

= 2g (k − z)

k =
2E2 − α2

2g

E =
1

2
α2 + gk

p`I
f (z) =

√

2g
2

3
(k − z)

3
2

S (x, y, α, k) = −
(

1

2
α+ gk

)

t+ αx± 3

2
(k − z)

3
2
√

2g

β =
∂s

∂α
= −αt+ x

−γ =
∂s

∂k
= −gt+

√

2g (k − z)
⇒ x = αt+ β

z = γt− 1

2
gt2
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h�O%KN[;y
α = ẋ0

β = −x0

γ = ż0

k = z0 +
ż0

2

2g

~p = −∇S G
WKB

�
S
oqYdc�Ws_$KNg�o äq Z©<¡VªT£�§� dñ�«Vå< ¢¡3ÌJ£�§T¤�äq ¢¤+å< d®� dÌ�«Vå< ¢¡VÌ�£�§�¬¢ Z¦/©Jáíå�«

S = K −Et
dS2 = 2Tdt2

= 2 (E − V (q)) dt2 =

(

c

n (q)

)2

dt2

ds

dt
= q̇ =

E

|∇k| =
E√
2T

=
E
(

c
n

)

h�YZR�}�_
(εiconal) : |∇k| = n

c
=

1
√

2 (E − V )

rsYd[\}�o�]�I�K�K{mnO
(n

c

)2 ∂2φ

∂t2
−∇2φ = 0

φ (x, y, z, t) = Aei(K·~r−ωt)

∣

∣

∣

~k
∣

∣

∣ =
2π

λ
=
nω

c ´¢e I%[J´�oq_`]LmnO
n
S�YZ_f_

φ = A (x, y, z) eik0(I(x,y,z)− c
n

t)

rsKNWsILKNM

k0 =
nω

c
=

2π

λ0 oqO%K�R�O3K%Y¢mnO3OtWH[(S/mnY%oVI�K�K{mnO3[��{yE[
(Real Part)⇒ ∇2A−Ak2

0

[

(∇I)2 − n2
]

= 0

(Im Part)⇒ ∇A · ∇I +A∇2I = 0

G ] YZ[(WHYZp`Ydg�o�oVWHYde g�KNI�o|[;m�]�KNILK�K{mvOUKN[(I

∇2A ∼ A

L2

∇I ∼ I

L [(M+WH_$K
k0 = 2π

λ0

hJmvI%y­KN[([(ot]HK{yEhJ^Jot] I�MPYdc�_
A

L2
−A4π2

λ2
0

(

I2

L2
− n2

)

= 0

⇒ λ2

L2
− 4π2

(

I2

L2
− n2

)

= 0
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p`ILK%G oqYd^JMPo�[;mxoVYdhJe O3KNI�}�oqOÈRPKNI%O��{e WU[\}�ot°\h�KNI�h�O%KN[;y λ
L
� 1

S�Yd_`_
⇒ |∇I | = n

∇A · ∇I +A∇2I = 0

G YdhJe O3KNI�YZ}�o|[\KNMP}�o|] I�rHYZ[(MPWsO
λ� L

h<mnI%y�m1KN_fYZI�h�h�O3KN[;yXG |∇k| = n
c

[�oqoVp oqILK�K{mnOVoÈrs}�K
oq_`}�h�KNO o
e I�g�e WHg�I

n = n0 (1 + αz)

α ∼ 10−5, 10−6

p`I

∇I = n (~r)
d~r

ds

⇒ ∇n =
d

ds

(

n
d~r

ds

)

d

ds

(

n
dx

ds

)

= (∇n)x = 0

d

ds

(

n
dz

ds

)

= (∇n)z = α

p`I

n
dx

ds
= β = const

°\h�^JMzMTKN]LyE[Ý�N] YZ_ p`I�K
∆s ≈ ∆x

S�Yd_`_�G M+h�WH_ oVYd_fmno�oqILK�K{mnOVo�] I
d

dx

(

n
dz

dx

)

= α

(

n
dz

dx

)

= αx + b0

z (z) =
αx2

n0
+ α0x+ b0

y+´doq�

~r =

(

x,
αx2

2
+ tan θ0 + z0

)

G oq[\KNMPh�g�I%YZo|oq^JKN_`] oth�O%KN[;y

äøöàä á 24.1.2005

3.3 Poincare Recurrence Theorem

n×m y+´doq��� mng�KNSÝ]�KN}�h�R
m
mvYT]LyEh�^JOz[(yE[7]�K{yEh�^JO

n
]�KN_$KN] _ G YZg�KN��S�gJ_
]�[(^<M�oqp`I�g�MPS�h�O���KN] _ e gJmvO

G ]LyEh�^JOVot[;m
ε
] M+YdMP�n[~h�KNp`ST]w] yEhJ^JOVoÈ�NO3p WsYdg��nO�h�S�I�[�Ydp`I�G mng�KNS�]HKN}�h�R

∆t
R�^JcX[;y­]LyEh�^<O3o�[(^�[;yE]��n_v�{yE[­G

V (Ω0) = d3
S�gJ_`o
m¹°\y

Ω0
rvKNS�] M/ILKN[;yEo

p0
STg�_v��KN] _ oqSTyPKNo

rHYZYdW�p`I�G [(YZM+KNYd[îe gJmnOtYdg�[�^JKNM+WwSTg�_ [\^<M
Ω
Y¢y�^JK�R�YfK

T (i∆t) Ω0 = Ωi
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G YZg�KN�xoqYZoqY%e gJmvO3o|YdI�_`]UYZg�[\K
Ω
oqYdoVY%oV^<_H]LyEh�^<O3o|KNMPmxoqp`I�g�o|MPS�h�OVM�[([\K{yEotS�g�_`o

�NOV�n_ p`I�h�p$KNS/I�[�oqpfmxoVhJWsOV[~oq[(YZ[;mnMXS�Y¢yPKN_

Γtotal =

∞
⋃

i=1

Ωi =

∞
⋃

i=1

T (i∆t) Ω0

p`I
i 6= j; Ωi ∩ Ωj = φ

[;yzrsI

V

(

n
⋃

i=1

Ω

)

= nd3 −−−−→
n→∞

∞

Y¢yÝS�YZ_f_=\ YZg�KN�
Ω
oqYdoVYVoq^J_�]LyEh�^<O3o�KNMPm�oqp`I%g�o�MPS�h�OVM�[\[\K{yEo�S�g�_`o�G ]HKNhJp

Ωi
[;y�m¯�{yE]�Y3I�[5p`I

�NOVp`o�]�I�°JKNgJoV[Ý�N] Yd_ p`I�^JKNM+WwoqYd}�h�_`I�o
T (n∆t) Ω0 ∩ T (m∆t) Ω0 6= φ

⇒ T−1 (n∆t) Ω0 ∩ T−1 (m∆t) Ω0 6= φ

G KNOVc�^�[\^Ýh�p`KNSTm
oqO|I�c�OV_
Ω0

h�KNM+^�rHYZWH[(S�o|Yd_fm¯[(m�°JKN] YdS�ot] I�hJS�M+_ rHI��{yE[
G oqM�]�KNYdoV[�oq[\K{yEYL]LyEh�^JOVo
m
rHYZ^JRPKNY KN_fI%m�oVREKNWs_H�{yE[���K{yE_�oqp p`I�´¢rsYdh�KNSq´�rvKNST]�ot]�KNYdoq[�[\K{yEY oqh�^Jo

p`I
F (q, p)

oqYdc�Ws_$KNgzoV_`KN]�_sS�YZ_f_³G hJmnW¯e�K{mng�S�gJ_`o
m²S�YZ_f_$K
n � 1

mvg�KNS�o�]HKN}�h�R­h�g��nO�hJmnI3y oqh�^<o
[\KNMP}�o|rsYdYZW�rsI�o

FL = lim
T→∞

1

T

∫ T

0

F (q (t) , p (t)) dt

oqYZ}�h�_fIðI�c�OV_$K
t
�NO3p`MUrsYZRPREKNO¹KN_`I%m ]�KN[<KNWH[\KNO3o¹[;yw] IõS�WHYZ_î�NYZg�KN[\YdS�[ G rsYdYZWÂ[\KNMP}�oqm S�Yd_`_

YZgJ[~] ^JcEKNOVO

FV =
1

Ω

∫

Ω

FdV

Sinai
Y`´¢^�R�h�I%[\YdMXYdh�K�R�yE[�WshÝSTyPKNot[(MPI

FL = FV
oqS�YZ_fO

Ergodic theorem
pfI

oVp�] I�rHYZgJYZ[(S�O|S+yPKNOtI�[;m
[([(}�M
m�oqS�_foVM

G ]LyEh�^JOVot]�KNI�c�O3Ydoq[�oVK�K{m
YZK{yEYZ�xoVpfI�g�o|MPS�h�OVM�rsYZK�K{mxrsYdS�g�_`[

� b


